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This work is dedicated to the impulsive Sturm - Liouville operator on the whole
axis with complex almost periodic potentials and the discontinuous coefficient
on the right — hand side. We investigated the main characteristics of the
Sfundamental solutions of the Sturm — Liouville equation. From the impulsive
condition we found the transfer matrix. Using the impulsive condition and
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transfer matrix, we constructed Green’s function and obtained the resolvent of
the impulsive Sturm — Liouville operator. In future works, eigenvalues of the
impulsive Sturm - Liouville operator will be investigated. The inverse problem
will be formulated, a constructive procedure for the solution of the inverse
problem will be provided.

1. Introduction

In the presented work, we consider the Sturm — Liouville equation on the whole axis

—y"+q(x)y=2’p(X)y,

XE(—oo,oo)

where A is a spectral parameter, and p is the density function.

In mathematical physics and quantum mechanics, boundary-value problems with disconti-
nuities inside an interval are of great interest. To solve interior discontinuities, extra conditions,

often called impulsive conditions, are imposed on the discontinuous point. The theory of
impulsive differential equations was studied in detail in applied mathematics by Bainov and
Simenov in 1995. Many authors have also studied the spectral theory of impulsive differential
equations. Recently, the physical meaning and potential applications of spectral singularities of
impulsive differential equations have been understood and studied by Mostafazadeh in 2011.
Mostafazadeh, in his work, provided the physical meanings of eigenvalues and spectral
singularities of the Schrodinger equation at a single point. In this work, we are concerned with
the impulsive Sturm-Liouville operator on the whole axis, constructing Green’s function and

finding the resolvent.

2 Statement of the problem

Let’s consider the Sturm — Liouville operator L in Ly (—oo, oo) generated by the equation

—y"+q(x)y =22p(x)y,

X & (—00,0)U(0,0) (1)
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with the impulsive condition

(o)) (o) o[ ]

)| o) e

where oy, a0y, a3,y are complex numbers such that detB =0,

= e ®
n=1

and the condition

D |ag| <o (4)
n=1

is satisfied.

The set of exponents is a countable set of positive real numbers closed to the addition
M ={A,Ap,Ag,..Ap,.o}, Ay >0,neN. ©)
The density function p ( X) has the form
1 x<0
p(X)={ﬂ2, o0 ©)
where >0, #1.

Furthermore, we denote the solutions of the equation (1) by y_ and Y, , respectively:

{y_(x)izy(x), x<0 -
¥y, (x)=y(x), x>0

Theorem 1. Equation (1) — (2) with potential q (X) has the form of (3) and p(X) defined as
(6) has fundamental solutions of the form

f (x,4) =X [1+ > Z J ®)
“on An i 22,
on (—oo, O) satisfying the asymptotic condition
lim 5 (x4)e"X =1 for +Im4 >0
Im X——c0

On the other hand, equation (1) — (2) has the other fundamental solutions in the form of

fz_( _ oTifAx [1+ z Z v 2,8/1 J )

=la=n
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on the interval (0, oo) satisfying the asymptotic condition

lim 5 (x,4)e"A =1 for +Im4 >0
Im X—>+o0

here the numbers V,,, are determined from the following relations

Ay (Mg =AnVog+ D, Vnpd, =0 (10)
pOy=n
de+ D, Vnpd, =0. (11)
POy=n
and series
o0 1 o0
2 A0 2 Aa (Mg =An)Vndl (12)
=1 a=n
converges.
. . _An (= A .
We easily see that at the points A = +7 +£ , NeN there can be simple poles to the

function f(X,/l).
Remark 1. If li—% and ImA <0, then ff(x,ﬁ)e ) (—oo,O)

Remark 2. If ﬂi—g—; and ImA >0, then f2+(x,/1)e ) (O,oo)

Taking into account that the potential ( (X) can be extended to the upper semi — plane as an
analytic function, we find

A

W/ 7 (x,2), 7 (x,2) | =-2i2 for A#0£50 (13)
_ . A
W/ 5 (x,2), Tz (x,2) | =2 for Ly (14)

—

Therefore, the functions f," (X, 4), f (x,2)( f2 (x,4), f5 (X, /1)) are linearly independent

Ay . Ag

solutions of the equation (1) for 4 # 0, + 7, >

Using linearly independent solutions of (1) in the intervals (—oo,O)and (O,oo), we can

express the general solution of (1) by
y_(x,A)=A_f"(x,2)+B_f (x,4), x<0 5
. (x2)=A,f) (x,2)+B, f; (x,4), x>0
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where A, and B, are constant coefficients depending on A .

