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A B S T R A C T

The study investigates the inverse scattering problem for the Schrodinger operator with complex potentials,
considering indefinite discontinuous coefficients on the axis. Using the integral representation of the Jost
solutions on the real and imaginary axes, solved the direct scattering problem. An additional study of the
operator’s spectrum was conducted, scattering data was introduced, and the eigenfunction expansion was
obtained. Integral equations derived play a crucial role in solving the inverse problem and finally prove the
uniqueness theorem for the solution.
1. Introduction

The propagation of plane-wave in the layered medium is described
by the operator 𝐿 which is given by the differential expression

𝑙 (𝑦) ≡ 1
𝜌 (𝑥)

[−𝑦′′ + 𝑞 (𝑥) 𝑦] (1)

in the Hilbert space 𝐿2 (−∞,∞).
It is assumed that the function (potential) 𝑞 (𝑥) is complex-valued

and fulfils condition

∫

∞

−∞
(1 + |𝑥|) |𝑞 (𝑥)| 𝑑𝑥 <∞, (2)

and function 𝜌 (𝑥) has the form

𝜌 (𝑥) =
{

1 𝑓𝑜𝑟 𝑥 ≥ 0
−1 𝑓𝑜𝑟 𝑥 < 0

(3)

The subject of this paper is the theory of inverse scattering problems
i.e. recovery of operators from their scattering data.

Various types of inverse problems involve deducing certain proper-
ties of the given issue from a complete or partial understanding of its
solution.1–10 The distinction is somewhat unclear; however, it indicates
that the contrast between a ‘direct problem’ and an ‘inverse problem’
is somewhat arbitrary and is based on the historical evolution of that
specific problem. At this time, there is no general inverse spectral
theory. Even the simplest cases require considerable ingenuity for their
resolution, and none of the inverse problems can be posed unless a class
of coefficients is specified in advance.

The problem under consideration is not only interesting in its own
right but also because it can be reduced to other inverse problems
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in physics. After separating variables, the kinetic equation reduces to
Sturm–Liouville eigenvalue problems with an indefinite function.

The use of complex potentials in the past has allowed for the mod-
elling of neutron absorption. The imaginary potential signifies emission
or absorption. For instance, in the crystal model, the complex potential
is interpreted as representing a ‘prepared’ material. This material is
assumed to be capable of absorption or emission.

The problem of inverse scattering (1)–(3) when 𝑞 (𝑥) = 0 was
first considered by Belishev in,11 where the inverse problem of re-
constructing 𝜌 (𝑥) from the frequencies and energies of its normalised
characteristic vibrations were studied.

The most complete results for self-adjoint cases (i.e. for real poten-
tials) in the theory of the inverse scattering problem at 𝜌 (𝑥) = 1 were
obtained for the Sturm–Liouville operators −𝑦′′ + 𝑞 (𝑥) 𝑦 in the classic
papers12,13 and for 𝜌 (𝑥) ≠ 1 in.14,15

Because the scattering function of a non-self-adjoint operator is not
unitary and, additionally, can have pole-type singularities (the case of
an operator with spectral singularities), generally speaking, it is not
summable. Therefore, it is of particular interest to consider the inverse
scattering problem (1)–(3).

Since 𝑞 (𝑥) is complex and 𝜌 (𝑥) changes its sign, the equation 𝑙𝑦 =
𝜆2𝑦 becomes of mixed type and the inverse problems are more difficult
to study and the classical methods are either inapplicable or require
essential modifications.

Inverse scattering problems for the non-self-adjoint Sturm–Liouville
operator 𝐿 defined by the differential expression (1) without discon-
tinuities (i.e. 𝜌 (𝑥) = 1) were studied by Lyantse3 on semiaxes and
by Blashak in16 on whole axes where the specific problems were
considered in detail.
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Problem (1)–(3) for the complex-valued, periodic and almost peri-
odic potentials was considered in the papers.14,17–20

Properties of scattering data for the case when 𝑞(𝑥) is real and 𝜌 (𝑥) is
of the form (3) on half axes and the presence of discontinuity conditions
essentially complicates even the study of the direct problem when its
spectral properties are to be determined. Many studies deal with inverse
problems for the Sturm–Liouville operator with different discontinuity
conditions.ve been studied by Z. F.Abd-El-Reheem in.21

K. R. Mamedov, A. A Nabiev has studied direct and inverse scatter-
ing problems on the real axis for the operator 𝐿 with real potentials
𝑞(𝑥) and 𝜌 (𝑥), which is a positive step function, in.15

V.A. Yurko has dealt with inverse spectral problems on the finite
interval and semi-axis for Sturm–Liouville operators with complex
piece-wise-constant weights.4,5

Inverse problems for the complex Dirac operator with the jump
conditions within the interval have been studied by R. Zhang, C.- F.
Yang, and N.P. Bondarenko in.6 They proved that Weyl-type function or
two spectra can uniquely determine the potential on the whole interval.

The presence of discontinuity conditions essentially complicates
even the study of the direct problem when its spectral properties are
to be determined.

