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Abstract. In this paper we consider the Dirichlet problem for the Laplace equation
in Hardy classes generated by an additive-invariant Banach function space on the unit
circle. It is shown that the classical Dirichlet problem for the Laplace equation has a
unique solution for every boundary function from the considered space. It is considered
a boundary problem for the Laplace equation with oblique derivatives in the Hardy
classes generated by separable subspaces of rearrangement-invariant spaces in which the
infinitely differentiable functions are dense. Noetherness of this problem is established
and the index of this problem is calculated.
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1. Introduction

The solvability theory of elliptic equations in the classical setting (for Holder
classes H*(§2) and Lebesgue spaces L,) has been extensively investigated and
fundamental monographs by many mathematicians have been devoted to its study
(see e.g. [1], [3], [14], [15], [21], [22], [23]). Recently, various problems for elliptic
equations have been considered for different Banach function spaces (e.g. Ly .-
weighted Lebesgue spaces, Lg-Orlicz spaces, L, )-variable Lebesgue spaces, Ly)-
grand Lebesgue space and rearrangement-invariant Banach function spaces on
bounded domains) and this tradition continues today (see, for example, [5], [6],
(7], 18], [9,[10], [11], [12], [13], [16], [24], [25], [26], [27), [28], [29], [30], [31], [32],
33]).

In general, to use classical methods as grand Lebesgue spaces, it is necessary
to choose a separable subspace in which infinitely differentiable functions are
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dense. In [6], [7], [8], [9], [10], [11], [12], [13], [17], [18] such separable subspaces
of some Banach function spaces are defined.

In [5] the Dirichlet problem for the classical Laplace equation with oblique
derivatives in the Hardy classes formed by the weighted Lebesgue space on a unit
disk is considered. Noetherness of the considered problem is established and its
index is calculated.

This paper is a continuation and generalization of the work [5]. We consider
the problem in the case of additive-invariant (in particular, in rearrangement-
invariant) spaces defined on the unit circle and Hardy spaces on the unit disk
generated by these spaces. In general the Banach function spaces under consider-
ation are non-separable, some adjustments need to be made to apply the classical
method. For this purpose, we introduce a special separable subspace by using
the additive shift operator (T5f) (z) = f(z + 9), and consider the correspond-
ing problem with respect to this subspace where the set of compactly supported
infinitely differentiable functions is dense. We show that the classical Dirichlet
problem for the Laplace equation has a unique solution for every boundary func-
tion from the considered space in the additive-invariant case. We also consider
a special boundary problem for the Laplace equation with oblique derivatives in
the Hardy classes generated by a separable subspace of rearrangement-invariant
spaces. We establish the Noetherness of the problem and calculate the index of
this problem.

Throughout this paper we will use the following standard notations: N will
denote the set of all positive integers, Z, = {0} UN, Z set of all integer numbers,
C the set of complex numbers, R the set of all real numbers, D = {z € C': |z| < 1}
the unit disk, and 7' = {z : |z| = 1} the unit circle. |E| will denote linear Lebesgue
measure of aset £ C T, and C§°[—m, +7] the set of compactly supported infinitely
differentiable functions defined on (—, +).

We identify the arbitrary function f : T — C with the function defined on
[—m;7) as follows

f:]-mm) = C(orR) & f(t) = f (eit) ,

and we assume that it is extended periodically to all of R: f(t+ 2m) = f(t). For
f:D — R, we consider the following family of functions

fr(t)=f (7“6’“) ,0<r<1, te|-mmn).

L,(T) = Ly(—m,m), 1 <p < +o0, is a classical Lebesgue space of measurable

functions with the norm
- 1
p
1£1l, = (/ !f”dt> :
-
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Let A(D) denote the class of all analytic functions on the unit disk D. H(D)
denote the class of all harmonic functions on the unit disk, i.e.

HD)={u:D — R:Au=0in D}.

Let X (T) be a Banach function space on T' with a Lebesgue measure and a
norm ||.||y. By Bx(a,r),a € X,r > 0, denote the open ball centered at a, with
radius . X™* will denote the dual space, X " C X* the associated space with norm
||l x> Xo(T) will be the subspace of absolutely continuous functions, and X;(7")
the closure of all bounded functions. Let A C X (T') be some subset. Then L[A]
will denote the linear span of A.

Let X be a metric space, and let A C X and B C X be subsets, then
distx (A, B) denotes the distance between these subsets.