Let’s write the impulsive condition (2) and substitute in (15) instead of
y_(O_,/i),y+(O+,/1),y_'(O_,/l) and y+'(0+,2,).

We will get the following system of linear equations

A f7(0,2)+B, T7 (0,2) =ay Afr"(0,2)+B_Ty(0,2))+

+ap( A" (0,4)+B_1 (0,2)) )

A.13(0,2)+B, ;" (0,2) =g (A_ it (0,4)+B_f (0, ,1))+

+ag( A (0,4)+B_1 (0.2))
By solving (16) and after making some simplifications, we find:
i [ 1" (0.2)[eafz' (0.2)-asfy (0.2))+ i1 (0.4)(e2 2" (0.4) sz (o,z))} A+
" 5 (0,4) f57(0,4)— f5"(0,4) f5 (0,2) (17)
+[ 1 (0.2)(nf" (0.2)-atgfy (0.2))+ ' (0,4)( 2 T2 (0,2) -4 fz‘(o,/l))] B.
f(0.4) 127(0,2)- 1"(0,4) £ (0,2)

. | 1°(0.2) et (0.) - as b5 (0.2))+ 157 (0.2) etz 157 (0.2) ~ataf5(0.2)) | A+

" f5(0,2) 15 (0,2)— f57(0,4) 5" (0, 4) (18)
+ 17(0.2) et (0.4)-ast (0.4))+ 17 (0.4) @215 (0.4)-aats (0.2) |-
f2(0.4) 12" (0.4)~ f27(0,2) 7 (0.2)

If we write (17) — (18) in matrix form, we will get the following;:
{Aﬂ_ 1 | f27(0,4) —f;(0,4) {al az} fi7(0,4) f (0,2) {A_}
By ] 2P| _£5(0,4) f5(0,2) |L#s8 aal| £ (0,4) f'(0,4)|LB-
Then from the impulsive condition (3) we have transfer matrix M satisfying
A A
Fl=M| (19)
B, B_

My, M
M:{ 11 12}=N_1BD (20)

fi*(0.2) fl(w)] e1)
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and
N N
N :{ 1 12} (22)
N2;  Np
where
Nll = [1+ i i 7\/”0! J
n=la=n An+24

g5 )

nlan

N21_M“(1+ZZA +2J {ZZIAAL/J

n=la=n

N22=—|/1£1+ZZ _2/1] (ZZIA Yzzj

n=la=n n=la=n
It can be shown that detN =-2i34, and detN~t = ﬁ . Then we easily obtain the
following:
My, (1) = Zﬁxl{ 5 (O,/l)[alfl_ (0,2) +aty fl"(o,,z)}

+15(0.2)] agfy (0.4)+ gy (o,z)}}, (23)

My (4) :ﬁ{ 57 (0.1)arf (0.2)+ a7 (0,4)] -

-2 (0, ﬂ)[as fi (0.4)+aqf”' (O, ﬂ)}} (24)
Ma1(2)= 5|18 (0.4) aa " (02) v 07 (0.2) ]

+ 15 (0.2)] asfi* (0.2)+ s ¥ (0.2) | @
M1y (1) =5 {2 @A) eaty' (0.4) re s (0.)]-

15 (0, z)[ag, f(0,2)+a ff (o,z)}} (26)
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3. Construction of Green’s function

Let us consider the non — homogeneous differential equation
—y”+q(x)y:12p(x)y—f(x), X €(—0,0)U(0,) 27)

together with the conditions (2) - (6).

We can represent the general solution of homogeneous differential equation corresponding
to equation (27) in the form

U(x4) C. " (x,4) +D,f, (x,2) for —o<x<0
TG (0 A) 4D, (%, 4)  for 0<x<oo
where C, D,,C, and D, are arbitrary constants.
By applying the standard method of variation of the parameters we will search the general

solution of the non —homogeneous linear differential equation (27) in the form

U G A) (% A) + Dy (%, 2) £ (x,4)  for —o<x<0 28)
(x.2)= C,(xA) £ (x,A) +D,(x,2) f7(x,4)  for 0<x<oo

where the functions C; (X, l), D, (X, ﬂ) and C, (X, /1) , D, (X, /1) satisfies the linear system
of equation
C/(xA)f"(x,4)+D/(x,4) f, (x,2)=0 29)
C/(xA) " (xA)+D/(x,4) f," (x,4)=f(x)

for X e (—oo, O) and

C, (x,A) 1, (X, A)+D, (x,A)f, (x,4)=0
(A (02)+D (12) 1 (42) -
C !

