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Abstract - The article presents mathematical 

modeling and experimental study of 

microwave waveguide taking into account 

boundary value problems on the geometric 

middle of the domain. For the first time, 

general classes of local and nonlocal 

boundary value problems on the geometric 

middle of the domain for three-dimensional 

Bianchi-type equations for the 

electromagnetic field of microwave 

rectangular waveguide are investigated. New 

mathematical models of the electromagnetic 

field of microwave rectangular waveguide 

operating in the frequency range of 4,9-7,05 

GHz are developed taking into account the 

nonlinearity of the medium, wave types and 

effective algorithms for solving the models 

are proposed, which made it possible to 

improve the electrical, magnetic, structural 

and operational parameters and 

characteristics of microwave rectangular 

waveguide. For E-type and H-type waves, 3D 

models of the distribution of electromagnetic 

field strengths in elementary regions of 

rectangular waveguide are developed. 

Experimental devices and functional circuits 

for measuring the parameters of the 

microwave path, including the electric and 

magnetic fields of a rectangular waveguide in 

a nonlinear state of the medium, were 

developed, and the parameters of the 

microwave rectangular waveguide were 

experimentally determined. Comparison of 

theoretical and experimental results of the 

electric and magnetic field strengths showed 

that the relative error for these parameters is 

4%. This proved the adequacy of the 

theoretical and experimental results obtained. 

The proposed work differs from the existing 

[1-5] works in that, in this work, for the first 

time, the factor that the studied microwave 

waveguide is filled with nonlinear media is 

taken into account. 

Index Terms - Microwave Rectangular Waveguide, 

Electromagnetic Field, Mathematical Modeling, 

Experimental Research, 3D Bianchi Type 

Equations, Correct Solvability. 

I. INTRODUCTION

At present, for mathematical modeling, it is 

relevant to study the interactions of 

electromagnetic waves with complexly 

structured materials: composite [1-5]; 

anisotropic, biisotropic, and bianisotropic [6-10]. 

Of practical interest is the study of the 

electrodynamic properties of anisotropic media, 

including crystals, ferrites, magnetized plasma, 

and gyrotropic materials [11-15]. Single-layer 

and multilayer screens made of anisotropic and 

bianisotropic materials are studied [16-20]. 

Waveguides and waveguide structures are  
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widely used in technical devices of radio 

engineering [21-26]. In particular, waveguides 

are used to study the properties of materials that 

are included in the waveguide in the form of a 

diaphragm. Also, waveguides with partitions 

and inclusions are used as filters and wave type 

converters [27-31]. As a rule, waveguides with 

perfectly conducting walls are studied, which 

facilitates analytical modeling. To build more 

accurate models, it is necessary to take into 

account the absorption of energy by the walls of 

waveguides, which are made of various 

materials. The classical method for modeling 

absorption in a wall is the Bianchi method of 

impedance boundary conditions [32-35]. This 

method has been developed in relation to 

various types of electromagnetic fields and 

materials of massive surfaces. Impedance 

boundary conditions were obtained for 

anisotropic surfaces [36], for surfaces with 

multilayer coatings [37, 38], for curved surfaces 

with allowance for curvature [39] in the case of 

monochromatic fields, and integral boundary 

conditions for nonstationary and pulsed fields 

[40]. 

In this article, impedance boundary conditions 

are formulated for scalar potentials on the 

waveguide wall, taking into account the 

curvature of the surface under the influence of 

monochromatic fields from a bianisotropic 

partition. The solution of the problem of 

reflection and transmission of symmetric E- and 

H-partial waves of a circular waveguide through 

a bianisotropic-gyrotropic partition is reduced to 

a numerical solution by the direct grid method 

of block matrix sweep [39] of a boundary value 

problem for a system of two elliptic equations 

with integral radiation boundary conditions [40, 

41] at the ends waveguide, taking into account

the impedance boundary conditions.

