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Vector-valued Grand Hardy Classes
B.T. Bilalov*, S.R. Sadigova, Y. Sezer

Abstract. It is considered the vector-valued grand Lebesgue space L) (X) = Ly (J; X),
1 < p < oo, and the concept of a t-basis, generated by some bilinear map (where
J = [-m,m)), is introduced. It is proved that the exponential system & = {e"} _
forms a t-basis for Ny (X)), when X is a UMD space, where N, (X) is the closure of X-
valued infinitely differentiable functions in L) (X). The concept of the t-Riesz property
of the system & in Ny (X) is defined. It is established that this system has the ¢-Riesz
property, when X is a UMD space. Using these facts, the X-valued grand Hardy classes
mei) (X) of X-valued analytic functions are introduced, and some of their properties
are proved. The obtained results are applied to establish the ¢-basicity of the perturbed
exponential system in N, (X).
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1. Introduction

The theory of classical Hardy spaces Hpi of analytic functions is sufficiently
well- developed and it is illuminated in many excellent monographs (see, e.g.
[1, 2, 3, 4, 5]). This theory has various applications in different branches of
mathematics, such as harmonic analysis, differential equations, approximation
theory, boundary value problems for analytic functions and others. Hardy classes
are used to establish the basis properties of some perturbed trigonometric systems
in various functional spaces (see, e.g. the works [6, 7, 8, 9, 10, 11, 12]). The
abstract generalizations of these classes also have a long and deep history and
the works of various mathematicians (see, e.g. the works [13, 14, 15, 16, 17, 18,
19, 20, 21, 22, 23, 24, 25, 26, 27, 28]) are devoted to them. It is also worth noting
that, due to the applications in concrete problems of mechanics, mathematical
physics and pure mathematics, interest in the so-called nonstandard function
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spaces has significantly increased. More information can be found, for example,
in the monographs [29, 30, 31, 32, 33, 34] and their references. This class of
function spaces includes the Lebesgue space with variable summability index,
Morrey spaces, grand-Lebesgue spaces, Orlicz spaces, Marchinkievicz spaces and
others. Taking this into account, we intend to consider the X-valued grand
Lebesgue generalization of Hardy spaces.

The vector-valued grand Lebesgue space L,y (X) = L, (J;X) , 1 < p <
oo, is considered and the concept of a t-basis, generated by some bilinear map
(where J = [—m, 7)) is introduced. It is proved that the exponential system & =
{emt}nez forms a t-basis for NV, (X), when X is a UMD space, where N (X) is
a closure of X-valued infinitely differentiable functions in L, (X). The concept
of the t-Riesz property of the system & in N, (X) is defined. It is established
that this system has the ¢-Riesz property, when X is a UMD space. Using these
facts, the X-valued grand Hardy classes mei) (X) of X-valued analytic functions
are introduces and some of their properties are proved. The obtained results are
applied to establish the ¢-basicity of the perturbed exponential system in N,y (X).

2. Notations and auxiliary facts

2.1. Standard notations

N are positive integers; Z is a set of integers; Z, = {0} |J N; R are real num-
bers; C' are complex numbers; L [M] is a linear span of M; M is a closure of M;
XM is a characteristic function of M; B-space is a Banach space; ||| y is a norm
in X; X* is a dual space of X; [X;Y] is a B-space of bounded (linear) operators
from X toV; [X]|=[X;X[jw={z€C:|z|<1l};y=0w={z€C:|z| =1};
w® = C\w; 4 is the set of all B-spaces; KerT is a kernel of T'; R (T') is an image
of T'; (+) is a complex conjugation; d; ; is the Kronecker symbol; p’ : %—i— Z% =1is
a conjugate number to p € [1,400). cardM is a cardinality of M; &y = card N.
¢ > 0 denotes a constant, may be different in different places.

2.2. The concepts of t-span, t-completeness, t-biorthogonality, ¢-
basis

Let X;V;Z € Band t: X xY — Z be some bilinear map, which satisfies
the condition

36> 0:8]lelly Iwlly < It (o)l <5 ally lylly ¥ (@y) € X x Y. (1)

Such bilinear map we will call ¢ -map. In this case t (x;y) we denote briefly
as xy =: t (x;y). Let M C Y be some set. t-span of Mwe will denote as L [M]
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and define by the relation

no
Ly [M] = {z €Z: 3 {(axr;yp)}° CX XM= 2= Z!Ekyk}
k=1

Based on this notion we define the following concepts.

The system {yx} ey C Y ist -complete in Z, if Ly [{yk}keN] = Z (the closure
is taken in Z ).

The system of operators {Tn},,cny C [Z; X] we call t-biorthogonal to the system
{Untnen CY, if Ty (wyr) = opiz, Vo € X & VEn € N.

Triple {X;Y;Z} C B we will call ty-invariant, if {(zn;yn)} € X XY
Yo =0= > 0 (yp)x, =0 ,VP €Y.

Triple {X;Y; Z} C %A we will call t-dense, if finite t-linear combination of
form Y xpyr with (xg;yk) € X XY, Vk, is dense in Z.

It is valid the following criterion for ¢-basicity.

Theorem 1. Let the triple {X;Y; Z} C A is ty-invariant and t-dense. Then the
system {yntpeny C Y forms t-basis for Z if and only if the following assertions
hold:

(1) {Yntpen is t-complete in Z;

(i) {Yn}tnen has t-biorthogonal system {T},cn C [Z; X] ;
(iii) The projectors {Pm}cn:

P (2) = ZT” (2) Yn,¥Ym € N&Vz € Z,

n=1
are uniformly bounded, i.e. sup ||Pm||[Z] < +o00.
m

Proof. Necessity. Let {yn}, oy C Y forms t-basis for Z. Then it is evident
that (i) holds. Consider the assertion (ii). From the uniqueness of decomposition

z= anyn,Vz €Z, (2)

n=1

follows that y, # 0, Vn € N, and for every fixed n € N the coefficient x,, is a
linear map from Z to X, i.e. x, = T}, (2). Moreover, it is evident that it holds

