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Introduction

The fourth-order harmonic Schrodinger equation is of great importance in the study of wave
processes. These equations can be transformed into parabolic type equations in the sense of
Petrovsky [4,5,11,12]. Additionally, there are more general forms of parabolic equations beyond
those defined by Petrovsky, such as parabolic equations in the sense of Shilov [7,8,9,10].

In equations of this type, the inclusion of the potential function can alter the nature of the
equation. In other words, wave processes can be analyzed within the framework of parabolic
equations in the sense of Shilov, and the fourth-order equation we consider falls into this class.

(1]

For instance, examining the heat transfer process in rods of the same length but with
different heat transfer coefficients can be represented by fourth-order partial differential
equations [5,6].

The fourth-order parabolic equations in the sense of Shilov.

Consider the following problem:

ou(x,t) in o*u(x,t) Lo o%u(x,t)

ot ox* oxz:
u(x,0)= g(x), 2

O<x<1,t>0 1)
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o u(0t)  a¥u(Lt)
mk k-1 + mk k-1
= 0 X 0 X

=0, m=14 3)

where o, , B, (M =14, k=14 ) are complex numbers, p > 0 real number, qp(x) is complex

valued functions.

After application integral transformation
y(x, A) = ju(x,t)e‘ﬁdt
0

to the problem (1)-(3), we'll get following spectral problem:

ipy'v+q(x)y” ~A'y=—¢(x), 0<x<1 @)
Lo ()= @y 04) + Ay @ 2) =0 m=17. 6
=1

Roots of the characteristic equation in the sense of Birkhof corresponding to the equation (4)
are found as follows [2]:

1

g=p°e

.
—I1
8

, 0,=i0, 0,=-6, 0,=-i 6, .

To find asymptotic of fundamental solutions of the equation (4) let's devide a complex
plane A into eight sectors by the following way [7]:

S, = {/1 A tgg <(-1)4, < Atg %} k=12,

Sk

(1iaag <0 s <2 k=34,

y/a

S, = {/1 : A, tg %” <(-1)'4, < Atg %} k=56,

s, ={z g™ < (1), < tg %‘} k=78,

At the each sectors S, (k = ]T8) at large values of M‘ the asymptotics of fundamental

solution of the equation (4) have the following representation [6, 8]:
d°y, (x,4 s ;
9% (54 gyl 1t @ pro| L || e
dx® 4i0.1 A

4] >+, A €S, (m=18), n=14, s=03.

(6)

Green function of the spectral problem (4), (5) has the form [4] :

G(x,f,l)zA(X’—m- 2es,, m=18. )

A)
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A(/I) is called a characteristic determinant and is found as follows

) 00 L) Bl
) L(v,) L(y,) L(y,
L) L) L0 L)
L(v:) Lu(y.) Lalys) Lu(y.)
(8) and auxiliary determinant (X g, ) is found as follows
9(%.£,2) ¥, (6 2) ¥, (x.2) y; (%, 2) v, (%, 2)
Lg),  L(v) L(y.) L(y.) L(y.)

A& A)=| L), L) L(y,) L) L(v.)

() L(y) Lily.) L(ys) L(v.)
L(g) Ly Lalyz) L(ys) L(v)

2

©)
where Cauchy function ¢ (X &, ﬂ,) is found as follows [5]

g(x,&,2)= zzk (& A)yi(x,2)
“rif 0<E<SX<LL it 0<x<£EL],

here Zk(f,ﬂ): V\‘/‘k(g’;;), k=14,

V,, (c_f : ﬂ) is an algebraic complement of the fourth row element of Vronskian V (f , ﬂ,) .

To find the asymptotic of eigenvalues of spectral problem (4), (5) let’s introduce the follo-
wing notations :

Ve T Y T
Vo, 7V 22k Ve 23k Ve ;k
L(nlyfz v )=l T T2 T

3k, V3, Y3k, 7;k4
YV ak, 7fk2 7/2k3 7jk4
A= 2L(a2a3ﬂ2ﬂ3)’
B, = 2( L(@,a38.8;) — L(alasﬁzﬂs)) )
Co= 2( L(eya,a,8,) + L(a?:ﬁlﬁZﬂS))i
1 . _

=—(e"-1),k=14.

