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OPERATORS INTERTWINING WITH CONVO-
LUTION OPERATORS ON HYPERGROUPS

Kouakou Germain Brou *, Ibrahima Toure

Abstract. Let G be a locally compact hypergroup and let K be a compact sub-
hypergroup such that (G, K) is a Gelfand pair. Let u be a bounded complex-valued Borel
measure on G , and let T:l be the corresponding convolution operator of L'#(G), the sub-
set of L'(G) consisting of K-bi-invariant functions. Suppose that S is a bounded linear
operator on a Banach space X. We prove that every linear operator ¥ : X — Llh(G)

such that US = T;\I’ is continuous if and only if (S, Tli) has no critical eigenvalues.
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1. Introduction

Hypergroups generalize locally compact groups where the convolution of two
Dirac measures is a Dirac measure. A hypergroup is a locally compact Hausdorff
space equipped with a convolution product which maps two Dirac measures to
a probability measure with compact support. The notion of hypergroup has
been sufficiently studied (see for example [3, 8, 13, 15]). Harmonic analysis and
probability theory on commutative hypergroups are well-developed and many
results from group theory remain valid (see [1]). When G is a commutative
hypergroup, the convolution algebra M.(G) consisting of measures with compact
support on G is commutative. A typical example of commutative hypergroup
is the double coset G//K when G is a locally compact group, K is a compact
subgroup of G such that (G,K) is a Gelfand pair. The class of translation
invariant operators is a fundamental object in harmonic analysis. Several authors
studied translation invariant operators on hypergroups [see [9, 7, 12]].
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In their paper [10], Laursen and Neumann raised the following question: “Let
1 and v be complex-valued bounded Borel measures on a locally compact abelian
group G such that the corresponding pair (7),,7},) of convolution operators on
LY(G) has no critical eigenvalues. Is every linear operator ¥ : LY(G) — LY(G)
for which T, = VT, continuous?”

Let us note that this question generalizes that of Johnson on R [see [9]].

In the case of hypergroups, the question above is studied by Kumar and Sarma
in [6], in the context of commutative hypergroups and compact hypergroups. But
in general, the hypergroups involved in applications are not commutative, thus
the question whether it is possible to have an affirmative response for this question
when the hypergroup is neither commutative nor compact is our main concern.
We consider the case where the hypergroup G is not commutative, but admitting
a compact sub-hypergroup K leading to a commutative subalgebra of M.(G). In
fact, if K is a compact sub-hypergroup of a hypergroup G, the pair (G, K) is
said to be a Gelfand pair if M.(G//K) the convolution algebra of measures with
compact support on the double cosets space G//K is commutative. The notion
of Gelfand pairs for hypergroups is well-known (see [4, 16, 17]).

The goal of this paper is to study the question of Johnson for locally compact
hypergroups (possibly non-abelian) admitting a compact sub-hypergroup K such
that (G, K) is a Gelfand pair. In this case, the charactery used in the commutative
case are replaced by the spherical functions.

In the next section, we give notations and setup useful for the remainder of
this paper. In section 3, we prove our main result.

2. Notations and preliminaries

Let G be a locally compact space. We denote by:
- C(G) (resp. M(G)) the space of continuous complex-valued functions (resp.
the space of Radon measures) on G,
- Cp(G) (resp. My(G)) the space of bounded continuous functions (resp. the
space of bounded Radon measures) on G,
- K(G) (resp. M.(Q)) the space of continuous functions (resp. the space of Radon
measures) with compact support on G,
- €(G) the space of compact sub-space of G,
- d; the point measure at z € G,
- supp(p), the support of the measure p,
- cl(A), the closure of the subset A in G.

For any linear space X, Iy denote the identity operator on X.

Let us note that the topology on M(G) is the cone topology [8] and the
topology on €(G) is the topology of Michael [11].
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Definition 1. G is said to be a hypergroup if the following assumptions are
satisfied.

(H1) There is a binary operator * named convolution on My(G) under which
My(G) is an associative algebra such that:
i) the mapping (p, v) — pxv is continuous from My(G)x My(G) in My(G).
it) Vo, y € G, 6, x 0y is a measure of probability with compact support.
iii) the mapping: (x,y) — supp(dy *dy) is continuous from G x G in €(Q).

(H2) There is a unique element e (called neutral element) in G such that d, %6, =
de * 0y = 0z, Vo € G.