2. Hardy Spaces Generated by Additive-Invariant Banach
Function Spaces

2.1. Needful Information

In this subsection we define the spaces and classes of measurable functions to
be used throughout this paper. We also establish some of their properties, which
imply that the classical Dirichlet problem has a unique solution. For further
information about Lebesgue spaces, Banach function spaces, Hardy classes the
reader can refer to [2], [4], [19], [20].

Banach Function Space. Let (M, M, 1) be a measure space, F' denotes
the set of all measurable functions whose values belong to [—oo;+oc], FT is
the cone of i -measurable functions whose values lie in [0; +00], xg denotes the
characteristic function of a u -measurable subset £ € M. Fy denotes the class of
functions which are finite p-a.e. Fs denotes the collection of all simple functions.

Definition 1. A mapping p : M — [0;+0o0], is called a Banach function norm
if, forVf, g, fn € F™,VYa > 0,VE € M, the following properties hold:

(P1) p(f) =0 f =0 p—ae plaf) =ap(f), p(f+9) < p(f)+ pg);
(P2) g < f p—ae = plg) < p(f);
(P3) 0< fanip(fn)Tp(f)a
(P4) u(E) < +50 = p(xp) < +00;
(P5) u(E) < +o00 = [ fdu < Cgp(f), where Cg is some positive number
may be depend on E and p, but doesn’t depend of f.

Let p be a function norm on F*. The collection X = X(p) of all functions
in F for which p (|f]) < 400, is called a Banach function space. For each f € X
the norm is defined as || f||x = p (|f])-
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Let p be a function norm, its associate norm p/ is defined on FT by

p'(g) = sup {/M fodu: p(f) < 1} :

Definition 2. Let p be a function norm. The space X = X (p) is a corresponding
Banach function space, pl is the corresponding associate norm. Then the Banach
function space determined by the associate norm p/ is called the associate of X,
denoted as X' = X' (p').

We will also use Fatou’s lemma and the Minkowski-type inequality to obtain
many results.

Lemma 1. (Fatou’s Lemma ([2], [4])) Let X = X(p) be a Banach function
spaceand fp, € X . (n=1,2,...) If f = f p—a.e. andlim,_, inf || f, ||y < oo,
then f € X and

1l < I fallx -

Minkowski-type inequality (see, [17]). Let Q; C R, Qy C RF are some
domains, X (21)-Banach function space, f : Q1 x Qo — Ris a measurable func-
tion. If f(.,y) € X (1) for m—a.e. y € Q and ||f(.,y)||x € L1(Q2), then the
following inequality holds.

f(x,y>dyH < [ Ul dy
X Qo

In Banach function spaces, the following analogous of Holder’s inequality
holds.

Hoélder’s inequality. Let X be a Banach functional space and X' is a
corresponding associate space. Then for Vf € X, Yg € X', it follows that fgq is
integrable and

Qo

[ 1fgldu <1715 Nl
Let f € X(Q) be some function. Then

oy = suw {| [ o] -9 € X(@). g < 1}

Rearrangement-invariant Banach function space. Let f € Fy. The
distribution function of f is the following function defined on [0;00):

1N = p{a € M1 f(@)] > A}
Two functions f,g € Fy, whose distribution functions are the same, are called
equimeasurable, i.e. pir(X) = pg(X) for all X > 0.
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Definition 3. Let (M, M, u) be a totally o - finite measure space. If for every
pair of equimeasurable functions, g € Fy", the equality p(f) = p(g) holds, then
the norm p is called a rearrangement-invariant norm. The Banach function space
generated by a rearrangement-invariant norm is called a rearrangement-invariant
Banach function space.

Boyd’s indices. Let X = X(p) be a rearrangement-invariant Banach func-
tion space over a measure space (R"™, p), where u is a Lebesgue measure in R™.
For each t > 0, let E; denote the dilation operator defined on Fy (R*,m) ('m is
linear Lebesque measure in RT) by

(Etf) (s) = f(ts), (0 <1< o0).

Let
hx(t) = HEl/th , (0<t < o0).

Definition 4. Let X = X(p) be a rearrangement-invariant Banach function
space over a measure space (R™, p). The Boyd indices of X are the numbers ax
and Bx defined by

ox = sup log hx (t) By = sup log hx (t)
o<t<1 logt ’ l<t<co logt

Additive-Invariant Banach Function Space ([14]). Let X (R") be some
Banach function space. We say that it is an additive-invariant Banach function
space if for V6 € R, Vf € X, the following holds || f(. +9)|x = |If ()] x -

In the case Q C R™, we assume that every function is extended by zero on
R™. Thus, in this case, the shift operator is defined as follows.

m- {9 arien

The subspace X(2) is defined as the set of all functions f € X () for which
the shift operator is continuous, i.e.