The paper’s organization is as follows.
In Section 2, using the integral representation (5-6) of the Jost

solutions of Eq. (4) on the real and imaginary axes, we solve the
problem of direct scattering. In Section 3, we studied the spectrum of
the operator 𝐿 and introduced the scattering data. Section 4 is devoted
to the eigenfunction expansion. In Section 5, we derived integral equa-
tions that play an important role in solving the inverse problem. Finally,
Section 6 proves the uniqueness theorem for the solution of the inverse
problem.

2. Special solutions of the equation 𝒍 (𝒚) = 𝝀𝟐𝒚

Consider the equation

−𝑦′′ + 𝑞 (𝑥) 𝑦 = 𝜆2𝜌 (𝑥) 𝑦 (4)

where 𝑞 (𝑥) and 𝜌 (𝑥) defined by conditions (2) and (3).
It is known12 that solutions of Eq. (4) exist, holomorphic, are unique

and can be represented in the following form

𝑓±
1 (𝑥, 𝜆) = 𝑒±𝑖𝜆𝑥 + ∫

∞

𝑥
𝐾1 (𝑥, 𝑡)𝑒±𝑖𝜆𝑡𝑑𝑡 𝑓𝑜𝑟 ± Im 𝜆 ≥ 0, 𝑥 ≥ 0, (5)

𝑓±
2 (𝑥, 𝜆) = 𝑒±𝜆𝑥 + ∫

𝑥

−∞
𝐾2 (𝑥, 𝑡)𝑒±𝜆𝑡𝑑𝑡 𝑓𝑜𝑟 ± Re 𝜆 ≥ 0, 𝑥 < 0, (6)

∫ ∞
0 ∫ ∞

𝑥 [|
|

𝐾1 (𝑥.𝑡)||]2𝑑𝑡𝑑𝑥 <∞,
∫ 0
−∞ ∫ 𝑥−∞[|

|

𝐾2 (𝑥.𝑡)||]2𝑑𝑡𝑑𝑥 <∞.
(7)

For differentiable 𝑞 (𝑥) kernels 𝐾1 (𝑥, 𝑡) and 𝐾2 (𝑥, 𝑡) satisfy the equa-
tions
𝜕2

𝜕𝑥2
𝐾1 (𝑥, 𝑡) − 𝑞 (𝑥)𝐾1 (𝑥, 𝑡) =

𝜕2

𝜕𝑡2
𝐾1 (𝑥, 𝑡) 𝑓𝑜𝑟 𝑥 ≥ 0, (8)

𝜕2

𝜕𝑥2
𝐾2 (𝑥, 𝑡) − 𝑞 (𝑥)𝐾2 (𝑥, 𝑡) =

𝜕2

𝜕𝑡2
𝐾2 (𝑥, 𝑡) 𝑓𝑜𝑟 𝑥 < 0, (9)

where

𝐾1 (𝑥, 𝑡) =
1
2 ∫

∞

𝑥
𝑞 (𝑡) 𝑑𝑡 𝑓𝑜𝑟 𝑥 ≥ 0, (10)

𝐾2 (𝑥, 𝑡) =
1
2 ∫

𝑥

−∞
𝑞 (𝑡) 𝑑𝑡 𝑓𝑜𝑟 𝑥 < 0. (11)

It is easy to verify if the kernels satisfy conditions (7)–(10) and the
conditions at infinity

lim
(𝑥+𝑡)→∞

𝐾 ′
1𝑥 (𝑥, 𝑡) = lim

(𝑥+𝑡)→∞
𝐾 ′

1𝑡 (𝑥, 𝑡) =

= lim 𝐾 ′ (𝑥, 𝑡) = lim 𝐾 ′ (𝑥, 𝑡) = 0
(12)
(𝑥+𝑡)→−∞ 2𝑥 (𝑥+𝑡)→−∞ 2𝑡

2 
then the functions 𝑓±
1 (𝑥, 𝜆), 𝑓±

2 (𝑥, 𝜆) can be constructed to obtain
solutions for Eq. (4) with the potential 𝑞 (𝑥)

𝑞 (𝑥) =

{

−2 𝑑
𝑑𝑥𝐾1 (𝑥, 𝑥) 𝑓𝑜𝑟 𝑥 ≥ 0

−2 𝑑
𝑑𝑥𝐾2 (𝑥, 𝑥) 𝑓𝑜𝑟 𝑥 < 0

(13)

Let [𝑓 (𝑥) , 𝑔 (𝑥)] denote the Wronskian of the functions 𝑓 (𝑥) , 𝑔 (𝑥)

𝑓 (𝑥) , 𝑔 (𝑥)] = 𝑓 ′ (𝑥) 𝑔 (𝑥) − 𝑓 (𝑥) 𝑔′ (𝑥) . (14)

ince the Wronskian of any two solutions of (4) does not depend on
, it coincides with their values for 𝑥 → +∞ or 𝑥 → −∞. As a result,
onsidering of the formulas