Ty (xyg) = dpgx, Vo € X,Vn; k € N.
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Let us prove that T, € [Z;X], Vn € N. So, by X we denote the set of all
sequences & = {xp},cny C X such that the series > ° xny, converges in Z.
¢ In X by the expression

n
Z TEYk

k=1

Define the norm ||-

Z

1] ¢ = sup
n

Completely analogously to the classical basis case it is proved that (X -l X) is
B- space regarding wise-coordinate linear operations. It is obvious that to each
element & = {2,},cny € X the decomposition (2) corresponds a unique element
z € Z and this correspondence denote by A, i.e. z = Az. It is evident that A is
a linear operator, moreover KerA = {0} and R (A) = Z. Moreover

o0 m
> Tnyn > Ty
n=1

n=1

= [l
Z

1A2][z = l2llz =

X

< sup
m
Z

and in result from the Banach’ s theorem we obtain that the operator A € [X A }

is an isomorphism. From other point of view using the property (1) of t-map we
have

T @l vy T @yl | T @~ SIS T (|

ITn (2) ]| x = < = <
B lynlly S [lynlly 5 [lynlly

250p [k Te (BN willz o4, ()}l

0 Hyn”Y a o HynHY

Ay _2)a

S llynlly = dllunlly

Consequently, T, € [Z; X], Vn € N, and it holds

Iz, , ¥z € Z.

2| A7)

1Tl < :
" S [lynll vy

In result we obtain the validity of the following inequality
2, _
L< T flynlly < 5 HA 1H , Vn € N. (3)

The assertion (ii) is proved. Assertion (iii) follows immediately from the
classical Banach-Steinhaus theorem.
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Sufficient part of the theorem is proved completely analogously to the classical
case.
Theorem is proved.

Consider the particular case, when Z is some Banach tensor product of spaces
X; Y € # and we will denote it by Z = X®Y. Along with by X ® Y we denote
the linear tensor product of spaces X&Y. The bilinear map ¢t : X x Y — Z we
define as t (z;y) = x ® y, where x ® y denotes the tensor product (an elementary
tensor) of elements x € X&y € Y. It is evident that X®Y'is ty- invariant and
t-dense . Then according to the Theorem 1 we have the following

Corollary 1. Let X;Y € % and Z = X®Y. Then the system {yn},eny C Y
forms t-basis for Zif and only if the assertions (i)-(iii) of Theorem 1 hold.

For completeness and simplicity of the subsequent presentations we need some
facts about vector-valued Lebesgue space (Bochner space) L, (X) =: L, (J; X) .
Firstly accept the following agreement. We identify the segment J = [—7,7)
and the unit circle v by the mapping e : J < ~. This allows us to identify
the Bochner spaces L, (J;X) & L, (v; X) , defining on J and ~, respectively,
and identify the function f(¢), t € J, defining on J, with the function f(7) =
f(e")=: f(t), 7=e" €. Let us accept f, (t) = f (re) ,Vr > 0&t € J.

So, let (S;.47; 1) be a measure space. Denote by L, (S; X) the Bochner space,
generated by measure space (S;.2; ) and with norm

1/p
T ( st dﬂ) .

Recall the definition of UMD (Unconditional Martingale Difference) space.

Definition 1. A B-space X is said to have the property of UMD, if for all
p € (1,00) there exists a finite constant 3 > 0(depending on p and X ) such that
the following holds: whenever (S; .97 p) is a o— finite measure space, {ﬁn}gzo is
a o—finite filtration and {fn}ilv:o is a finite martingale in Ly, (S; X), then for all
scalar |ep,| =1, n=1,N , we have

N
> endfn
n=1

<p

LP(S§X)

)

LP(S§X)

N
> dfn
n=1

where dfy, = fn — fn—1 is a martingale difference.

If this condition holds, then Xis said to be a UMD space. In the sequel, the
set of all UMD spaces we will denote by the same letter UMD.
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Concerning relatively notions and more information, one can see f.e. the
monography [21].

Let & = {en (*)},c is exponential system, where e, (t) = ¢, t € J. Recall
that an X- valued trigonometric polynomial is a function P, : v — X of the form

Po(r)=Pu(t)= > apm" =Y arer(t), teJ (4)

k=—n k=—n

with coefficients ar € X, kK = —n,n. The set of all X-valued polynomials denote
by & (X). It is valid the following (see, e.g. [21])

Proposition 1. Let X € Z&p € [1,00). Then & (X) is dense in L, (X).
Let P € & (X), i.e. P(:) has the form ( a finitely non-zero sum)
P(t)=) aper(t) .
keZ
Define the multiplier operator .# by expression
M(P)=P=—i Z signk agey () ,
keZ

where
1, k>1,

signk =< 0, k=0,
-1, k< —1.

Denote by Lg (X) the following subspace of L, (X):

Lg(X)z{feLp(X); f(t)dt:O}.
By Hwe denote the X- valued Hilbert transform on R:

_L Iy,
mTJRY — T

Hf (z) y, t€R,

which is understood in the singular sense. It is known the following UMD property
characterization of UMD space.

Theorem 2 (Burkholder-Baurgain). Let X € ZB&p € (1,00). The following
assertions are equivalent:

(i) X e UMD;
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(11) H € [L, (R; X)].
In obtaining main results we will use the following very strongly result.

Proposition 2. Let X € B&p € (1,00). If H € [L,(R;X)], then 4 €
Ly (X)] & A €Ly (X)] .

For function f € Ly (X) by fi, k € Z,we denote its t-Fourier coefficients

1

—ikt
— dt, ke Z.
5 f() , ke

fr =
It is evident that fk € X, Vk € Z. Denote also by P,, the n-th order projection

P.f = kaek, neZz.

[k|<n
We also will need the following

Proposition 3. Let X € B & p € (1,00). Then the following assertions are
equivalent:

(i) # € [L,(X)]; (ii) the projections {P,},c, are uniformly bounded in
L, (X); (i) for Vf € L, (X) one has P,f — f, n — 00 ,in L, (X) .

We will also need the following X-valued Minkowski’s inequality.