X(Q)={fe X f(+6)-fOlx =0 —0}.
Accept the following property.

Property (8): For VE, — @, with E, C Q2 it follows that | Xg, || xq) — 0-
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Remark 1. i) In the series of works [9], [12], [13], [17], it is proven that if the
additive-invariant space (particularly rearrangement-invariant space) has Prop-
erty (), then the relation

Xs(Q) = Xa(Q) = X3(Q2) = C5o (),

holds true, where Q C R™ is a bounded domain.
ii) It is clear that if Q C R"™ is a bounded domain, then the following inclusions
are true
Lo(2) C X(Q2) C L1().

In the sequel we will only consider the case X(7T') = X(—m;m) with the
Lebesgue measure. We will deal with the following spaces and classes of measur-
able (complex or real-valued) functions defined on the unit circle and disk.

The space hx (D) is defined by the relation

hx(D) = {u € HD): sup |lur(.)]x < oo},
0<r<1
and with the norm [[ull,, . (py = suPo<, <1 [[ur ()l x(p) -
In the case X = L, , we will use the notation h,(D). The corresponding
Hardy-Sobolev spaces h (D) and h (D) are defined by the relations

, Ou Ou . W(p) — ,Ou Ou
{uEhx.ar,%Ehx}, th(D)_{uthS'ar’ad)thS}’
and with the norm

@
or

du
d¢

where (7, ¢) denotes the polar coordinates. These spaces are Banach spaces.
Hardy class H;Q(D) is the corresponding class of analytic functions, i.e.

hx (D) ’

T I— +\ '
h (D) hx (D) hx (D)

HYD) = { £ € AD): Wz = 50w 10 < o0}

It is clear that HY(D) = {f € A(D): f € hx(p)}-

The following statement is valid.

Statement 1. Let X(T') be a Banach function space. If there exist p > 1
such that X(T) C Ly(T'), then the embeddings

hx (D) C hy(D) and HY C HF (D),

are valid.
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2.2. Some properties

In this subsection we will establish some properties of above introduced spaces
and classes.

Theorem 1. Let X(T') be a Banach function space. Then:
a) For VYf € hx(D), there is a non-tangential boundary value function
[t e X(T), and the relation

1 ™
10) = 10,0 = o [ Pt = 011" ()b, 1)
is valid, where P.(¢) = m is the Poisson kernel with respect to the

unit disk. Moreover, the inequality

1/ < MMy (2)

holds.
b) Vu € Hx (D) has a non-tangential boundary value function ut € X(T)
and the Cauchy formula

)= 5 | W) ge. 3)

_% Tg—Z

1s valid.

Proof. Statement 1 implies that for Vf € hx , we have f € h;. Therefore,
by classical theorems, it follows that lim, i f, = f* in L;. Consequently, for
{rn} € (0;1): r, — 1—0, there exist f,,, = f* € L1 ae. asr, - 17. By
definition of hx (D), the sequence {f, } is bounded in X (7). Then by Fatuo’s
lemma we obtain f* € X (T), and

n

[/ < supllfeallx <supllfell =11 -
n T X

Taking into account that every function from X (7") belongs to L;(7") and that
the representations (1) and (3) are valid for functions from L;(7"), we complete
the proof of the theorem. The theorem is proved. B

Let us define the trace operator in Hardy classes: v : hx — X(T'), such
that y(u) = ut € X(T), v: hx — X(T), where u" is non-tangential boundary
function for u € hx.

From Theorem 1 it follows that Range v C X(T'). The following theorem
shows that in the case of an additive-invariant space, Range v = X (T') is valid.
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Theorem 2. Let X(T) be an additive-invariant Banach function space. Then
v (hx (D)) = X(T) and for Yu € hx(D) the relation

||“”X(D) < ||7U||X(T)v (4)
is valid.

Proof. Let f € X(T') and consider the Poisson-Lebesgue integral

™

un(®) = u(r,8) = — [ P.(6—0)F(0)do, vre® € D.