𝑓±
1 (𝑥, 𝜆) = 𝑒±𝑖𝜆𝑥 (1 + 𝑜 (1)) , 𝑥→ +∞,
𝑓±′

1 (𝑥, 𝜆) = 𝑒±𝑖𝜆𝑥 (±𝑖𝜆 + 𝑜 (1)) , 𝑥→ +∞
𝑓±
2 (𝑥, 𝜆) = 𝑒±𝜆𝑥 (1 + 𝑜 (1)) , 𝑥→ −∞,
𝑓±′

2 (𝑥, 𝜆) = 𝑒±𝜆𝑥 (±𝜆 + 𝑜 (1)) , 𝑥→ −∞

e find

𝑓+
1 (𝑥, 𝜆) , 𝑓−

1 (𝑥, 𝜆)] = 2𝑖𝜆 ≠ 0 𝑓𝑜𝑟 Im 𝜆 = 0, 𝜆 ≠ 0, (15)

𝑓+
2 (𝑥, 𝜆) , 𝑓−

2 (𝑥, 𝜆)] = 2𝜆 ≠ 0 𝑓𝑜𝑟 Re 𝜆 = 0, 𝜆 ≠ 0. (16)

herefore, the functions 𝑓+
1 (𝑥, 𝜆) , 𝑓−

1 (𝑥, 𝜆) and the functions
+
2 (𝑥, 𝜆) , 𝑓−

2 (𝑥, 𝜆) are linearly independent solutions of the Eq. (4) if
≠ 0, Im 𝜆 = 0, Re 𝜆 = 0 accordingly. Consequently, in the case

m 𝜆 = 0 solution of Eq. (4) can be represented as a linear combination
f solutions 𝑓+

1 (𝑥, 𝜆) , 𝑓−
1 (𝑥, 𝜆) and for the case Re 𝜆 = 0 as a linear

ombination of the solutions 𝑓+
2 (𝑥, 𝜆) , 𝑓−

2 (𝑥, 𝜆).

We have

𝑓+
2 (𝑥, 𝜆) = 𝐴 (𝜆) 𝑓+

1 (𝑥, 𝜆) + 𝐶 (𝜆) 𝑓−
1 (𝑥, 𝜆)

𝑓−
2 (𝑥, 𝜆) = 𝐵 (𝜆) 𝑓+

1 (𝑥, 𝜆) +𝐷 (𝜆) 𝑓−
1 (𝑥, 𝜆)

𝑓+
1 (𝑥, 𝜆) = 𝑖𝐷 (𝜆) 𝑓+

2 (𝑥, 𝜆) − 𝑖𝐶 (𝜆) 𝑓−
2 (𝑥, 𝜆)

𝑓−
1 (𝑥, 𝜆) = −𝑖𝐵 (𝜆) 𝑓+

2 (𝑥, 𝜆) + 𝑖𝐴 (𝜆) 𝑓−
2 (𝑥, 𝜆)

(17)

where

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐴 (𝜆) =
[𝑓+2 (𝑥,𝜆),𝑓−1 (𝑥,𝜆)]

2𝑖𝜆 , 𝜆 ∈ 𝑆3

𝐵 (𝜆) =
[𝑓−2 (𝑥,𝜆),𝑓−1 (𝑥,𝜆)]

2𝑖𝜆 , 𝜆 ∈ 𝑆2

𝐶 (𝜆) =
[𝑓+1 (𝑥,𝜆),𝑓+2 (𝑥,𝜆)]

2𝑖𝜆 , 𝜆 ∈ 𝑆0

𝐷 (𝜆) =
[𝑓+1 (𝑥,𝜆),𝑓−2 (𝑥,𝜆)]

2𝑖𝜆 , 𝜆 ∈ 𝑆1

(18)

and

𝑆𝑘 =
{

𝑘𝜋
2
< arg 𝜆 <

(𝑘 + 1)𝜋
2

}

, 𝑘 = 0, 3.

Lemma 1. The coefficients 𝐴 (𝜆) , 𝐵 (𝜆) , 𝐶 (𝜆) and 𝐷 (𝜆) have the asymp-
totics

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐴 (𝜆) = 1−𝑖
2 + 𝑂

(

1
𝜆

)

, 𝜆 ∈ 𝑆3

𝐵 (𝜆) = 1+𝑖
2 + 𝑂

(

1
𝜆

)

, 𝜆 ∈ 𝑆2

𝐶 (𝜆) = 1+𝑖
2 + 𝑂

(

1
𝜆

)

, 𝜆 ∈ 𝑆0

𝐷 (𝜆) = 1−𝑖
2 + 𝑂

(

1
𝜆

)

, 𝜆 ∈ 𝑆1

(19)

Proof. Let us first prove it for the case 𝜆 ∈ 𝑆0. Then it follows from
formula (18) that
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𝐶 (𝜆) = 1
2𝑖𝜆