gy (%) 10 (e"-1)

k

Now to find asymptotic of eigenvalues of spectral problem (4), (5) consider the following
theorem:

114



Interaction Technologies and Applications

Theoreml1. Supposethat o, (M=14;k=13) are complex numbers. Then the ze-

mk ?

ros of the characteristic determinant A(ﬂ,) are countable set, single limit points of which is

A =00 and the following formulas for the asymptotic zeros are true:
4 4 3 2\ _4; 2.2 o . . Bg s Cg
A :(4n +8n° +6n )7[ i—z°n 5|n1—|(cosl—1)+4|T +0(n) n—te (10)
Proof

Based on the property of determiant, the A(ﬂ,), found by formula (8) can be rewritten as
follows:

A(’I) =D, (/1)3(6“6’2 "4 D, (/1)6(6“9“ L D, (/1)e(92+93)i +D, (/1)8(% )
a1

To find the main part of determinant A(ﬂ) let’s use the traditional method, that is equate

the real part of exponents in pairs and selecting the straight lines or semi-straights, we’ll get [1,3]:

Y/
4

: 4(k—1)j k=18, |4]>R

A, = ﬂ‘ltg(

Choose those of the semi-strips, constructed from the above-mentioned semi-straights,
where the main part of A(A) has an infinite number of zeroes. Let's denote as IT, (1) and

A, (1) (k =1,4) these kinds of semi-strips and defined there the main parts of the determinant
A(A), correspondingly. Thus, the semi-strips IT, (1) and A, (A) -the main part of A(4) are

defined as follows:

Consider the main part of A(A) in the first quarter [4]:

Hl(/i):{l:ﬂ,lﬂ/lz :—6</12—/11tg%<5,ﬂ,1>R},

A(2)= efﬂ“ﬂiele[1+(1—i)gl<1)%j+(1+i)so%o(%newm .

+(i¢91A0(1+ 1+i)g,() %}L (-1+i)B, %+0(%De@+w +(2ic0 +o(/1—1zne91*}.

In the second quarter the main part has the form:

Hz(ﬂ)={ﬂ=ﬂl+iﬂz L — < A, —Z,ltg%[<5, A > R}
A, (2)= eff{(i@ﬁo[l+(1—i)gl(1)1j+ 1+1)B, 1+o(iDe<@+ez>ﬂ~ N
A A 22

+[i491A0(1+ (-1-i)g, (1) %}L 1-i)B, %mK%DeWW +(2ic0 %+0(%De9ﬂ}.
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The main part in the third quarter has the form

H3(/1):{/1:/11+i/1 —0<4, ﬂ,ltg—<5 A <— R}
A,(2)= ale‘)Hiale(u(—1—i)gl(1) j+(1 .)B ( % D 6y,
+(i01A0(1+(—1+ i)gl(l)i)+(—1—i)80 i )e 0540 )2 [ 2|CO Je‘ﬂ

H4(/1):{/1211+i/12:—5</12—/11tg%r<5, ﬂl<—R}

A= 01%1{@91%[“(“i)gla) %}(—m)s ! +o[ jj)e wa

+(i01A0(1+(—1+i)gl(1)/11j+(—l B, +o( D @*W+[—200i+o(;DeW}'

here § >0 and R is sufficiently large number.

Firstly, solve equation A,(A) =0 . For that introduce following notations:

Au(A)=(i6,A% +i0,AL" 02 1%,

Aio(2)=A(A) = A1(2) :efﬂ“’(i A L-1)g, (1) + (L+1)B, % - oGDe‘%M ¥

+(i¢91A0(1+i)gl(1)+(—1+i)BO+OGD (6r+6,)2 (2uc +oGDeﬂ.

1
W, = (% + ﬂnj 7 N — +o0. After solution of the equation A,,(4)=0 we will get:
1

To find roots of the equation A, (4)=0 consider a following formulas [9]

D | e A ]
Ay Mn”i - res| [AHM)J

Incaseof r =4and M=1 we will get

A= g — 4 res 22100 A1) _ wh —4res 22 x| |16, (1-i)g, (1) + (L+1)B, +o(1] e’ +
A=ty 11(1) A=, /1

+(i01A0(1+ i)g, (1) + (-1+1)B, + OGDW +(2iC0 + O(%m/(i 0,AL% +i6,A " ).