The proposed work differs from the existing [1-

5] works in that, in this work for the first time

the factor is taken into account that the

investigated microwave waveguide is filled with

nonlinear media. For the nonlinearity of the

microwave rectangular waveguide medium,

mathematical models of the electromagnetic

field are developed for the first time taking into 

account boundary value problems on the 

geometric middle of the region. For the first 

time, general classes of local and nonlocal 

boundary value problems on the geometric 

middle of the region for three-dimensional 

equations of the Bianchi type for the 

electromagnetic field of the microwave 

rectangular waveguide are investigated. 

II. DEVELOPMENT OF MATHEMATICAL

MODELS OF MICROWAVE RECTANGULAR 

WAVEGUIDE TAKING INTO ACCOUNT THE 

STRUCTURAL PROPERTIES OF SPACE 

As can be seen from Figure 1, the coordinate 

origin coincides with one vertex of the rectangle. 

Let's accept the following notations: a - the size 

of the wide wall of the rectangular waveguide, b 

- the size of the narrow wall of the rectangular

waveguide, R - the radius of the slits, h - the

distance between the centers of the slits.

Fig. 1. A rectangular waveguide with a circular slot 

on the sidewall. 

By now, due to the efforts many mathematicians, 

the theory differential equations with constant or 

sufficiently smooth coefficients has been 

developed quite well. In these and other works, 

various methods have been developed for 

studying the questions of the correct solvability 

initial, initial-boundary value problems, as well 

as questions constructing fundamental solutions 

for such equations. It should be especially noted 

that equations with a dominant mixed derivative 

),,()( zyxHE xyz  are used in modeling vibration 

processes and play an essential role in 

approximation and mapping theories [42-45].  
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Therefore, a very topical question arises about 

the study questions of correct solvability 

connected with hyperbolic equations with 

dominant derivatives, generally speaking, with 

nonsmooth variable coefficients. In this regard, 

this demonstrated work is devoted to the study 

initial-boundary value problems of a new type 

for hyperbolic equations with dominating mixed 

derivatives, which, in general, have nonsmooth 

Lp-coefficients (i.e., coefficients from Lp-type 

spaces). It is presented mainly in relation to 

third-order hyperbolic equations with triple 

characteristics. In this case, an important 

fundamental point is that the equation under 

consideration has discontinuous coefficients 

that satisfy only certain conditions such as P-

integrability and boundedness, i.e., the 

considered hyperbolic differential operator does 

not have a traditional adjoint operator. In this 

article, for the study such problems, a technique 

has been developed that essentially uses modern 

methods function theory and functional 

analysis. With the help this technique, a new 

concept adjoint problem is introduced for 

initial-boundary value problems. Such adjoint 

problems, in contrast to traditional adjoint 

problems defined by formally conjugate 

differential operators, by definition have the 

form an integral equation, and therefore make 

sense under rather weak conditions on the 

coefficients. 

The paper [45-48] study boundary value 

problems stated in the geometric middle of the 

domain for 3D Bianchi integro-differential 

equations with nonsmooth coefficients. Here 

),,)(()( zyxHEHE   is a sought for function 

determined on :G  

   ,321 GGGG  (1) 

where ;0),,( 0101  xxxG ;0,),( 0102  yyyG

.0),,( 0103  zzzG

In these papers, ubder the imposed conditions, 

the solution ),,)(( zyxHE  of the 3D Bianchi 
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At first we note that integral representations of 

functions from spaces type )()1,1,1( GWp  (from 

Sobolev spaces with dominant mixed derivatives 

of general form) have been studied in the papers 

of R. Caroca, I. Kondrashuk, N. Merino and F. 