[𝑓+
1 (𝑥, 𝜆) , 𝑓+

2 (𝑥, 𝜆)] =
= 1

2𝑖𝜆
[𝑓+′

1 (0, 𝜆) 𝑓+
2 (0, 𝜆) − 𝑓+

1 (0, 𝜆) 𝑓+′

2 (0, 𝜆)] =
= 1

2𝑖𝜆
{[1 + ∫ 0

−∞ 𝐾2 (0, 𝑡) 𝑒𝜆𝑡𝑑𝑡][𝑖𝜆 −𝐾1 (0, 0) + ∫ ∞
0 𝐾1𝑥 (0, 𝑡)𝑒

𝑖𝜆𝑡𝑑𝑡]−
−[1 + ∫ ∞

0 𝐾1 (0, 𝑡)𝑒𝑖𝜆𝑡𝑑𝑡][𝜆 +𝐾2 (0, 0) + ∫ 0
−∞ 𝐾2𝑥 (0, 𝑡)𝑒

𝜆𝑡𝑑𝑡]} =
= 1

2𝑖𝜆
{𝑖𝜆 −𝐾1 (0, 0) + ∫ ∞

0 𝐾1𝑥 (0, 𝑡)𝑒
𝑖𝜆𝑡𝑑𝑡 + 𝑖𝜆 ∫ 0

−∞ 𝐾2 (0, 𝑡) 𝑒𝜆𝑡𝑑𝑡−

−𝐾1 (0, 0) ∫
0
−∞ 𝐾2 (0, 𝑡) 𝑒𝜆𝑡𝑑𝑡 +

(

∫ ∞
0 𝐾1𝑥 (0, 𝑡)𝑒

𝑖𝜆𝑡𝑑𝑡
)

(

∫ 0
−∞ 𝐾2 (0, 𝑡) 𝑒𝜆𝑡𝑑𝑡

)

−

−𝜆 −𝐾2 (0, 0) − ∫ 0
−∞ 𝐾2𝑥 (0, 𝑡)𝑒

𝜆𝑡𝑑𝑡 − 𝜆 ∫ ∞
0 𝐾1 (0, 𝑡)𝑒𝑖𝜆𝑡𝑑𝑡−

−𝐾2 (0, 0) ∫
∞
0 𝐾1 (0, 𝑡)𝑒𝑖𝜆𝑡𝑑𝑡 −

(

∫ 0
−∞ 𝐾2𝑥 (0, 𝑡)𝑒

𝜆𝑡𝑑𝑡
)

(

∫ ∞
0 𝐾1 (0, 𝑡)𝑒𝑖𝜆𝑡𝑑𝑡

)

=

= 1
2𝑖𝜆

{𝜆 (𝑖 − 1) − [𝐾1 (0, 0) +𝐾2 (0, 0)]+
+ ∫ ∞

0 𝐾1𝑥 (0, 𝑡)𝑒
𝑖𝜆𝑡𝑑𝑡 −𝐾1 (0, 0) ∫

0
−∞ 𝐾2 (0, 𝑡) 𝑒𝜆𝑡𝑑𝑡+

+
(

∫ ∞
0 𝐾1𝑥 (0, 𝑡)𝑒

𝑖𝜆𝑡𝑑𝑡
)

(

∫ 0
−∞ 𝐾2 (0, 𝑡) 𝑒𝜆𝑡𝑑𝑡

)

−

− ∫ 0
−∞ 𝐾2𝑥 (0, 𝑡)𝑒

𝜆𝑡𝑑𝑡 −𝐾2 (0, 0) ∫
∞
0 𝐾1 (0, 𝑡)𝑒𝑖𝜆𝑡𝑑𝑡−

−
(

∫ ∞
0 𝐾1 (0, 𝑡)𝑒𝑖𝜆𝑡𝑑𝑡

)

(

∫ 0
−∞ 𝐾2𝑥 (0, 𝑡)𝑒

𝜆𝑡𝑑𝑡
)

+ 𝑖𝐾2 (0, 0) −

−𝑖 ∫ 0
−∞ 𝐾2𝑡 (0, 𝑡)𝑒

𝜆𝑡𝑑𝑡 − 𝑖𝐾1 (0, 0) − 𝑖 ∫
∞
0 𝐾1𝑡 (0, 𝑡)𝑒

𝑖𝜆𝑡𝑑𝑡} =
= 1+𝑖

2
− 1

4𝑖𝜆
∫ ∞
−∞ 𝑞 (𝑡) 𝑑𝑡−

1
4𝜆

∫ 0
−∞ 𝑞 (𝑡) 𝑑𝑡 +

1
4𝜆

∫ ∞
0 𝑞 (𝑡) 𝑑𝑡 + 𝑂

(

1
𝜆

)

he remaining equations in formula (19) are proved in a very similar
ay.

. The spectrum of the operator 𝑳

We first calculate the kernel of the resolvent of the operator 𝑅 (𝜆)
to study the spectrum of the operator 𝐿 generated by the differential
expression (1). We prove the theorem from which we deduce the
existence of the resolvent of the operator 𝑅 (𝜆).

We use the notation 𝜌(𝐿) to represent the resolvent set, 𝜎(𝐿) to
represent the spectrum, 𝜎𝑝(𝐿) to denote the point spectrum, 𝜎𝑟(𝐿)
to denote the residual spectrum, and 𝜎𝑐 (𝐿) to denote the continuous
spectrum of 𝐿.