27 J_,
We have
1 v
Hur”X(T) = 27 sup ur(¢)g(¢)d¢ .
i lgll xr(ry<1 1Y =

Let us estimate this integral. Using Fubini’s theorem and Hélder’s inequality
we obtain

217T /_” ur(@g(@dqﬁ‘ :% ‘/_ﬂ (/_W Pr(¢ — t)f(t)dt) dgb)’ —
—% /_7; P(t) ( _7; f(¢—t)g(¢)d¢) dt' <
1 T
S% /7T Pr(t) ||fHX(T) ”gHX’(T) dt < HfHX(T) .
Therefore

lurllxry < 1l x(ry - ¥V €[0,1),

and

||U”hX(D) < ||f”X(T) :
Consequently v~ f € hx (D). The theorem is proved. B

Corollary 1. Let X(T) be an additive-invariant Banach function space. Then:
i) v € [hx(D); X(T)] is an isometric isomorphism;
ii) hx (D) is a Banach space;
ii) If f € X(T) and 0 <11 <ry <1, then ||frllx < [Ifrallxs
) I/ £ € X(T), then | follxqry T IS Iy as - L.
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Proof. 1) From estimates (2) and (4), it follows that for Vf € X(T) , if
u(re') = Pox f, then yu = f and |ully, p) = I fllxz) = Iulx ), Le. v is an
isometric operator.

ii) The statement ii) follows directly from i).

iii) Let 0 < r; < ro < 1. Consider the new function ' on T defined by
F(t) = f (ro,t). It is clear that f (r1,t) = Pr1 % F. Consequently, by (4) we have

T2

1f (s Ml xery < IFOlxery = I1f (r2, )l x(z)- iv) The statement iv) follows
from iii).
The corollary is proved. B

Theorem 3. Let X (T') be an additive-invariant Banach function space and f* €
X,(T). Then lim, - 1£(t) = F+ O]l = 0.

Proof. We have
Fre) =5 [ Pt @it =5 [ rre-npa,
and
i0 oy LT e +
£(re?) =5t = 5 [ (1160~ 110) o,

Applying the Minkowski inequality we have

|7 () = s+ @), =5 [ PO 57000 - 57 0)] it <

27 J_,
§Hf+(9—t)—f+(9)HX—>0, ast— 0.
The theorem is proved.l

From this theorem we obtain the following corollary.

Corollary 2. Let X be an additive-invariant Banach function space and f &
X(T), f€hx(D) and~f = f*. Then the following statements are equivalent:
i) f+ € Xs(T);
i) [1£-() = fTOllxer) = 0 as r = L
iii) [[fr(- 4+ 0) = fr(Oll x(r) = 0, unaformly for 0 <r <1, as § — 0.

Proof. 1) = ii): This implication follows directly from Theorem 3.
iii)< i): This equivalence follows from the following relation

175 +8) = 7 Ol = Jim 172 +8) = Ol
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ii)=i):It is clear that f.(t) € C(T) C Xs(T) and lim,—; f(.) = f7(.) in
X(T). By the closeness of the subspace X4(T') in X (T'), we have fT € Xy(T).

The corollary is proved.
In the sequel we will consider the following spaces

hx,(D)={fehx(D):vf=f"eX,(T)},

and

Hx,(D)={feHx(D):vf=f"eX,(T)}.

In the case X(T') = L,(T), it is clear that hx, (D) = hy(D). Consider the
following Dirichlet problem

(5)

Au=0, in D,
vyu = f, on T.

By solution of this problem we mean the function u € hx (D), for which

(yu)(§) = f(§), ae €T

From Theorem 2 we have the following corollary

Corollary 3. Let X(T) be an additive-invariant Banach function space. Then
for ¥Yf € X(T) the Dirichlet problem (5) has a unique solution in hx (D), and
moreover, |lull, . = [ fllx -

Now, we study some properties of the Hardy-Sobolev spaces.

Corollary 4. Let X(T) be a Banach function space.

a) If 3 € hx (D), then u € hx(D);

b) Let X(T) be an additive-invariant Banach function space. If %
hXS(D), then u € hX (D)

Proof. a) Suppose = € hx (D). Let us show that v € hx (D). We have

u(r, ¢) — u(0,0) = /0 ' 8“59’; ) ip.