Nadal [41], A.Y. Kamenshchik [42], S. Azami, 

M. Jafari, A. Haseeb, A.A.H. Ahmadini [43], F.

Ma, Y. Cao, H. Du, et al. [44] and others. But we

will use the integral representation from [41],

according to which any function 

)(),,)(( )1,1,1( GWzyxHE p is uniquely 

represented in the form 
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This time, there exist such positive constants 
0
1M and 

0
2M that 
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Obviously, the operator )(: )1,1,1()1,1,1( GWQ pp  is 

a linear bounded operator. The inequality  (5) 

shows that the operator Q  has also a bounded 

inverse operator determined on the space 

).()1,1,1( GWp Consequently,the operator Q  is an 

homeomorphism between the Banach spaces 
)1,1,1(

p and ).()1,1,1( GWp  Furthermore formula (4) 

shows that any function )(),,)(( )1,1,1( GWzyxHE p

has the traces: 
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respectively. Then following equalities are also 

valid for these traces [42-46]: 
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III. SOME GENERAL CLASSES WELL-

POSED BOUNDARY VALUE PROBLEMS 

FOR 3D BIANCHI TYPE EQUATIONS 

The conditions well-defined solvability of the 

boundary value problem found in [42], show 

that the operatin taking the traces 
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in some sense can be considered as principal 

parts of the operators 
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respectively generated by boundary conditions. 

Therefore, it is natural to expect that the 

problem of finding the solution 
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study the problem (8) by means of the integral 
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It follows from the equality (12) that the operator 

V has a conjugate 
V that acts in the space

 .1,1,1
qE  Moreover, 

         ,ˆ,ˆ,ˆ
0,1,00,1,00,0,10,0,10,0,00,0,0 yfyfxfxffffV  

              ,,ˆ,,,ˆ,,ˆ
1,1,01,1,00,1,10,1,11,0,01,0,0 zyfzyfyxfyxfzfzf  

          .ˆ,,ˆ,,,,ˆ, 1,1,11,1,11,0,11,0,1 fVfzyxfzyxfzxfzxf  

Therefore, we can write the equation  fV

in the form 

,ˆ   fVffV         (13)       

where 

  .,,,,,,, )1,1,1(
1,1,11,0,11,1,00,1,11,0,00,1,00,0,10,0,0 qE 

Using the identity (11), we can show that in the 

case  p1 the operator V̂ is a conjugate for 

,ˆQV and in the case  p1 the operator QV̂ is 

a conjugate for .ˆ V  Therefore, in all the cases

.ˆˆ *VQV 

Obviously, if  1,1,1
qEf   is the solution of the 

equation (13), then 

     
.ˆˆ

1,1,1
1,1,11,1,1

**

q
qq EEE

fVfVf  (14) 

Choosing 1ˆ*  V from (14) we obtain
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   
,ˆ

1,1,1
1,1,1

**

q
q EE

fVMf  .* constM 

Under the same condition, using (10), we can 

show that 

    constMHVEMHE
pp EW

 ,)()( 1,1,11,1,1
(15)  

Inequality (15) shows that the operator V  of the 

problem (8) is a homeomorphism from
  GWp

1,1,1
 to 

  ,1,1,1 GEp i.e. the problem (8) is

ewery where well-defined solvable. The 

theorem is proved.  

There is a great arbitrariness in the choice of the 

operator V̂ in problem (8). Therefore, problem

(8) can be used as a source for obtaining new

classes of well-posed  boundary value problems

for 3D (three-dimensional) Bianchi type

equations.

For the E-type wave 

IV. CALCULATION OF THE ELECTRIC

FIELD OF AN MICROWAVE

RECTANGULAR WAVEGUIDE

Based on the finite difference method, 

calculations were performed and the 

electromagnetic field strengths of a microwave 

rectangular waveguide with a nonlinear medium 

operating in E-type and H-type waves in the 

frequency range of 4,9-7,05 GHz were 

determined. The obtained numerical values are 

given in Table 1 and Table 2. Figure 2-6 shows 

3D models of the electric field strength 

distribution for an E-type wave of a rectangular 

waveguide operating in the frequency range of 

4,9-7,05 GHz. Figure 7-11 shows 3D models of 

the magnetic field strength distribution for an E-

type wave of a rectangular waveguide operating 

in the frequency range of 4,9-7,05 GHz. 