Proposition 4 ([21)). Let (Sk; ;1) , k =1,2, be measure spaces and X € A.
Then for all 1 < p1 < pg < 00, it holds

p2/p1 1/p2
HfHLpQ(S2”Uf27Lp1(SLX) (/ </ 1f (z;9) I dpa (= )) dpz (y)> <

1/p1

P1/p2
g(/s (/g2||f<m;y>||§(2du2<y>) dm(a:)) 1y, (S, S0) -

()

2.3. Grand Bochner space

By Lo (X) we will denote all measurable (in strong sense) X- valued functions
on J (it is the same on ). Grand Bochner space L,) (X), 1 < p < 400, we define

by the norm
1
= Su L 6clt) B
15,0 =, s (= [ 17015
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Also by Ly (J) denote the usual grand Lebesgue space of scalar-valued functions

on J with norm
1

_ p—¢ 4 pme
HfHLp)(J)—OigI;il AU

It is known that L, (J) is nonseparable B-space. From here immediately follows

that L,) (X) is also nonseperable B-space. In fact, let {fa},cps C Lyp) (J) such

that, 360 > 0 : Va # 8 = |fa — fsll, ) > 0, where cardM > &g. Let a €
P

X, a # 0, be an arbitrary element and assume F,, (t) = f, (t)a, Va € M, t € J.
It is evident that {Fu},cps C Lp) (X). We have

1Bl 0y = lallx Mfally, gy Vo€ M.
From here it directly follows that ||F, — Fjl|, J(X) >dal|ly, Va#B o8 € M,
P

and in result L, (X) is nonseparable.

Let us define the seperable subspace of Ly (X), in which the infinitely differ-
entiable X -valued functions on J (we denote it by C*° (X)) is dense. Denote by
T the shift operator in Lo (X):

fx+6), z+deJ,
(T5f) (z) =
0, r+0¢.J

Assume

Ny (X) = { € Ly (X) £ [T = fll, ) = 0, 6 =0}

It is not hard to see that N, (X) is subspace (i.e. closure) of L) (X). Let us
show that C>° (X) is dense in N}y (X). Consider the following averaging function

2
Ce €Xp (—Eziw) .t <e,
we (t) =
0, , [t >,

where ¢ [, we () dt = 1. For function f € Ny (X) set

Jo (1) = (f % we) () = (we = ) (t):/

R

wE(t—s)f(s)ds:/wg(s)f(t—s)ds.

R

Here we assume that the function f () is extended to the entire real axis by
zero. We have

1) = F Ol = \

/wa<s> F(t—s)— f(B)]ds
R

< /R we ()1 (E— ) — F (1)1 ds.

X
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Consequently, applying the Minkowski’s inquality (5) (where we take p; =
1&p2 = p — €), we obtain

1/p—e

(/J Ife (&) — f OI% dt> e < (/J (/Rw () IIf (t=s) = F )l x ds>p€ dt) <

534<L@%wa@—$—f@MAPwa@%dw=

= /Rws (s) </J If (t=s) = fFOIKT dt) o ds =

:ié&gA$<[ﬂf@—$—f@M§fﬁymsd&

From here it immediately follows

I = Flipn < [

ST €= 9) = T Ol = 1z = Fll ) 0 € =20

s|<e
So, we have proved the following

Lemma 1. The set O (X) is dense in Ny (X).

And now consider the following conjugate function operator (or periodic
Hilbert transform)

~ R T A O T A Gt )
= 5= —t 4T = 5~ T ) ’
(Hf) () =5 /_ el =g | T dn el

93

2

where f € Lj (X) is X -valued function. It is known that (see e.g. the mono-
graphs [30, 31, 35]) H € [L,) (J)], 1< p < 4oc. Taking into account to the
fact that

MP=HP, VP € 2 (X),

(regarding this fact see, e.g. Bennet, Sharpley [35, p.162]), then from Proposition
2 it directly follows that H € [L, (X)], Vp:1 <p < +oo, if X € UMD. Using
this fact completely analogously to the scalar grand Lebesgue case Ly, (J), it is
proved that H € [Lp) (X)]7 1 <p< 4oo, if X € UMD. So, it is valid the
following

Proposition 5. Let X € UMD. Then H € [L,) (X)], Vp:1<p< +oc.



Vector-valued Grand Hardy Classes 131

Let’s prove that H € [Ny (X)]. In fact, let f € N, (X) be an arbitrary
function and F'(t) = <ﬁf) (t), t € J. We have

T

F(t—s)—F(t)z;ﬁ/w f(7t+;g)2f(7t)drz (F9.) (1),

where g5 (1) = f(t+s)— f(r), 7€ J. Consequently

I|F (t — s) _F(t)HLp)(X) = H(ﬁgs) L) (X)

P)

< Cligsllr,,x) =

=ClIf (+5) = F)lp, 0 = 050, FeNy(X).
In result we obtain the following
Proposition 6. Let X € UMD. Then H € [Np) (X)] , Vp:l<p<+oo.

Let N, (J) ® X be an algebraic tensor product of spaces Ny (J) and X.
Denote by Ny (J) ®X the closure of Ny (J) ® X in L, (X) (by the norm of
p)

Ly (X)). Tt is evident that the algebraic tensor product C* (J) ® X is dense in
Npy (J) ® X, and in result it also dense in N (J) %X . Since, every function f €

Cc*> (j ) : f(=7) = f(x), can be approximated uniformly on .J by trigonometric
polynomials (it is the same by polynomials regarding the exponential system
&), then it is obvious that & (X) is dense in C* (J) ® X (regarding the norm
||'||L,,) (x)) and thus & (X) is dense in Ny (J) (%X. By the same reason ( since

C* (X) is dense in V) (X)) & (X) is also dense in N, (X). From here it directly
follows that N, (X) = N, (J) @X (up to izometrically isometry) . Thus, it is
P

valid

Statement 3. The B-spaces Ny (X) and Ny (J) @X up to izometrically isom-
p
etry coincide and & (X) is dense in Ny (X).

2.4. t -basicity of & for N, (X)

In this section we will prove that the expontential system & forms ¢-basis for
Npy (X), when X € UMD. So, it is valid the following

Theorem 4. Let X € UMD. Then the exponential system & forms t-basis for
Ny (X), 1<p<+oo.
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Proof. Let’s apply the ¢-basisness criterion (Corollary 1). From Statement 3
it directly follows the ¢-completeness of system & in N (X).
Let’s prove the validity of assertion ii). Consider the operators

o 1 ™ .
Tof = fn= o f(t)e™dt, Vf € Ny (X),Vne Z

Take Veg € (1,p — 1). We have

e

1
ITnfllx = 5 [ NF@®lxdt <

1

T B =0
<o [T M@= d) ™ <elfll, . € Ny ().

Consequently, {T,},c, C [Np) (X); X ] Moreover, for arbitrary an elementary

tensor f (t) = e @ 2, Vo € X&Vk € Z, we obtain
T, (eikta;> =, V3 k€ Z.