Then by the Minkowski inequality we obtain

" Qu(p ¢)H H
u(r,.) —u(0,0 S/ —
o)~ 0 < |75 ol
Therefore
llr ey < | 2]+ Ju(0,0)
’ X(T) = or hx (D) y
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Since % € hx (D), it follows that u € hx (D).
b) Let g—;f € hx,(D), Let us show that u € hx, (D).
By the definition of hx, (D), we have

9 (ulp, . +90) —ulp, .))

sup H —0, as 6 — 0.
0<p<1 dp X(T)
By similar arguments
0 .+0) — .
lu(r,. 4+ 6) — u(r, -)HX(T) < H (ulp, +8) u(p, ) —0, as 6§ — 0.
P hx (D)

From Corollary 2-iii), it follows that u € hx, (D). The corollary is proved. B

Corollary 5. Let X(T) be an additive-invariant-Banach function space and
let the system {un(t)},cz, C Xs(t) forms a basis in Xs(T). Then the system
{un(r,t)},ez, forms a basis in hx, (D), where

1 ™
Up (1, t) = by P.(t —60) u,(0)do.

-7
Proof. Taking into account Corollary 1, Theorem 3 and Corollary 2 we obtain
that the relation

distiy, () (un(r,8), L [{un ()} | ) = distx, oy (wn(8), L [{un}]) > 0,

is valid, which implies that the system {uy(r,?)}, ¢z, is minimal in hx, (D).

Let f € hx,(D) and ft € X4 (T) be its boundary value function. Suppose
that f*(t) = > 07 ¢n (fY)uf(t), —m <t <, is the corresponding decompo-
sition of this function on the basis {u, ™ (¢)} in X(T). Consider the polynomials

N
fN(ﬁ t) = Z Cn (f+) ’U,n(T, t), fOT' T@it eD
n=0

and
N

InT(t) = ch (f+)un(t), for te (—mm).

0
From the estimate (4), Corollary 2 and Theorem 3 we have

N
1f = fllng = sup [1fr = (fw),llx < const |17 = S|l ="0.
<r<

The corollary is proved. B
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3. Dirichlet Problem with an Oblique Derivative

In this section we consider only a rearrangement-invariant Banach function
space. The following theorem is proved in [4], [34], [35], [36].

Theorem 4. . Let X(T) be a rearrangement-invariant space. Then:
i) The system {e™}, ., forms a basis in Xp(T) < 0 < ax;Bx < 1.

i) If 0<ax;Bx <1, then {emt}nez+ forms a basis in H;gb(T).

Using Corollary 4, we have u € hx, (D), if g—;f € hx,(D). Corollary 5 implies
the following

Corollary 6. Let X(T) be a rearrangement-invariant space with Boyd indices
0 < ax;Bx <1. Then:

i) The system {2"},c, forms a basis in hx (D).
ii) The system {2"},c,, forms a basis in H;S (D).

Consider the following boundary value problem with oblique derivatives

Argu=0, ueh{(D), (6)

cos ¢y <Z )+smgb'y (g;) = (cosqb —Jrsmgb ¢>
:f(¢)€ S( ),fOT(Z)E[—7 )7
10u

where A, ju = % + o5+ T%g%% is the Laplace operator in polar coordinates.
Let us establish the Noetherness of the problem (6), (7) and calculate its
index. Let’s prove the following theorem.

(7)

Theorem 5. Let X(T') be a rearrangement-invariant space with Boyd indices
0 < ax;Bx < 1 and let Property (8) hold. Then the problem (6), (7) is a
Noetherian and its index equals x = —2.

Proof. First, it should be noted that every solution of this problem is also a
solution of the following one

Appu=0, ue (D), (8)

(cos¢+szn¢ 8¢> = <cos¢)+smqb 8¢>
f (),fOT¢E[—, )7

(9)
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where 1 <p < % is some number. In the case of hg) and L,(T), it was proved
that if f = 0, then u = const (see, [6]). Thus, we have dimKery = 1, for (8),
(9). Taking into account that every solution of (6), (7) is also a solution of (8),
(9), we conclude that dimKervy = 1, also holds.