Fig. 2. Components of the field inside the waveguide in case .01,0  

Fig. 3. Components of the field inside the waveguide in case .5,0  
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Fig. 4. Components of the field inside the waveguide in case .8,0  

Fig. 5. Components of the field inside the waveguide in case .01,1  

Fig. 6. Components of the field inside the waveguide in case .1,1  

For the H-type wave  

Fig. 7. Components of the field inside the waveguide in case .01,0  
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Fig. 8. Components of the field inside the waveguide in case .5,0

Fig. 9. Components of the field inside the waveguide in case .8,0  

Fig. 10. Components of the field inside the waveguide in case .01,1  

Fig. 11. Components of the field inside the waveguide in case .1,1
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V. DEVELOPMENT OF A MEASURING

DEVICE FOR THE EXPERIMENTAL

STUDY OF THE ELECTROMAGNETIC 

FIELD OF MICROWAVE WAVEGUIDE 

The structural scheme and general appearance of 

the proposed measuring device for the 

investigation of the electromagnetic field in the 

waveguide are shown in Figure 12 and Figure 

13, respectively. All nodes included in the 

waveguide tract of the measuring device are 

made on the basis of microwave rectangular 

waveguide with a cross-sectional area of 40x20 

mm. The electromagnetic wave is supplied to the

line through an microwave with a Hann diode.

This generator is fed through a power supply

unit. A ferrite valve is placed at the input part of

the measuring device to agree the input with the

load. After the attenuator, which is used to

adjust the power level of the wave, the

measuring line of the waveguide is placed. With

the help of the measurement line, standing wave

coefficient and distribution of the

electromagnetic field in the load, as well as the

values of the electric and magnetic field

intensity vector of the waveguide are

determined.

Fig. 12. Structural diagram of the measuring setup for 

experimental study of the electromagnetic field in a 

microwave waveguide: HDG – Hann diode 

generator; FV – ferrite valve; A – attenuator; MLW – 

measuring line of waveguide; L – load; FU – food 

unit; MD – measuring device. 

Fig. 13. General view of the measuring setup for 

experimental study of the electromagnetic field in a 

microwave waveguide. 

The measuring device connected to the output of 

the measuring line detector is a constant voltage 

microvoltmeter. Table 1 shows a comparison of 

the results of existing works [1-5] and those 

obtained in this work. The comparisons were 

made using the following parameters of the 

microwave rectangular waveguide: limit power, 

releasable power, extinction coefficient, standing 

wave coefficient, refractive coefficient, special 

quality, the phase of the reflection coefficient, 

characteristic resistance. As can be seen from 

Table 1, the results obtained in this work are in 

good agreement with existing works [1-5]. The 

relative error between theoretical and 

experimental results for the electric field of the 

microwave rectangular waveguide is shown in 

Table 2, the relative error between theoretical and 

experimental results for the magnetic field of the 

microwave rectangular waveguide is shown in 

Table 3. Comparative analysis and error 

assessment of the results given in these tables 

show that the relative errors between theoretical 

and experimental results do not exceed 4%. This 

is also considered satisfactory for the microwave 

range.

Table 1: Comparison of the results of existing works and this work on the parameters of a microwave rectangular 

waveguide. 

References 
Limit 

power, 
Wt 

Releasable 
power, 

Wt 

Extinction 
coefficient, 

dB/m 

Standing 
wave 

coefficient 

Refractive 
coefficient 

Special 
quality 

The phase 
of the 

reflection 
coefficient, 

rad/m 

Characteristic 
resistance, 

Ohm 

[1] 4020,1 1209 0,0209 1,026 0,0091 4496,6 39,2 377,7 

[2] 4017,6 1218 0,0208 1,028 0,0093 4497,3 39,1 377,9 

[3] 4005,5 1210 0,0203 1,022 0,0096 4499,5 40,2 376,1 

[4] 4018,3 1207 0,0207 1,023 0,0097 4493,7 40,3 378,3 

[5] 4015,7 1205 0,0202 1,019 0,0090 4492,3 40,6 378,1 

This work 4010,5 1211 0,0201 1,021 0,0098 4497,2 39,9 376,7 

VOL.19, NO.6, NOVEMBER 2024

689

IJMOT-2024-9-352860 © 2024 IAMOT



INTERNATIONAL JOURNAL OF MICROWAVE AND OPTICAL TECHNOLOGY, 

Table 2: Relative error between theoretical and experimental results for the electric field of an microwave 

rectangular waveguide. 