(H3) There is an involutive homeomorphism: x —— T from G in G, named
involution, such that:
i) (0z % 0y)” = Oy * 0z,Va,y € G with p=(f) = p(f~) where f~(x) =
f(@),Vf e C(G) and p € M(QG).
ii) Va,y,z € G, z € supp(0y * 0y) if and only if x € supp(d, * oy).

For two subset A and B of G, Ax B = U supp(d; * dy). For z,y € G
r€AYEB

{z} % {y} is denoted by x * y.

The hypergroup G is commutative if 6, * 6, = 0, * 6., Vx,y € G.

For z,y € G and for f € C(G), (8 * 0y)(f) is denoted by f(x *y). Thus, we
have

Fa+y) /f d(5, * 5,)(=).

The convolution of two measures p, v in My(G) is defined by:

() / / (60 %8,)(f)du()d(y) = /G /G F (@ y)du(@)dv(y), ¥f € C(G)

For pin My(G), pu* = (@)~. So Mp(G) is a *-Banach algebra.

Definition 2. H C G is a sub-hypergroup of G if the following conditions are
satisfied.

1. H is non empty and closed in G,
2.¥Nxe€ H,x e H,

3. Vx,y € H, supp(dy * 0y) C H



47

Let us now consider a hypergroup G provided with a left Haar measure
ua and K a compact sub-hypergroup of G with a normalized Haar measure
wg. For z € G, the double coset of = with respect to K is K * {z} * K =
{k1 xx *x ko;k1,ko € K}. We write simply KxK for a double coset and recall

that KxK = |J supp(dg, * g * O, ). All double cosets form a partition of G
k1,k2€ K
and the quotient topology with respect to the corresponding equivalence relation

equips the double cosets space G//K with a locally topology ([1], page 53). The
natural mapping px : G — G//K defined by

pir(z) = KeK,z € G

is an open surjective continuous mapping. A function f € C(G) is said to be K-bi-
invariant if f(k1 *x xky) = f(z) for all z € G and for all k;, k2 € K. We denote
by C%(@), (resp. K!(G)) the space of continuous functions (resp. continuous
functions with compact support) which are K-bi-invariant. We consider the K-
projection f — f% from C(G) into C%(G) where for z € G,

fﬂ(x):/K/Kf(kl*x*kz)dwK(kl)dwK(kQ).

If f € K(G), then f% € K%G). For a measure i € M(G), one defines uh by

h
W) = ulf?) for f € K(G).
1 is said to be K-bi-invariant if uh = 1 and we denote by M? (G) the set of all

those measures. Considering these properties, one defines a hypergroup operation
on G//K by

OKzK * 5KyK(f) = /K f(z*kx*y)dwg (k)

where f € K(G//K) and f € K@) such that f = f o px (see [16] and [1]).
This defines uniquely the convolution (KzK) * (KyK) on G//K. The involution
is defined by: KxK = KZK and the neutral element is K. Let us put m =
Jo Orerdpg(xz), m is a left Haar measure on G//K. We say that (G,K) is a
Gelfand pair if the convolution algebra M.(G//K) is commutative (see [17]),

that means M (G) is commutative. Considering the convolution product on
K(G) defined by

frglz) = /G fla* Pow)dnc(y),

K(G) is a convolution algebra and KCf(G) is a subalgebra of K(G) Thus (G, K)
is a Gelfand pair if and only if K%(G) is commutative ([4], theorem 3.2.2).
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In the rest of the paper, we consider a Gelfand pair (G, K).

Let S(G, K) be the set of continuous, bounded function ¢ on G such that:
(i) ¢ is K- bi -invariant,

(ii) ¢(e) =

(#) [ o(x* k xy)dwg (k) = ¢(x)o(y) Yo,y € G,

(iv) ¢(7) = ¢(x) Vo € G.

S(G, K) is the set of spherical functions of G with respect to K.

Equipped with the topology of uniform convergence on compact sets, S(G, K)
is a locally compact Hausdorff space and the function 1 : x —— 1 belongs to
S(G,K).