Theorem 1. The operator 𝐿 has no purely real and purely imaginary
eigenvalues.

Proof. Eq. (4) has fundamental solutions

𝑓+
1 (𝑥, 𝜆) , 𝑓−

1 (𝑥, 𝜆)
(

𝑓+
2 (𝑥, 𝜆) , 𝑓−

2 (𝑥, 𝜆)
)

if 𝜆 ≠ 0, Im 𝜆 = 0 (Re 𝜆 = 0). It is possible to write a solution to Eq. (4)
for Im 𝜆 = 0 in the form of

𝑦 (𝑥, 𝜆) =𝐶1(𝑒𝑖Re 𝜆𝑥 + ∫

∞

𝑥
𝐾1 (𝑥, 𝑡)𝑒𝑖Re 𝜆𝑡𝑑𝑡)

+ 𝐶2

(

𝑒−𝑖Re 𝜆𝑥 + ∫

∞

𝑥
𝐾1 (𝑥, 𝑡)𝑒−𝑖Re 𝜆𝑡𝑑𝑡

)

.

Since the principal parts of the solutions are periodic, 𝑦 (𝑥, 𝜆) ∉
𝐿2 (−∞,∞), for any non-zero values of 𝐶1 and 𝐶2. The case Re 𝜆 = 0 can
be proved analogously. Consequently, 𝜎𝑝 (𝐿) = ∅. Theorem is proved.

Theorem 2. Residual spectrum of the operator 𝐿 is empty, 𝜎𝑟 (𝐿) = ∅.

Proof. The function 𝑔 (𝑥) ∈ 𝐿2 (𝑅), solution of 𝐿∗ (𝜆) = 0 and 𝑔 (𝑥)
satisfies

−𝑔′′ (𝑥, 𝜆) + 𝑞 (𝑥) 𝑔 (𝑥, 𝜆) = 𝜆2𝜌 (𝑥) 𝑔 (𝑥, 𝜆) . (20)

It is obvious that (20) cannot have a solution that belongs to 𝐿2 (𝑅),
because it is of type (5). It means that 𝜎𝑝 (𝐿∗) = ∅ or 𝜎𝑟 (𝐿) = ∅ so
𝜎 (𝐿) = 𝜎𝑐 (𝐿) and 𝐿−1 is defined in the dense set in 𝐿2 (𝑅) for ∀𝜆 ∈ 𝐶..
The theorem is proved.

Using a general method it is possible to prove the following theorem

Theorem 3. For each 𝜆 from the sector

𝑆𝑘 =
{

𝑘𝜋 < arg 𝜆 <
(𝑘 + 1)𝜋

}

, 𝑘 = 0, 3

2 2

3 
the resolvent of the operator 𝑅 (𝑥, 𝑡, 𝜆) exists and has the following form

𝑅 (𝑥, 𝑡, 𝜆) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑅0 (𝑥, 𝑡, 𝜆) , 𝜆 ∈ 𝑆0
𝑅1 (𝑥, 𝑡, 𝜆) , 𝜆 ∈ 𝑆1
𝑅2 (𝑥, 𝑡, 𝜆) , 𝜆 ∈ 𝑆2
𝑅3 (𝑥, 𝑡, 𝜆) , 𝜆 ∈ 𝑆3

Here
⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝑅0 (𝑥, 𝑡, 𝜆) = − 1
2𝑖𝜆𝐶(𝜆)

{

𝑓+
1 (𝑥, 𝜆) 𝑓+

2 (𝑡, 𝜆) , 𝑡 < 𝑥
𝑓+
1 (𝑡, 𝜆) 𝑓+

2 (𝑥, 𝜆) , 𝑡 > 𝑥
; 𝜆 ∈ 𝑆0

𝑅1 (𝑥, 𝑡, 𝜆) = − 1
2𝑖𝜆𝐷(𝜆)

{

𝑓+
1 (𝑥, 𝜆) 𝑓−

2 (𝑡, 𝜆) , 𝑡 < 𝑥
𝑓+
1 (𝑡, 𝜆) 𝑓−

2 (𝑥, 𝜆) , 𝑡 > 𝑥
; 𝜆 ∈ 𝑆1

𝑅2 (𝑥, 𝑡, 𝜆) =
1

2𝑖𝜆𝐵(𝜆)

{

𝑓−
1 (𝑥, 𝜆) 𝑓−

2 (𝑡, 𝜆) , 𝑡 < 𝑥
𝑓−
1 (𝑡, 𝜆) 𝑓−

2 (𝑥, 𝜆) , 𝑡 > 𝑥
; 𝜆 ∈ 𝑆2

𝑅3 (𝑥, 𝑡, 𝜆) =
1

2𝑖𝜆𝐴(𝜆)

{

𝑓−
1 (𝑥, 𝜆) 𝑓+

2 (𝑡, 𝜆) , 𝑡 < 𝑥
𝑓−
1 (𝑡, 𝜆) 𝑓+

2 (𝑥, 𝜆) , 𝑡 > 𝑥
; 𝜆 ∈ 𝑆3

(21)

Lemma 2. For every complex number 𝜆 ∉ {Re 𝜆 = 0} ∪ {Im 𝜆 = 0},
𝐴 (𝜆) ≠ 0, 𝐵 (𝜆) ≠ 0,𝐶 (𝜆) ≠ 0 and 𝐷 (𝜆) ≠ 0 there is a one-to-one resolvent
operator 𝑅𝜆 =

(

𝐿 − 𝜆2𝐼
)−1.