Thus, the assertion ii) of Corollary 1 is also valid.
Let’s check the validity of assertion iii) of Corollary 1. Consider the projectors

n n

Suf = Y T (f)= > e*fr, VneZ,.

k=—n k=—n

According to the classical results we have

1 vy
Snf:2— D, (r—t)f(r)dr, VYneZg,
ﬂ- —Tr
where ( 1)
sin(n+35)t
Dy (t) = ——",

251n§

is a Dirichlet‘s kernel. Express Sy, f via the periodic Hilbert transform H:

™ sin(n + 1) (1 —
L e

A J_, sinT
1 (7 sinn(r —t)cos §( —t) + cosn(r —t)sin &(r —t)

= — — f(r)ydr =

ar J_, sin 5+
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1 [T si —t 1 (7
=0 /_Tr Slr;:é:gt )f(T)dT + e cosn(t —t)f(r)dr.

Taking into account these relations from Proposition 6 we obtain

”SanLp)(X) <c ”fHLp)(X) , VneZg,

where the constant ¢ > 0 independent of f and n. Theorem is proved.

3. Main results

In this section we firstly introduce the concept of ¢- Riesz Property of expo-
nential system & in grand Bochner space Ny (X) and prove that & has t- Riesz
Property in Ny (X). Then these results we apply to defining X-valued grand
Hardy classes and to the investigation of its properties.

3.1. t-Riesz Property

Let X e UMD &1 < p < +00. Then by Theorem 4 the system & forms t-
basis for N,y (X). Accept the following

Definition 2. We say that the t- basis & of Ny (X) has t- Riesz property if
Je > 0:

mi1 —1
ZT” (f)e™ <c HfHLp)(X) ; Z To (f)e™ <c HfHLp)(X) ,
n=0 Ly (X) n=sma Ly (X)

Vf e Np) (X), VYmi;mg € N,
where {T},c; C [Ny (X); X] is t-biorthogonal system to t- basis &.
It is valid the following

Theorem 5. Let X € UM D. Then the exponential system & has t-Riesz Property
ian) (X),1<p<+oo.

Proof. On the linear subspace & (X) of Ny, (X), define the following operator
R (we will call it as t-Riesz operator)

(RYP) (1) =) ant", TEYVPEP(X):P(T)= >  ant"
n=0 _
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Let {Th},cz C [Ny (X); X] be t- biorthogonal to & system and .# is multiplier
operator, defined in Section 2.2. It is not hard to see that

1 1
RYP = ST (P) + 5 (P +id (P)). ©)
We have
ITo (Pl (x) = ‘ g C )dt‘ Ly (X)
. p—¢
_ T ™ P 1t dt d <
s, (e eal o) <

. i (p—e 5\ /PE
e sw (TP EIET ) =Pl -

Taking into account this inequality, from the relation (6) we obtain that RT €
(L, (X)] & A € [Ly (X)]. Moreover, it is evident that Ty € [N,y (X)]. Then

again from (6) follows RT € [N, (X)] & # € [N, (X)]. Take Vf € N (X)

and let Sy, (f) be its m-th order partial sum

Sm (f)(1)= > Tu(f)™, 7€7, meZ.

n=——m

For m-th order polynomials P (-) of the form (4) we have
(R+P) (r)=1™" [Sm (Tme (7’))] (), T€HY. (7)
Since the system & forms t-basis for N, (X), we have
1Sm (DL, x) < ellfllz, x), YmeN; VfeNy(X).
Then from (7) we obtain
HRJFPHLP)(X) <|[Sm (r—"P (T))HLP)(X) <c|mP (T)HLP)(X) =
< CHPHLP)(X)7 VP e 7 (X). (8)

Taking into account the Statement 3 from inequality (8) we obtain that the
operator R extends continuosly to N, (X), i.e. R* € [Ny, (X)]. Therefore, for
Vf € Np) (X) the series

RYf =) T.(f)7"
n=0
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converges in Ny (X) .
Completely analogously we prove that the operator

Rf=3T,(f)r™
n=1

well defined for Vf € N, (X) and R~ € [Ny, (X)] .
Theorem is proved.

It is not hard to see that the operators R™ and R~ mutually disjoint, i.e.

RTR™ = R™R" =0, and moreover, it holds I = R* + R~ (I € [Np)(X)] is an
identity operator). Moreover, it is evident that for Vn € Z, the operators

RIfF=>_Ffr* Ryf= > farh (9)

k=n k=—n+1

well defined for Vf € Ny (X) and R: ¢ [Ny (X)] . Consequently, RT = R*.
Again for the above reason we have

RIR, =R, RI =0;I=R'+ R, ,VneZ.
So, it is valid the following

Corollary 2. Let X € UMD . Then for t-Riesz operators R, defined by expres-
sions (9), forVn € Z, it is valid: i) Ry € [N,y (X)] , Vn € Z; ii) (R¥)* = RE ;
i) RYR, =R, Rl =0;w) =Rl +R,.

3.2. Grand Cauchy-Bochner type integral

Based on the concept of ¢t-Riesz operators (at the same time also projectors)
in this subsection we will define X-valued grand Cauchy-Bochner type integrals .
Thus, denote by P, () the following Poisson kernel for unit circle

1—r2

it
= re' € w.
1—2rcost+r2’

P (1)

Let X € UM D. Then by Theorem 4 the system & forms ¢-basis for N,y (X) and
let{Tn},cr C [Np) (X); X ] be corresponding t-biorthogonal system. Therefore,
Vf € Ny (X) has expansion

F@) =" fre™, (10)

keZ
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where fr = T}, (f), k € Z . Denote fy = R* f:

=3 fue ()

k=0

where R™ be ¢-Riesz operator (Theorem 5). Taking into account to the obvious
relation

/ (t — s)e*ds, Yk € Z,,Vre' € w,

from (11) we directly obtain ( since R* € [Ny (X)])

g:f re’ :;T/ipr(t—s)ﬂr(s)ds.

Assume

o
= kazk,z =re' € w.
k=0

It is very known that F'(-) is X-valued analytic in w function (see, e.g. the
monograph [22]). Thus, F (-) has Poisson-Bochner integral representation

F (re') = % /7r P, (t—s) fy (s)ds. (12)

—T

Then according to the results of monograph [22] it is valid the following analogous
of classical Fatou’s theorem.