Number of 
elementary 

regions 

Experimental values of electric 
field intensity in elementary 

regions, (105), V/m 

The values obtained from the 
calculation of the electric field 

intensity in elementary regions by 
the finite difference method, (105), 

V/m 

Relative error between theoretical and 
experimental results

%100/ .exp..exp  XXX cal

Е-wave H-wave Е-wave H-wave Е-wave H-wave

Ex Ey Ex Ey Ex Ey Ex Ey Ex Ey Ex Ey 

1 2,25 4,51 4,52 2,55 2,18 4,45 4,45 2,45 3,11 1,33 1,54 3,92 

2 3,52 5,18 1,59 2,61 3,48 5,24 1,6 2,59 1,13 1,15 0,62 0,76 

3 4,10 5,30 1,38 3,42 4,07 5,28 1,43 3,39 0,73 0,37 3,62 0,87 

4 4,50 5,29 5,50 4,22 4,47 5,29 5,42 4,13 0,66 0 1,45 2,13 

5 4,41 5,41 5,49 3,36 4,44 5,36 5,51 3,44 0,68 0,92 0,36 2,38 

6 4,42 6,11 4,81 3,44 4,43 6,07 4,78 3,37 0,22 0,65 0,62 2,03 

7 4,49 6,51 2,09 2,39 4,43 6,42 2,11 2,42 1,33 1,38 0,95 1,25 

8 2,91 4,66 1,40 1,42 2,83 4,75 1,37 1,40 2,74 1,93 2,14 1,40 

9 3,78 4,19 4,19 1,21 3,85 4,27 4,21 1,19 1,85 1,90 0,47 1,65 

10 4,22 5,51 5,29 1,26 4,15 5,47 5,21 1,23 1,65 0,72 1,51 2,38 

11 4,13 6,11 6,61 1,62 4,19 6,03 6,52 1,60 1,45 1,30 1,36 1,23 

12 3,17 6,30 4,22 1,57 3,16 6,25 4,12 1,54 0,31 0,79 2,36 1,91 

13 2,69 6,18 4,21 1,81 2,67 6,26 4,11 1,79 0,74 1,29 2,37 1,10 

14 2,62 6,32 7,26 2,25 2,55 6,29 7,31 2,19 2,67 0,47 0,68 2,66 

15 2,50 5,63 7,62 3,71 2,43 5,59 7,52 3,61 2,8 0,71 1,31 2,69 

16 2,35 5,09 1,53 1,59 2,27 5,14 1,49 1,57 3,4 0,98 2,61 1,25 

17 2,88 5,19 1,44 1,21 2,91 5,12 1,42 1,19 1,04 1,37 1,38 1,65 

18 3,23 1,21 2,48 4,20 3,16 1,20 2,51 4,1 2,16 0,82 1,20 2,35 

19 4,50 4,42 3,21 5,52 4,37 4,37 3,19 5,49 2,88 1,13 0,62 0,54 

20 5,31 4,81 4,51 6,51 5,24 4,78 4,42 6,49 1,31 0,62 1,99 0,30 

Table 3: Relative error between theoretical and experimental results for the magnetic field of an microwave 

rectangular waveguide. 