If we combine Theorems 1 and 2 we obtain the following result

Theorem 4. The continuous spectra of the operator 𝐿 fills out the axes

{Re 𝜆 = 0} ∪ {Im 𝜆 = 0}

Theorem 5. The finite eigenvalues of the operator 𝐿 coincide with the
squares of the zeros of the functions 𝐴 (𝜆) , 𝐵 (𝜆) , 𝐶 (𝜆) and 𝐷 (𝜆) from the
sectors 𝑆𝑘, 𝑘 = 0, 3.

orollary 1. The functions 𝐴 (𝜆) , 𝐵 (𝜆) , 𝐶 (𝜆) and the function 𝐷 (𝜆) have
no zeros on the axes

{Re 𝜆 = 0} ∪ {Im 𝜆 = 0}

Taking into account Corollary 1, by dividing both sides of the first and
third equation of (17) by 𝐶 (𝜆) and the second and fourth by 𝐵 (𝜆) we obtain
olutions for Eq. (4)

𝑈+
1 (𝑥, 𝜆) = 𝐷(𝜆)

𝐶(𝜆) 𝑓
+
2 (𝑥, 𝜆) − 𝑓−

2 (𝑥, 𝜆) , 𝑓𝑜𝑟 Re 𝜆 = 0
𝑈−
1 (𝑥, 𝜆) = 𝐴(𝜆)

𝐵(𝜆)𝑓
−
2 (𝑥, 𝜆) − 𝑓+

2 (𝑥, 𝜆) , 𝑓𝑜𝑟 Re 𝜆 = 0
𝑈+
2 (𝑥, 𝜆) = 𝐴(𝜆)

𝐶(𝜆)𝑓
+
1 (𝑥, 𝜆) + 𝑓−

1 (𝑥, 𝜆) 𝑓𝑜𝑟 Im 𝜆 = 0
𝑈−
2 (𝑥, 𝜆) = 𝐷(𝜆)

𝐵(𝜆) 𝑓
−
1 (𝑥, 𝜆) + 𝑓+

1 (𝑥, 𝜆) 𝑓𝑜𝑟 Im 𝜆 = 0

(22)

The functions [𝑈−
1 , 𝑈

−
2 ] and functions [𝑈+

1 , 𝑈
+
2 ] are known as the

igenfunctions of the left and right spectral problem.

efinition 1. The functions
+
1 (𝜆) =

𝐷 (𝜆)
𝐶 (𝜆)

, 𝑆+
2 (𝜆) =

𝐴 (𝜆)
𝐶 (𝜆)

, 𝑆−
1 (𝜆) =

𝐴 (𝜆)
𝐵 (𝜆)

, 𝑆−
2 (𝜆) =

𝐷 (𝜆)
𝐵 (𝜆)

re called the reflection coefficients for Eq. (4).

. Eigenfunction expansions

In Section 3 we proved that if Im 𝜆 > 0,Re 𝜆 > 0 then the kernel of
he resolvent of the operator 𝐿 has the form

0 (𝑥, 𝑡, 𝜆) =
1

2𝑖𝜆𝐶 (𝜆)

{

𝑓+
1 (𝑥, 𝜆) 𝑓+

2 (𝑡, 𝜆) , 𝑡 < 𝑥
𝑓+
1 (𝑡, 𝜆) 𝑓+

2 (𝑥, 𝜆) , 𝑡 > 𝑥
; 𝜆 ∈ 𝑆0.

Lemma 3. For any twice differentiable continuous function 𝜓 (𝑥) ∈
𝐿2 (−∞,∞) and

𝑔 (𝑥) = −𝜓 ′′ (𝑥) + 𝑞 (𝑥)𝜓 (𝑥) ∈ 𝐿2 (−∞,∞)

we have
∞
𝑅 (𝑥, 𝑡, 𝜆)𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡 = −

𝜓 (𝑥)
+ 1 ∞

𝑅 (𝑥, 𝑡, 𝜆)𝑔 (𝑡) 𝑑𝑡, (23)
∫−∞ 𝜆2 𝜆2 ∫−∞
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It is easy to show that if the conditions of the lemma are satisfied,
then

∫

∞

−∞
𝑅 (𝑥, 𝑡, 𝜆)𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡 = −

𝜓 (𝑥)
𝜆2

+ 1
𝜆2
𝑂
(

1
𝜆2

)

.