Theorem 6. Let X € UMD and RT € [N, (X)] , 1 < p < +o0, be Riesz
operator. Then for Vf € Ny (X) the Poisson-Bochner integral (12) with f, =
RT f presents analytical function F (-) in w and F (Teit) converges strongly (i.e.

by norm ||-||x) nontangential to fi (") under w > z — €' at point " , for

which
1 t+s
P fe(T)dt = f1(t),s =0,
25 Ji_g

i.e. almost everywhere.

By the same reason as above using the relation

T —

1 Tkd
zk:,/ TVZEka€Z+,
¥
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for function F' (-) we obtain the following Cauchy-Bochner representation

F(z):L M,zew,ﬁr:]{*ﬁ
211 v T—Z

A nontangential limit %im F (2) at point 7 € v denote by F'* (1) . Consequently,
WIZ—T

according to the Theorem 6 it holds F* (1) = f1 (1), a.e. T €.
Analogously results we obtain regarding the function

W= (R f)W)=> fne™,
n=1

where R™is corresponding Riesz operator. Define the following X-valued analytic
in w® function

oo
D(z)=— Z fonz™, 2 € WS
n=1

It is evident that ® (co) = 0. Completely analogously to the previous case, using

the formula
—k 1 Tk
z g

dr,¥Vz € w°,Vk € N,

211 ~T—Z

we establish that the function @ (-) has the following X-valued Cauchy-Bochner
representation
1 ff()

S — dr, Vzewe.
21 T—2Z

D (2) =
.

Introduce to the consideration the following analytic in w function

é(z)_q><1>  zew

z

We have -
D (z2) = —Zf_nzn , ZEW.
n=1

Consider the following series (informal for now )

f(eit) - _ Zf:nemt )
n=1

It is not hard to see that along with series (10) (for function f (t) in N (X))

the following series
Pt =Y he =Y Fae,

nez nez
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also converges in L) (X). Then as previous case we establish that the function
® () has a non-tangential values ®* (e*) on + inside of w and it holds

o0
i (eit) = f(eit) =— Zf,nemt, a.e. ted
n=1
From here we immediately obtain that the function ® () also has nontangential

values &~ (eit) on 7y outside of w (i.e. inside of ) and &~ (e“) has the represen-
tation in N, (X):

o)
d (eit) — Z f‘_ne—int )
n=1

Moreover, it is obvious that it is true the following relations

k
V. z e w
1 hdr ’ ’
T — Vk€Z+,
Ty T2 0, z € w®,
_ —z " zew"
1 /T”dT ’ ’
— = Vn € N.
271 —
), T—2 0,2¢w,

Taking into account these relations as previous cases we establish the validity of
the following X-valued Cauchy-Bochner formulas

0 £ o.n
[ Sehe sew, "
2mi ), T—2 0, z€we,
0, z €w,

L [ f(ndr _
A (14)

271 T—2Z A
2720:1 f*nz—n y % € wca

where f € Np) (X): f+ = R*f.
And now consider the following X-valued Cauchy-Bochner type integral

1 f(r)dr
F(z)=— . 1
O =g [ 525 %7 (15)
Putting instead of f the expression f = Ry f+ R_f = fi + f_, and using the
formulas (13); (14) we obtain

Yoo fnz", ZEw,
F() = A
=3 fenz T 2 EWE,
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where

F) =S Jur ren,

nez

is an expansion of f on ¢-basis & in N, (X). From here it directly follows that
the function F (-) has a nontangential values F* (-) a.e. on 7 from inside and
outside of w, respectively, and for these values it is valid

Ft(r)=fy (1), ae. 7€,
(16)
F~(r)=—f_(7),ae T€n.

Consequently, we have
Fr(r)—F (r)=f(7),ae 7€~
Thus, we have proved the following

Theorem 7. Let X € UMD. Then for Vf € N, (X), 1 < p < +o0,the X-
valued Cauchy- Bochner type integral (15) is X -valued analytic on C\7y function
and it has non-tangential values F* (-) a.e. on v from inside (" +7) and outside
(% %) of w, respectively, moreover these limits satisfy

F* (1) ::E(Rif) (1), ae. T €n;

Fr(r)—F (r)=f(1), ae. TE 7,

where R* are corresponding t-Riesz operators.

3.3. Grand Hardy-Bochner classes nH;E) (X)

Here using the results, obtained in the previous subsection, we will define X-
valued grand Hardy spaces , H ;E) (X) of X-valued analytic in w (sign is ”+") and
w® (sign is ”-”) functions, respectively. So, let X € UMD and R € [N, (X)],
1 < p< 400, n € Z, be t-Riesz projectors, defined by formulas (9) . Assume

WNp (X) = R (Ry) = B (N, (X)) (17)

ie. nN;E) (X) is an image of the operator R;. It is evident that nN;E) (X) is
subspace (i.e. closure) of N ») (X). It directly follows from the fact that RY is a
continuous projector in N (X).

For simplicity the following presentation let’s define some class of functions.
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By &% (X) we denote the set of all X-valued analytic in w (sign ” +7)
and w® (sign 7 —") functions, respectively. Also denote by % f the X-valued
Cauchy-Bochner type integral

211 T

NG = g [ L 2gs,

Definition 3. Let X € UMD and R;; € [Ny (X)] , 1 <p<-+oo,n€ Z, bet-
Riesz projectors. Define the following grand Hardy — Bochner classes

WHo (X)) = {@F € AT (X): 3fF €Ny (X) = @ (2) = (£ fF) (2)},

provided with the norm
H(I)iHnH;E)(X) - HfiHLp) (X).

Scalar valued case (i.e. when X = (') these subspaces we will denote as
Np) (J) :Np) (J;C) 5 nN;E(J) :ani(‘kC); nH;; :nH]:S(JvC) :

Let’s prove that this definition is correct. For this let us show that the repre-
sentation

2 ()= = [0 et (x),

- 2mi N T—Z )
is unique. It is sufficient to prove this for the case 0H$ (X). So , let for some

fo* € 0N (X) it holds

/WEO,VZEW. (18)
.