For p belongs to My(G), the Fourier transform of p, is defined by

- [ o@auta). o < 5(G. ).
e Cp(S(G, K)) and the map:

My(G) — Cy(S(G, K))
I —Q

is a continuous linear operator. For § € M(S(G, K)), the inverse Fourier
transform of 3 is defined by

é(x) = / o(2)dB(), = € G.
(G,K)

By identifying, first f € L'(G) with fug, we have f(¢ = [ 0@)f(x)dpg(x)
Vo € S(G,K), and then gp € LY(S(G,K)) with o7 (Where 7 is the Plancherel
measure [5]), we have ¢(z = Jsc.x) (@) p(9)dm(9), x € G.

Remark 1. By the commutativity of ME (G) and the characteristics of the ele-
ments of S(G, K), it have been proven that

W) fi= i for any € My(C)
b) i*v = v for pu € ME (G) and v € My(G)

¢) If f € LY(G) and f € LY(S(G, K)), then (f)v — .

For the properties above and more details on the Fourier and the inverse
Fourier transform, see [2] and [5]



49

3. Operators commuting with convolution operators

In this part, after recalling some definitions and properties, we specify the
convolution operator we will use and establish our result.

Definition 3. Let X and Y be Banach spaces. Let S and T be continuous linear
operators on X and Y respectively. A linear operator ¥ : X — Y is said to
intertwine the pair (S,T) if WS =TWV.

A complex number X is called a critical eigenvalue of (S, T) if X is an eigenvalue
of T and (M x — S)(X) is a subspace with infinite co-dimension in X.

Lemma 1. (See [14],Lemma 3.2). If (S,T) has a critical eigenvalue then there
exists a discontinuous operator which intertwines the pair (S,T').

Definition 4. Let ¥ : X — Y be a linear operator from the Banach space X
into the Banach space Y. The separating space of ¥ is the subspace
&(V) ={y €Y :3 a sequence (xy), such that v, — 0 in X and V(z,) — y in Y}.

Remark 2. It is clear that U is continuous if and only if (V) = {0y }.

Lemma 2. (See [14], Lemma 1.6). Let X and Y be two Banach spaces and
let (Tn)n and (Ry)n be sequences of continuous linear operators on X and Y
respectively. If S is a linear operator from X into Y satisfying

ST, = R,S for all n, then there exists an integer N such that

cl(Ry...Rp(&(V)) = cl(Ry...RN(&(V)) forn > N.

Let i € My(G) and let f € L'(G). The convolution of u by f is
defined by

o f(@) = /G [+ 2)du(y), @ € G.

It is well known that u * f € L'(G) and the convolution operator
T, : f— p* f is a bounded linear operator on L!(G) (see [1]).

Let u belongs to MZE (G). We call by convolution operator on L'%(G), corre-
sponding to pu, the operator

Th: f— px f, f € L¥(G).

Remark 3. (i) TE is a bounded linear operator on L'%(G).

A ~
W) Vf e LY(G), i) = ..p.f,¥Yn > 1. In fact, for n > 1, we have
(ii) Vf € LNG), ((TR"(N)" = fodi J.n = 1. In fact, for n >

n times
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A

byn — f\n —
(TR)"(f) = px...xpux* f. It then follows by Remark 1 b) that ((Tu) (f)) =
n times
—~—
n times

We have the following result which is our main theorem.

Theorem 1. Let (G, K) be a Gelfand pair and Tﬂ be the convolution operator
on L'%(G) corresponding to p € MIE (G). Let S be a continuous linear operator
on a Banach space X. If the pair (S, Tﬁ) has no critical eigenvalue, then every
linear operator U : X — LY(G) which intertwines (S, T,E) is continuous.

Proof. Suppose that ¥ : X — L'%(G) is a discontinuous operator in-
tertwining the pair (S, Tﬁ) So &(¥) # {0}. Let us consider the space

~

A(S(G, K))w = {fi(9) : ¢ € S(G, K) and F(9) # 0 for some f € &(W) |.

w(S(G, K))w is finite. In fact, if we assume that (S(G, K))y is infinite, we
can have a sequence (¢,,), with ¢, € S(G, K) such that j1(¢y) # (o) forn #m
and for any n € N there exists f, € &(V¥) such that ﬁ(gf)n) # 0. For k € N, let
us put A\; = fi(¢y). Let I;1 and Ix denote the identity operators on L¥(G) and
X respectively.