; (x4) £, (x,2)+D, (x,2) £, (x,4) = f(x)
for X e (O, oo) respectively. Since
w(A)=(f"(x.4), f(x4))=-2i2 and w,(4)=(f,(x4),f, (x,2))=-2ip4

each of the linear system of equations (29) and (30) has a unique solution. These solutions can be

expressed as

C, (xA) :_Wb) £ (x,2) f (%) (31)
D/ (x,4)= Wjﬁ) £7(x,4) f (x) (32)

for X e (—oo, O) and

C, (xA)=- f, (%, 4) f(x) (33)
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D, (x.2) :m £ (x4) f (x) (34)

for X e (0, oo) , respectively. From equations (31) — (34), the following relations are obtained:

C.(x1)= Wb)ffl (t.2)f (t)dt+C, xe(~0,0)
D1 A Wjﬂi dt+D Xe(—oo,O)
Cz(x,l)=—wjﬂb):[f2‘ (t,2)f (t)dt+C, x & (0,00)
Dz(x,z)z—wz(i)i £ (t,A)f (t)dt+D, x € (0,0)

where C,D,,C, and D, are arbitrary constants. Substituting the above equations in (28),
the general solution of non —homogeneous linear differential equation (27) are obtained as

U_(x4) :-%j (L A)f (t)dt+C, ff(x,l)—%i £ (L 2)F (t)dt+
+D,f, (%, 1)

for —oO<X<0

(35)
X f,(xA)7%
U, (xA4)= f, (t t)dt+C,f, (x,1)- £, (t,A)f (t)dt+
(ua) - L] O AU
+D,f, (x,4)
for 0< X <o0. (36)

Since U_(X,/l)e Lz(—oo,O) and U+(X,ﬂ)e LZ(O,OO), C,=0and D, =0.

Now by using the impulsive condition (2), let’s find C, and D, :

w (1) 2

T )dt+C, 1, (0,/1):0:1[— O F o2yt (de Dty (0,1)}
{ (( ))T f(t, ﬂ)f(t)dt+lel'(O,/1)]

f,"(0,4)%

e [ £ (L) ()dt+C, 1,7 (0,4)=a {_ £ (0,2) T (0A)F (6)dt D, (0,/1)}

> w(4) =,

—0

£7(0,4) % .
+a4[— () [ f7(t2)f(t)dt+Df, (O,/l)]

By solving the system of equations above, we obtain the following result:
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M (2) ] (64) 1 (t)dt_ziﬁ; (64 (t)dt

' M, (2)

My, (A)[ £ (t2) f (t)dt—zliwbj‘ £ (t,2)  (t)dt

M,, (1)

Ot—38

C,-
Finally, by substituting the coefficients C, and D, (1=12) in (35) and (36), the following
formula is obtained for the resolvent U (X, l):

Furthermore, by using the representations
f (x4 for x e(—o0,0

f+(X,ﬂ,)= 1 ( ) E( © )
f (x,4)  for xe(0,)
fo(x,4 for x e (—,0

f_(X,ﬂ,)= 1 ( ) E( © )
f, (X,/l) for x e (0,00)

this formula can be rewritten in the form

ifr(x,A) % .. i (x4) ..
(xiyﬁéaﬁéT%jf(mwuom—éﬁﬁiz%jf@ﬁﬁ@ﬂu—
'\'\2222 f(x2) [ £ (t2) f(t)dt X & (—0,0) (37)
N %
Mlz(/l) + [e+
S AN E AT xe(0)
_ fw((xg)j (L A)F (t)dt— flwl((xz’;)iff (t.2)f (t)dt+
+ :A"Ei; () [ £ (2 (Ot EA("('j))ﬁw 62 Od xe(-,0)
U(x,ﬂ): +22X X ey . ’ 22 0
_JQO?JQazﬁamufzdylvﬁiﬁﬂwt
e AT e xe(os)

Thus, the resolvent of the boundary-value impulsive problem is obtained. We can find
Green’s function from the resolvent (37) easily. Namely, denoting

i
2AM,,(2)
i
" 26AM,,(2)

f*(x,ﬂ)f’(t,/l) t<x, x=0,t=0

G(xtA1)=
f(x,A)f"(t,2) x<t, x=0,t#0
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We can rewrite the resolvent (37) in the next form:

w Mal®) i) [ 1 02 T xe(-=0)
U(xA4)= [ G(xt A)f (t)dt+ hz/lz( l
- M ] AT xe0)
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