T —Z

In the classical case ( i.e. scalar valued function case ) this definition is correct
(see, e.g. the monographs [1,2,3,4]), i.e. if for some g™ € oL (J),1 < g < 400,

it holds
+
/g (T)dT:O,VZGw,
N

T—2
then g* (7)=0, a.e. 7 € v, where oL, (J) is subspace of ordinary Lebesgue space
L, (J), defined according to the previous definition. It is not hard to see that for
Veo € (1,p — 1) the continuous embedding Ny (J) C Ly ¢, (J) is valid. From
here also follows the continuous embedding nN;; (J) C nL;t,EO (J) and therefore

it is evident that the Definition 3. is correct for the scalar case nN;; (J), too.
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Take Vi € X*and let g € (1,p — 1)- arbitrary fixed number. It is evident that

9 (fo) = 95 € oN,) (J) C oL,_, (J) and from (18) it direct follows

+
/919 (T)dT:O,VzEw.
y T — 2

Consequently, g4 (1) = 0, a.e. 7 € 4. Since fT € ON;S (X), then f* has in

Npy (X) the expansion (by definition of ONJ) (X))

fr(r) = anT"
n=0
From here we obtain that in Ny (/) it holds

0=gi (1) =30 () 7. (19
n=0

It is obvious that this series also converges in L,,_., (J). Since the system &forms
basis for Ly, (J) (because p—eg > 1), from (19) follows that 1 (fn> =0,Yne

Z4+. From arbitrariness of ¥ € X* we obtain fn, =0,VneZ, = fr=0.In
result we have proved the following

Lemma 2. Let X € UMD. Then the Definition 3 of grand Hardy- Bochner
classes nH;; (X), 1 <p< 400, is correct.

It is evident that the classes nH$ (X), 1 < p < 400, with norm || || 1 (x)
np

are B-spaces. For simplicity in the sequel we accept the notations H;S (X) =

OHI;; (X); H (X)) = —1H (X). Also we denote by ZF (X) the set off all

P
polynomials 0% order < n € N, with X- valued coefficients of the form
n
Pf(z):Zafzik,a(j:O,zeC\{O},{aki}CX. (20)
k=0

It is evident that if X € UMD & n € N, then the systems {7"c k= —n,oo}
and {7%: k= —oco,n} form t-basis for subspaces _”N;S (X) and nV,) (X), re-
spectively, i.e.

Vi€ LaNF(X) > f(n)= Y k=7,

k=—n
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Vg € nNg;(X):g(T): Z ot T =1,

k=—o0

Taking into account the Theorem 7 from uniqueness of such expansions we obtain
the validity of the following direct sums

W H5(X) = HY (X) + 2, (X); oH (X)=H (X) + 27 (X).  (21)

Consequently, it is valid the following

Statement 8. Let X € UMD & n € N. Then for grand Hardy-Bochner classes

:FnN$ (X) it hold the direct sums (21).

3.4. X- valued Sokhotski-Plemelj formulas

Along with X- valued Cauchy type integral consider the following X-valued
Cauchy-Bochner singular integral

59 ()= 5 [LEE s, (22)

T o E—1

with density f € N, (X). Existence a.e. 7 € 7 of singular integral Sf fol-
lows from Theorem 2 (Burkholder-Bourgain), (see, e.g. monograph [21; p.374].
Consider also Cauchy-Bochner type integral

Fe) =g [ L8R ce, 2

with the same density f (-). In work [37] it is proved that if X € UMD & X* be
separable and f € L, (X),1 < ¢ < +oo, then for nontangential values F* (-) of
function F'(-) on 7 it is true the following X-valued Sokhotski-Plemelj formulas

FE(r) = 37 (1) + (S) (1), aer =1, (24)

Taking into account to the continuous embedding Ny, (X) C L, (X),Ve €
(0,p—1), from here we obtain the validity of the formulas (24) in case f €
Ny (X), too. Also taking attention to the Theorem 7 and to the expressions of
t-Riesz operators R we arrive to the following result.

Theorem 9. Let X € UMD&X™ be separable. Then for Vf € Ny (X),1<p<
+o00, regarding the Cauchy-Bochner singular integral (20) and Cauchy-Bochner
type integral (21) the following assertions hold:
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(i) it is true the X-valued Sokhotski-Plemelj formulas (24);

(ii) (81)(7) = F* (1) F 11 (1) = [+ (R* F 31) /] (1), ae. TE;
(iii) if £ (7) = Y52 o Fu (7). then (Sf) (r) = 4 < Bt T sign 7n> ;
(iv) S € [Ny (X)].

As is known, S € [Lq) (X)] ,1 < g < +o00. Moreover, note that for Bochner
spacesLy) (9;X),0 < p < oo,(where X be any B-space) the Marchinkiewicz
interpolation theorem is also valid (see, e.g. the monograph [21, p.86], Theorem
2.2.3 (Marchinkiewicz)). Then completely analogously to the scalar case Ly (J)
it is proved the validity of the following

Statement 10. Let X € UMD. Then S € [Lq) (X)] ,Vp: 1l < p< 4oo.

3.5. X-valued grand Riesz theorem

In this subsection we establish the analogous of classical Riesz theorem for
the grand Hardy-Bochner classes case. It is valid the following

Theorem 11. Let X € UMD. Then for VF € H;S (X), 1 < p < +o0, the
following relations hold:

() 1P OVl 00 = IEF Ollg, )7 = 1= 05
(ii) 1F- () = F* (), (x) = 0.7 = 1 0.

Proof. Let VF' € Hp),1 < p < +oc. Then as we have proved the validity of
the following Poisson- Bochner representation

. 1 /7 .
F (re') / P.(s—t)F" (s)ds,Vre" € w,

:g .

where P, (-) is a Poisson kernel. Let ¢ € (0,p —1) be an arbitrary number.
Based on this representation completely analogously to the classical case it is
proved that

HFT (‘)HLP_E(X) < HF+ (‘)HLP,E(X) ,VT‘ € (07 1) :

From here it directly follows

12 Ol 0 < IF5 Ol )7 € 0,1). (25)
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On the other hand by Theorem 7 it holds

lim F,. (1) =F"(1),a.e1 €7,

r—1-0

and in result we have

TEIIIlO | Fr (7))l x = HFJr (T)HX, a.e. T € 7.

Then applying Fatou’s theorem we obtain

1E= Oy, oy < lim 1E O, x) - Ve € (0.0 = 1).

From here follows

L P LAy

Comparing with (25) we obtain the validity of (i).