For any ¢ belongs to S(G, K) and any f € Llh(G), let us prove by recurrence
that

~

(T = T3 O = TF] " (8) = (i) O A(6) Fl8) Y € N, (1)

indeed, [(MZz ~ 787" (6) = i f — px 1% (6) = (i~ (8)) F(9) (see Remark
3 (ii)), and suppose that

~

(L =Tl = T () = (1 = 3(0)- (M — A6) (@) for k> 1
We have

(Ol =T Ousa T = T0)S] " (6) = [l = T Ol = T O f = e )] (@)

= (A = (@)~ — 1i(0)) Mg f — px £) ()

~

= (A1 = 7(9)) (A — (@) Ak41 — 1(9)) f(9),

hence we have the assertion.
Otherwise, since ¥ intertwines (S, 7T, ,5), we have

Anlpr = THT = V(A Ix — S), ¥n > 1.
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Then by lemma 3.4, there exists n > 1 such that
A( AT =T2) .. AL —THS (W) = (M1 —T5)... (A1 I —THS(T)) (2)

Using (1) we have

A ~

Ml =T Onga I = TS| (Sn41) = (M = Ans1) -t = Ans1) F(dni1)
= 0.

So the Fourier transform of any function belongs to (A1l;1 — Tﬁ)...(AnHI -
T, 5)6(\11) vanishes at ¢,11. Then by (2), the Fourier transform of any function
belongs to cl((A1lp1 — TE)...(A,JU — T,E)(B(\I/)) vanishes at ¢,11, that is

[(AllLl — T8 Ondgs = T f] (bny1) =0

for all f € &(¥) and consequently

~

()‘1 - )‘n-i-l)”-()‘n - )‘n-i-l) (¢n+1) = 0.

Since (A1 — Ang1)--(An — Ang1) # 0, then fry1(dny1) = 0, this contradicts the
choice of f,,4+1, and {ﬁ((b) : ¢ € S(G,K) and J?(qb) # 0 for some f € @(\I/)} is fi-

nite.
Let B1, ..., Bm € C such that

{71(6) : 6 € S(G, K) and f(9) # 0 for some f € (W)} = {B1,... A}
(Bilps —T2)...(Bmdps — TH)S(W) = 0. In fact, let us put
Gy = {¢ € S(G,K): f() # 0 for some f € es(xp)}.
For f € &(¥) and ¢ € S(G, K), we have
(Bulp = T)-- (BT ~TES) " (9) = (Br = BO)- (B — AO) (&),

It is clear that (81 — i(6))...(Bm — i(9))f(#) = 0if ¢ ¢ Gu.
If ¢ € Gy, then there exists k € {1,...,m} such that fi(¢) = Bk, hence (51 —
A

~

(0))-+ (B — BN F(8) = 0. S0 |(Bilpy = Tf).(Bulpr — TH) S| = 0.
It follows that (811p1 — Tﬁ)...(ﬂmfy - Tﬁ)f = 0 since the function
(Bl — TE)...(ﬂmILl - Tﬂ)f belongs to L'(G).
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Thus, as all operators Bl — Tﬂ;k € {1,...,m} commute among themselves,
we can state that [y is a eigenvalue of Tﬂ for k € {1,...,m}. Since (S, Tﬂ) has
no critical eigenvalues, then the subspace (SrIx —S)(X) has finite co-dimension
for k& € {1,...,m}, therefore N = (f1Ix — 5)...(BmIx — 5)(X) has finite co-
dimenson. The operator R = (f1Ix — S)...(BmIx — S) is continuous, hence by
[[14], Lemme 3.3], N is a closed subspace of X. We have

YR =U(Bilx — S)...(Bulx — S) = (Bilps — T2)...Bn I — T))W.

(Bilps — TE)...(BIps — THS(W) = 0, so VR = (81111 — T5)...(Bmps — TH)W
is continuous (see [14], Lemma 1.3 (i)). Otherwise let (y,), be a sequence in N
such that y, — 0. Since R : X — N is continuous and surjective, then R is
an open operator. So there exists a sequence (z,,), in X such that x,, — 0 and
R(zy) = yn. We have ¥(y,) = VR(x,) and by the continuity of ¥R, we have
U(y,) —> 0. Thus the restriction of ¥ to N is continuous. Since N has finite
co-dimenson, then ¥ is continuous on X, this is a contradiction, and the proof is
complete.

Remark 4. The above result is a generalization of the one established in the case
of commutative hypergroups (see [6]). In fact, if G is a commutative hypergroup,
then (G,{e}) is a Gelfand pair.
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