Number of 
elementary 

regions 

Experimental values of magnetic 
field intensity in elementary regions, 

A/m 

The values obtained from the 
calculation of the magnetic field 

intensity in elementary regions by 
the finite difference method, A/m 

Relative error between 
theoretical and experimental 

results 

%100/ .exp..exp  XXX cal

Е-wave H-wave Е-wave H-wave Е-wave H-wave

Hx Hy Hx Hy Hx Hy Hx Hy Hx Hy Hx Hy 

1 51,82 24,31 54,02 28,30 51,86 24,2 53,6 27,94 0,08 0,45 0,78 1,27 

2 67,84 43,24 25,43 35,63 67,11 44,25 24,5 36,3 1,08 2,34 3,66 1,88 

3 44,53 25,63 35,82 77,12 43,56 25,43 36,57 76,23 2,18 0,78 2,09 1,15 

4 63,72 35,42 46,22 45,74 64,16 34,98 44,89 46,98 0,69 1,22 2,88 2,71 

5 11,64 85,81 66,14 62,71 11,34 86,78 65,79 63,39 2,58 1,13 0,53 1,08 

6 52,61 43,70 34,53 64,74 53,12 44,9 34,79 65,15 0,97 2,75 0,75 0,63 

7 54,74 38,92 76,32 22,62 55,56 39,19 74,76 22,37 1,50 0,69 2,04 1,11 

8 61,23 32,13 24,31 34,73 60,47 33,18 24,26 33,71 1,34 3,27 0,21 2,94 

9 63,41 25,24 12,11 37,72 62,12 25,17 11,98 38,18 2,03 0,28 1,07 1,22 

10 53,20 44,34 32,63 11,73 51,45 43,45 33.76 11,56 3,29 2,01 3,46 1,45 

11 52,92 45,93 36,22 33,71 51,9 44,86 35,69 32,96 1,93 2,33 1,46 2,22 

12 43,54 47,11 74,72 35,44 42,45 46,58 73,72 34,48 2,39 1,13 1,34 2,71 

13 34,73 52,53 36,14 20,60 35,19 53,56 35,43 20,11 1,32 1,96 1,96 2,38 

14 55,72 66,90 66,23 41,91 56,61 67,5 67,31 40,81 1,6 0,9 1,63 2,62 

15 47,52 31,72 34,33 42,53 48,13 31,34 34,53 43,12 1,28 1,2 0,58 1,39 

16 59,20 43,71 34,10 29,52 60,16 42.95 33,99 30,15 1,62 1,74 0,32 2,13 

17 79,34 62,94 64,32 10,23 80,78 61,89 64,44 10,35 1,81 1,67 0,19 1,17 

18 61,71 44,43 75,83 37,71 62,34 43,56 76,45 38,48 1,02 1,96 0,82 2,04 

19 61,82 44,21 41,94 29,54 60,45 43,56 41,25 30,05 2,22 1,47 1,65 1,73 

20 49,51 25,83 41,11 21,63 50,23 26,21 40,38 22,38 1,45 1,47 1,78 3,47 
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VI. CONCLUSION

New mathematical models have been developed 

in the Cartesian coordinate system of the 

electromagnetic field of a rectangular 

waveguide operating in the frequency range of 

4,9-7,05 GHz, taking into account the 

nonlinearity of the medium and types of waves, 

and effective algorithms for solving the models 

have been proposed, which has improved the 

electrical, magnetic, structural and operational 

parameters and characteristics of the microwave 

rectangular waveguide. For E-type and H-type 

waves, 3D models of the distribution of 

electromagnetic field strengths in elementary 

regions of a rectangular waveguide operating in 

the frequency range of 4,9-7,05 GHz have been 

developed. Experimental devices and functional 

circuits for measuring the parameters of a 

microwave path, including electric and 

magnetic fields, a rectangular waveguide in a 

nonlinear state of the medium are proposed, and 

the waveguide parameters are experimentally 

determined. Comparison of theoretical and 

experimental results of electric and magnetic 

field strengths showed that the relative error for 

these parameters is 4%. This proved the 

adequacy of the theoretical and experimental 

results obtained. 
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