Let u € hg?(D) be a solution of the problem (6), (7).

s

It is evident that cos ¢ v( 9%) + sin ¢ ’y(g—;) )€ Xs(T). Let

u(r,9) = ap+ Z (an cosneg + by sinng) r",

n=1
oo
fl¢) = ap+ Z (a; cosng + b, sin n<;5) , (10)
n=1
be decompositions of these functions with respect to the bases

1 1
{,r”cos n ¢, r" sin nd)} and {,cosn¢,sinn¢} ,
2 neN 2 neN

in hx, (D) and X,(T), respectively. Then, by Corollaries 4-5 and (6), (7), we
formally have

8u(87;, ¢) = ni::l nrn1 (an cosne + by, sinng) ,
8“;2) 9) = i nr' (—ay sinng + by, cosng), (11)
n=1
and
},;H{ 8”((;: ¢) = niél n (a, cosng + b, sinne),
}Ew = in(—ansinnd)—l—bncoanﬁ),

=1

- )

3

f = (cosqﬁ(gqj—i—sin(bg:;)

oo
= Z n (an cos ¢ cosng + by, cos ¢ sinng + by, sin ¢ cosng — a,, sin @ sinne)
n=1

I
NE

n (an cos(n + 1)¢ + b, sin(n + 1)¢).

n=1
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Therefore, if u € hg}z(D) is a solution of the problem (6), (7), then the
following relations hold

na, = a;ﬂ, nby, = b;z+1 , Vne N
which implies
a1 = ay, by =by. (12)
Assume f = ag + aijcos¢ + bysing. It is evident that if f £

0, (i.e. |ap| + |a1| + |b1| #0), then the problem (6), (7) is unsolvable. There-
fore, codim~ > 3. Let us prove that codim~y = 3. For this, we propose that
Vi € Xs(T)\{h:h=ap+aicos¢+bisin¢g ,a; € R, i =0,1,2}, the problem
(6), (7) has a solution u € hggz(D)

Instead of (10) we will use the following exponential decompositions

u(r;¢) = > Apr™e™® f(g) =D A, €M,

where
%(an—ibn% n >0
An = ap, n=0
5 () +ibay) . <0
Therefore
1 (7 3 (ap, — b)), n>0
en(f) =5 | f®)e™dt = { ao "=
-7 l(a/ —I—ib/)7 n <0
Thus we have
g’:f _ Z |n|Anr\n|flein¢> and g:; = Z lnAnr‘”‘e’Ln&S (13)

n#0 n#0

From (10) it follows that

c1(f) = co(f) = a(f) =0, (14)
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and

—1 00
u(r; @) = Ao + Z Cnvl‘(f) rlnleind 4 Z Cn+71l(f) ren?.

The relations (13) and (14) imply

-1

au(7"§ ¢) _ Z cn,l(f)r‘”‘_lem‘i’ + Z Cnt1 (f)rn—leind{ (15)
1

or

—0o0
Let us consider the following functions
ui(r;9) = Z cn_l(f)rw*lem‘ﬁ,
—oo
o .
w(rnd) = 3 ensa(f)rlem, (16)
1

We assert that u; € hx, for i =1,2. It is sufficient to prove that us € hx
(then instead of uj(r, ¢) we can consider uj(r, ¢), which has a form of ua(r, ¢)).
It is clear that A, sua(r,¢) =0, for V(r,¢) € D. Represent ua(r, ¢) in the form

u2 (Ta ¢) = 6_i¢7"_2v2(’l", d)))

where Va(r, ¢) = S_5° ¢, (f)r™e™?. It is obvious that ua(r, ¢) — ca(f)e’® as r —
0%, uniformly with respect to ¢. Therefore for every de(0,1), the condition
suPs<p<1 [lua(r, )|l x(ry < o0, holds if and only if sups, <y [[V2(r, )| x (1) < o0,
holds.

Let g(¢) = 5% en(f)e™®, ¢ € (—m, ). Taking into account the fact that the
system{ei”t}nez’ forms a basis in Xs(7'), and f € X (T), we have g € X(T)).
Then, by Theorem 1 and the estimate (4), we obtain

™

Va(r,d) = — [ (6= 0)g(0)db = [Va(r, &)l xry < ¢ lgllxry -
21

—Tr

where ¢ > 0 is independent of g, which implies V2 € hx(r). Consequently, if
us € hx , then % € hx.

For g—g we have

) — U ,
g5 = i et 4 S Ten (fred =
= 1
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-9 00
—ir~te'? Z en(f)riMlemd 4 p=temid Z en(f)r"e™? =
= 2
= —ir e Vi(r, ) + e Vo (r, ) =
= —irui(r, @) + rua(r, ¢).
Consequently, (% € hx, , which implies u € hg%z

The theorem is proved.H

Note that the results of this work are applicable to Lebesgue spaces L,(12),

grand-Lebesgue spaces Ly (§2), Marcinkiewicz spaces, the weak-type L}’ spaces,
Orlicz spaces, Lorentz spaces and etc.
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