The left side of (23) is the analytic function for 𝜆 within the contour
f the circle |𝜆| = 𝑅 except for the points 𝜆 = 𝜆𝑛, 𝑛 = 1, 𝑙. Then for
𝑅 → ∞ we have

𝜓 (𝑥) = − 1
2𝜋𝑖 ∫

∞
0 2𝜆𝑑𝜆 ∫ ∞

−∞[𝑅0 (𝑥, 𝑡, 𝜆) − 𝑅3 (𝑥, 𝑡, 𝜆)]𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡−

− 1
2𝜋𝑖 ∫

0
−∞ 2𝜆𝑑𝜆 ∫ ∞

−∞[𝑅1 (𝑥, 𝑡, 𝜆) − 𝑅2 (𝑥, 𝑡, 𝜆)]𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡−

− 1
2𝜋𝑖 ∫

𝑖∞
0 2𝜆𝑑𝜆 ∫ ∞

−∞ [𝑅1 (𝑥, 𝑡, 𝜆) − 𝑅0 (𝑥, 𝑡, 𝜆)]𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡−

− 1
2𝜋𝑖 ∫

−𝑖∞
0 2𝜆𝑑𝜆 ∫ ∞

−∞[𝑅2 (𝑥, 𝑡, 𝜆) − 𝑅3 (𝑥, 𝑡, 𝜆)]𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡+

+
𝑙

∑

𝑛=1
Re𝑠2𝜆(∫

∞

−∞
𝑅 (𝑥, 𝑡, 𝜆) 𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡)𝜆=𝜆𝑛 .

(24)

Using formulas (17) and (21) we obtain

𝑅0 (𝑥, 𝑡, 𝜆) − 𝑅3 (𝑥, 𝑡, 𝜆) =
1

2𝑖𝜆𝐴 (𝜆)𝐶 (𝜆)
𝑓+
2 (𝑥, 𝜆) 𝑓+

2 (𝑡, 𝜆)

𝑅1 (𝑥, 𝑡, 𝜆) − 𝑅0 (𝑥, 𝑡, 𝜆) =
1

2𝑖𝜆𝐷 (𝜆)𝐶 (𝜆)
𝑓+
1 (𝑥, 𝜆) 𝑓+

1 (𝑡, 𝜆)

𝑅2 (𝑥, 𝑡, 𝜆) − 𝑅1 (𝑥, 𝑡, 𝜆) =
1

2𝑖𝜆𝐷 (𝜆)𝐵 (𝜆)
𝑓−
2 (𝑥, 𝜆) 𝑓−

2 (𝑡, 𝜆)

𝑅3 (𝑥, 𝑡, 𝜆) − 𝑅2 (𝑥, 𝑡, 𝜆) =
1

2𝑖𝜆𝐴 (𝜆)𝐵 (𝜆)
𝑓−
1 (𝑥, 𝜆) 𝑓−

1 (𝑡, 𝜆)

Then we have from (24)

𝜓 (𝑥) = 1
2𝜋 ∫ ∞

0
1

𝐴(𝜆)𝐶(𝜆)𝑑𝜆 ∫
∞
−∞ 𝑓+

2 (𝑥, 𝜆) 𝑓+
2 (𝑡, 𝜆) 𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡−

− 1
2𝜋 ∫ 0

−∞
1

𝐷(𝜆)𝐵(𝜆)𝑑𝜆 ∫
∞
−∞ 𝑓−

2 (𝑥, 𝜆) 𝑓−
2 (𝑡, 𝜆) 𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡−

+ 1
2𝜋 ∫ 𝑖∞0

1
𝐷(𝜆)𝐶(𝜆)𝑑𝜆 ∫

∞
−∞ 𝑓+

1 (𝑥, 𝜆) 𝑓+
1 (𝑡, 𝜆)𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡−

− 1
2𝜋𝑖 ∫

−𝑖∞
0

1
𝐴(𝜆)𝐵(𝜆)𝑑𝜆 ∫

∞
−∞ 𝑓−

1 (𝑥, 𝜆) 𝑓−
1 (𝑡, 𝜆)𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡+

+
𝑙

∑

𝑛=1
Re𝑠2𝜆(∫

∞

−∞
𝑅 (𝑥, 𝑡, 𝜆)𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡)𝜆=𝜆𝑛 .

hus the following theorem is proved

heorem 6. For each 𝜓 (𝑥) ∈ 𝐿2 (−∞,∞) we have the following eigenfunc-
tion expansion is valid

𝜓 (𝑥) = 1
2𝜋 ∫ ∞

0
1

𝐴(𝜆)𝐶(𝜆)𝑑𝜆 ∫
∞
−∞ 𝑓+

2 (𝑥, 𝜆) 𝑓+
2 (𝑡, 𝜆) 𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡−

− 1
2𝜋 ∫ 0

−∞
1

𝐷(𝜆)𝐵(𝜆)𝑑𝜆 ∫
∞
−∞ 𝑓−

2 (𝑥, 𝜆) 𝑓−
2 (𝑡, 𝜆) 𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡−

+ 1
2𝜋 ∫ 𝑖∞0

1
𝐷(𝜆)𝐶(𝜆)𝑑𝜆 ∫

∞
−∞ 𝑓+

1 (𝑥, 𝜆) 𝑓+
1 (𝑡, 𝜆)𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡−

− 1
2𝜋𝑖 ∫

−𝑖∞
0

1
𝐴(𝜆)𝐵(𝜆)𝑑𝜆 ∫

∞
−∞ 𝑓−

1 (𝑥, 𝜆) 𝑓−
1 (𝑡, 𝜆)𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡+

+
𝑙

∑

𝑛=1
Re𝑠2𝜆(∫

∞

−∞
𝑅 (𝑥, 𝑡, 𝜆)𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡)𝜆=𝜆𝑛 .