Using (i), part (ii) is proved completely analogously to the classical case. For
the completeness of presentation we give full proof. So, let {r,} C (0,1): 0 <
ry < rg < ... — 1, any sequence and e C (0,1) any measurable set. Assume
E =(0,1)\e. We have

HFM - F+HLP)(X) S H(Fm - FJr) XEHLP)(X) + ”FMX@HLP>(X) + HFJFXEHLP)(X) :
(26)
As we know it holds

nh—>nolo||FT" ()lx =|[F"(s)]| x> n— o0, ae se

Then we can apply the Egorov’s theorem. Based on this theorem choose the
set E C (0,1) such that on E sequence {F, (-)} uniformly converges to F'* ().
Consequently, it is evident that

_ _ ||t
nh_{gloHFrnXE”Lp)(X) = ||F XEHLm(X)'
Then by part (i) we have
) _ |t
Jim [[E el x) = |F XeHLm(X)'
From absolute continuity of the Lebesgue integral it follows that we can make

the last two terms in (25) as small as desired.
Theorem is proved.
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Consider the following Poisson —Bochner

™

(Pef) ()= o= [ Prlt—9)f(s)ds, et €,

—T

and Cauchy-Bochner

o) ) = 5 [ L, et e

; _ it
211 T —Te

integrals. For Poisson-Bochner integrals we have proved the validity of the in-
equality (25):

120 fl, 0 < I, 0+ VF € Ly (X), ¥ € [0,1).

Let X e UMD &f € Ny (X), 1<p<+oo. Then by Theorem 7 we have
lirln0 (A f) () = (RTf) (e"), ae. te ]
r—1—

where RT is a t-Riesz operator. Moreover, it is evident that for 7, f it is valid
the following Poisson-Bochner formula

T

(Hof) () = % P (t— ) (RTF) (%) ds, Vre' € w.

—T

From here we immediately obtain
_l’_
H%/erLP)(X) <|R f“Lp)(X) =

+
<R H[Np)(X)] 1z, x)» Y €Ny (X), vrel01).
Paying attention to the Theorem 11 we obtain the validity of the following

Theorem 12. Let X € UMD. Then there exists a constant ¢, > 0, depending
only on X and p, such that for Vf € Ny (X), 1<p < +oo it hold:

() 1T £l 000 < Col ). VP € 10,),
@) g VoS =Rl 0 =0

where T, € {P,; A} and R € [N, (X)] is t-Riesz operator.

Note that regarding the Bochner space L, (X) the analogous of this theorem
was obtain in [24]. The same result regarding a separable space case was obtained
a little earlier in [25] (for similar results see also the works [26, 27]).
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3.6. Equivalent definition of ani) (X)

In this subsection we define the grand Hardy —Bochner classes ”H;S (X) ac-
cording to the classical way and prove equivalence of this definition previous one.

We will consider only the case OH];S (X) = H;S (X). So, accept

Definition 4. Assume
HN?(X)—— f€ﬂﬁi\\f\|ﬁ+(x)<+00 )
p p)

where
_ _ it
1500 = 30 16 Ol 00 Fr (0= 7 (re®).

Let X € UMD. It is evident that spaces H;S (X) and ONJ:S (X) are isometri-

cally isomorphic and Poisson-Bochner operator () (t) realizes corresponding
isomorphism. Moreover, for f € Np) (X) it holds

feNj(X) e fn = ' f(t)e™dt =0, Vn e N. (27)

From f € fI;S (X) follows that 3f* € L, (X). In fact, f € f];; (X) =

fe E[;_e (X), Ve € (0,p—1). Then by results regarding H, (X), ¢ > 1, (see.
e.g. works [23, 24]) spaces we have that 3f* (1), a. e. 7 € 7. The fact that
[t € Ly (X) it directly follows from definition and Fatou’s theorem. Then for
f (+) we obtain the Poisson —Bochner integral representation

f(re') = S P.(t—s)f" (eis) ds, Vre' cw.

—Tr

From this formula we obtain

tim 1 Oz, 00 = 177 Ol 0 -

r—1-0

Consider the question when for f* () the relation

: + _
TE{EO 1o ()= f (')HLP)(X) =0, (28)
is true ?

It is evident that if relation (28) holds, then f* € N, (X), since f, €
C*>(X), Vr € (0,1). From here direct follows that f € H, (X) and at the

same time f* € N;;(X).
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Conversely, let ft € N;S(X). From f € ]:Ip (X) follows that f €
H, .(X), Ve € (0,p—1). Then for f(-) we have Poisson-Bochner represen-
tation f (re) = (22 f%)(t). From here as previous case we obtain that the
relation (28) holds. Moreover from f € H, . (X) follows that the relation (28)
holds and in result we obtain fT € N;S(X), consequently, f € H;S (X). So,
correspondence F' — FT (F*— nontangential values) denote by 6 : 0F = F+.
Therefore, we have proved that

H)(X)=H}

) (X)) o0 (ﬁ; (X)) € N, (X),

i.e. it is valid the following

Theorem 13. Let X € UMD and the Hardy- Bochner classes HI;E (X) and

I;T;S (X) are defined by Definitions 3 and 5. Then it holds

Y (X) = H (X) &0 (ﬁ; (X)) C N, (X).

It is evident that 6 <Hp+) (X )) =0 N;S (X). Naturally the following question

arises. Is it true 6 (HZ‘)" (X)) =o N]S (X)?

We will show that this question has negative answer. In fact, take any function
[ € Ly (X)\Np) (X) (such function exists, because L) (X) is nonseparable).
Consider the following series (formal for now)

F@) =Y _fum TEW (29)

nez

where

. 1 (7 ‘
fn:%/ﬂf(t)emtdt, nez

Since, f € L, (X), Ve € (0,p— 1), then by results of the work [37], the series
(29) converges in L, . (X) to f(-), for Ve € (0,p — 1) and in result it is evident
that this series converges to f(7) a.e. 7 € v. But it is obvious that this series
does not converge in L,y (X) (since f ¢ N,y (X)) . Again by results of work [37]
( t— Riesz Property) the series

o0

P =Y fam" TeEM, (30)

n=0

also converges in f € L, (X), Ve € (0,p—1).
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Let’s prove that 3f € L, (X) such that f* ¢ N, (X). Really, let it not be
s0, i.e. f € Ly (X)= ft e Ny(X). Also denote

fr)= Y fam', TeEn (31)