116



Interaction Technologies and Applications

It is easy to check, that 1, are simple poles of the function A, (1) . According to that, we'll get

4 0,40, D(A— )% + (1+i)e% % +By((L+i)e%" +(~1+i)e% )+ 2iC, ,
n n in i6,0, Ab(eﬁzﬂm o )

_91(1) B, 2C,
- + - (9 76 4
06, 166,A, 06,A " —e )

)'fn = :u'l4n - 4:“12n

u@ ., B G
10, 166, 6,6,A, sin [72[ + nnj

ﬂfn = /u14n - 4/ulzn

2=t At 91(1)+ E’o 4 (Z:o (D) |
0 6A OA

Taking into account £, and g, (1) into the last equality, we'll get:

A :(4n4 +8n° +6n2)7z4i — 71 [sinli(cosll)+4i %] +0(n), N —>+o .

After solution the equation A, (1) =0 (k =2,3,4) by the same way we’ll get following

asymptotic formulas:
_1\n-1
2=t 4 9,(@) N B, +(21) C, 2
o O Ay
_@A+2n)7i N =00
/u2n 201 ' '
//Lgn :#;n +4 gl(l) + BO +(2_1) CO :?n 1
0, 0 A
@+2nrz .
]I — n —-,
26,
1) B,+(-D"
R S
0, O Ay
(+2n) i N —roo
Hyn = 201 ! '

Substituting 4, (K =2,3,4) into equalities for Ay, (k = 2,3,4) we'll get formula (10). The

theorem is proved.
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As it is known, that at equation (1) is parabolic in the sense of Shilov [10]. A following
theorem allows us to find solution of the mixed problem (1)-(3) not only in case of parabolic in
the sense of Shilov, but also wider classes:

Theorem 2. Suppose ,that function ¢(Xx) are satisfies to a following conditions ¢(x)e C2[0,],
2(0)=9p1)=9'(0)=@'(1)=0.1f A, =0, coefficients of the boundary conditions are complex

B,£tC, 1

numbers and |m —2—20 < Zsin 1, then mixed problem (1)-(3) has following solution

u(x, )=—IZZ res A’e “IG(X & Ap(&)de (12)

k=1n=14=%m

here G(X, £, A) is a Green function of the corresponding spectral problem , A,
(k =14;n= 1,2,3,...) are all zeroes of the characteristic determinant A(A).

Proof. Let’s search solution of the mixed problem (1)-(3) as follows

4 o«

Zzlres ij x,EAX(E L A)dE (13)

k=1 n=1

Taking into account (12) into (1) and (2) we can find function Z(é 1t /1) in such form

2(£.t,2) = —ie"p(&)..
Taking into account the last into (13), we will get formula (12).

From condition A, # O can be said, that problem (4), (5) is regular [4,5]. It means, that out of
0 >0 neighborhood of zeros of the characteristic determinant A(4) inequality

M, (X%,£,2)

GY (x,&,2) < &

. k=0,3, 1€S,(j=18) (14)

is true, where Mk(x, &, /1) are positive, bounded with respect to x and ¢ functions and
analytic function with respect to A-complex parameter. At the same time, under condition
A, =0 and ¢(x)eC?[01], (0)=¢(1)=¢'(0)=¢'(1)=0 for the function ¢(x) following
formula of decomposition is true [5]:

—|zz res 2’ j G(x, & AJp(£)de (15)

k=1n=1%4=%a

Taking into account (15) we can see that series given by formula (12) satisfies to initial
condition. As the Green function G(X,f, 2) is a solution of the homogeneous equation,
corresponding to (4), (5), the series (12) formally satisfies to the boundary condition (2).

It is necessary for (12) and series, obtaining by differentiating it four times with respect to x,
and ones with respect to convergence uniformly and absolutely. For that, taking into account
conditions of the theorem and asymptotic of eigenvalues, defined by formula (10) we’ll get:

—tz?n [sml 4ImBo CO] o(n)
Ay

4 4
ol | — atRed _ o

118



Interaction Technologies and Applications

B, = C,

It shows, that if A; #0,”71m < Zsinl" formula satisfies according to Weierstrass

theorem the functional series (12) uniformly and absolutely convergence. It means that our
search formal operations are justified.

The theorem is proved.
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