Then from here follows that the series (30) also converges in L, (X) and f~ €
Npy(X). Because, if 3fg € Ly (X) such that the series (31) does not converge in

Ly (X) (e fy ¢~ Np)(X)), then we can consider the function fo(t) = fo(—t).
It is evident that fy € L, (X) (it follows direct from the definition of L,) (X)) .
The corresponding series for fo (+) is

fO (eit) _ Z fineint’

nez

and consequently

=3 Fac= 32 fu = o f (o).
n=0

n=—oo

From here follows that fy ¢ N,)(X) and this contradicts our assumption. Con-
sequently, if for Vf € L,) (X) = f* € N, (X), then f~ € N,)(X). From here
we direct obtain that f = f* 4+ f~ € Npy(X) , ie. Ly (X) = Ny (X), and we
get contradiction. In result, 3fy € L, (X) such that fo* ¢ N,)(X), i.e. the
corresponding series (29) does not converge in L) (X). Consider the follow-
ing Cauchy - Bochner type integral

Fo(z)zl/w, Z Ew.
g

21 T — 2

Since fp € Lp— (X), Ve € (0,p— 1), then by results of the work [37] it holds
Fy (1) = fi (1), a.e T € v (where Fj, is non tangential values of I, on 7) . From
here direct follows that Fj;” ¢ H}S (X) ( since Fo* ¢ Npy(X)). Let’s show that

Fy € HY (X).
In fact, it is evident that for F' (-) it is valid the following X — valued Sokhotski-

Premelj formula

Fy (1) = 5o (r) +(Sfo) (1), ae. 7 € 7.
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From here we immediately obtain that F,” € Ly (X) = fif e Ly (X). For Fy (+)
it is valid the following Poisson - Bochner representation

, 1 (7 ,
Fy (re') = 27?/ P (t—s) fy (s)ds, Vre " € w.

From here direct follows Fy € ﬁ; (X). In result we have proved the validity of
the following

Theorem 14. Let X € UMD and the Hardy -Bochner classes H;S (X) and

ﬁ;g (X) are defined by Definitions 3 and 5. The following strongly embedding is

true H;S (X) C fI;S (X).

3.7. Application to basicity

In this subsection we will apply the obtained results to the t-basicity of per-
turbed system of exponents. Let’s accept the following

Definition 5. Let T* (t) € [X] a.e. t € J, be some operators and {ef} C

Npy(J), 1 <p<+oo, be some system. We will say that the system

(T (ed (5T (Ve O} ey

forms a t— basis for Np(X) if for Vf € Ny (X) there exist unique sequences
{ff}HEN C X such that

FO=TTOY faer OO+T" ()Y faen (),
n=1 n=1

in Npy(X).

Let X € UMD. Then by results of subsection 3.1 the space N,)(X),1 <p <
400, has the following direct sum

Ny (X) = N5 (X) 4N, (X)),

)

where N$ (X) =R* (Np)

(X )) ; R* — t-Riesz projectors. Denote
_ | pt -
Op) (X) = HR H[Np)(X)] + HR H[Np)(X)] : (32)
Consider the following operator

TH)=TT(H)R"+T (t)R™,
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ie. for Vf € Ny (X):

T =T f+ ) +T (&) f-(t), te],
(

)
where fi (t) = RTf(t). Let I € [X] be an identity operator in X. Define
AT*(t) =1 (t) = T* (), ie. ATH()f(t) = f () =T (t) f(t), Vte J&Vfe
Ny (X), where I (t) = I, Vt € J. Denote by o7 the followmg quantlty
01 = max { upvmzHAT+ HX,supwazHAT HX} (33)
Assume
AT (t)=1(t)—-T(t), teJ

Note that I(t), t € J, is the identity operator in N (X). Then it is evident
that I (t) = R™ + R~, t € J. Using this relation we have

HATfHLp)(X) = HAT+R+f + AT_R_fHLp)(X) =

<IATFRTS |, o) + AT RSl )

Estimate

1
IAT=REf = sup (e [, I(AT=REF) @)% “dt) " <
O<e<p—1

< suprai [ AT* (8)]y [ B, (v,
Consequently
IAT S, () < O (HR*fHLp)(X) + HR_fHLp)(X)> < 070y (X) 1f1lz,,x) »

Vf € Npy (X) = ATy x)) < 070 (X) -

From here we obtain that if 076, (X) < 1, then the operator T'(t) = (I — AT) (t)
is invertible in [N, (X)]. In result we obtain that the equation

WO FT - (t)=g(t), e,
for Vg € Npy(X) has a unique solution (fy; f-) € N;S(X) X N, (X).
Since the systems {ei”t}nez+ ; {e‘mt}neN form a t¢-basis for N;)(X) and

Np_) (X), respectively, then from here we obtain that the system

{T+ (t) et T (¢) e—ikt} : (34)

neZy;keN

forms ¢- basis for V) (X). So, the following proposition is valid.
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Proposition 7. Let X € UM D&T® (t) € [X], a.e t € J, be some operators. If
670y (X) <1, 1<p < +oo, where the quantities 0, (X) and ot are defined by
the expressions (32) & ((33)), then the perturbed exponential system (34) forms
t- basis for Ny)(X).

Consider special case, when T (t) = e**® ] t € J , where a € LE (J), be

some function. Note that | R || [N, (X)] > 1, and in result it is valid 6, (X) < 3.
p

Paying attention to the relation

‘1 _ e:l:ia(t)‘ = 2 |gin o (t)
2 )
we obtain
or = 2 ||sin () )
2 Mz
Consequently, if
o ()l () < 2aresin 5 (35)

then it is evident that it holds o706, (X) < 1. Thus, it is valid

Corollary 3. Let X € UM D& the function o € L (J) satisfies the inequality
(35) where the quantity 0, (X) is defined by (32). Then the system

{ pi(nt+a(t)signn) }

nEZ+ ’

forms t-basis for Npy(X),1 < p < +oo.

Let a(t) = at, t € J where a € R— some parameter. Then [[a ()|, =
7 |a| and according to the condition (35) we have also the following

Corollary 4. Let X € UMD and it holds

6, (X)

|a| < — arcsin ,
T 2

where 0y (X) is defined by (32). Then the system

{ei(n—i-asignn)t }

nezy ’

forms t-basis for Ny)(X),1 <p < +oc.
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