(25)

f the eigenvalues of the function are simple, then

𝑙
∑

𝑛=1
Re𝑠

(

2𝜆∫

∞

−∞
𝑅 (𝑥, 𝑡, 𝜆)𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡

)

𝜆=𝜆𝑛
=

=
𝑙

∑

𝑛=1
𝐶𝑛 ∫

∞

−∞
𝑓1 (𝑥, 𝜆) 𝑓1 (𝑡, 𝜆)𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡

(26)

where

𝑓1
(

𝑥, 𝜆𝑛
)

=
{

𝑓+
1
(

𝑥, 𝜆𝑛
)

, Im 𝜆𝑛 > 0
− ( )
𝑓1 𝑥, 𝜆𝑛 , Im 𝜆𝑛 < 0

4 
and

𝐶𝑛 = 𝑖

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

1
𝐶1
𝑛
Re 𝑠
𝜆=𝜆𝑛

1
𝐶(𝜆) , 𝜆𝑛 ∈ 𝑆0

1
𝐶2
𝑛
Re 𝑠
𝜆=𝜆𝑛

1
𝐷(𝜆) , 𝜆𝑛 ∈ 𝑆1

1
𝐶1
𝑛
Re 𝑠
𝜆=𝜆𝑛

1
𝐵(𝜆) , 𝜆𝑛 ∈ 𝑆2

1
𝐶1
𝑛
Re 𝑠
𝜆=𝜆𝑛

1
𝐴(𝜆) , 𝜆𝑛 ∈ 𝑆3

Note that the formulas (25) and (26) can be written as follows

− 1
2𝜋 ∫ ∞

0 [𝑆+
2 (𝜆)𝑓+

1 (𝑥, 𝜆) 𝑓+
1 (𝑡, 𝜆) + 1

𝑆+
2 (𝜆)

𝑓−
1 (𝑥, 𝜆) 𝑓−

1 (𝑡, 𝜆)]𝑑𝜆−

− 1
2𝜋 ∫ 0

−∞ [𝑆−
2 (𝜆)𝑓−

1 (𝑥, 𝜆) 𝑓−
1 (𝑡, 𝜆) + 1

𝑆−
2 (𝜆)

𝑓+
1 (𝑥, 𝜆) 𝑓+

1 (𝑡, 𝜆)]𝑑𝜆−

− 1
2𝜋 ∫ ∞

−∞[𝑓+
1 (𝑥, 𝜆) 𝑓−

1 (𝑡, 𝜆) + 𝑓−
1 (𝑥, 𝜆) 𝑓+

1 (𝑡, 𝜆)]𝑑𝜆+

+ 𝑖
2𝜋 ∫ 𝑖∞−𝑖∞ [𝑓+

2 (𝑥, 𝜆) 𝑓−
2 (𝑡, 𝜆) + 𝑓−

2 (𝑥, 𝜆) 𝑓+
2 (𝑡, 𝜆)]𝑑𝜆−

− 𝑖
2𝜋 ∫ 0

−𝑖∞ [𝑆−
1 (𝜆) 𝑓−

2 (𝑥, 𝜆) 𝑓−
2 (𝑡, 𝜆) + 1

𝑆−
1 (𝜆)

𝑓+
2 (𝑥, 𝜆) 𝑓+

2 (𝑡, 𝜆)]𝑑𝜆−

− 𝑖
2𝜋 ∫ 0

−𝑖∞ [𝑆+
1 (𝜆) 𝑓+

2 (𝑥, 𝜆) 𝑓+
2 (𝑡, 𝜆) + 1

𝑆+
1 (𝜆)

𝑓−
2 (𝑥, 𝜆) 𝑓−

2 (𝑡, 𝜆)]𝑑𝜆−

−
𝑙

∑

𝑛=1
𝐶𝑛 ∫

∞

−∞
𝑓1 (𝑥, 𝜆) 𝑓1 (𝑡, 𝜆)𝜌 (𝑡)𝜓 (𝑡) 𝑑𝑡 = 𝛿 (𝑥 − 𝑡)

(27)

. Inverse problem

In this section, using eigenvalue expansion (27) we provide the
olution of the inverse scattering problem of recovering the potential
(𝑥) from the given scattering data 𝑆±

1 (𝜆) , 𝑆±
2 (𝜆).

First, let us consider the following integrals

𝐴1 (𝑥, 𝑡) = ∫ ∞
0 [𝑆+

2 (𝜆) 𝑓+
1 (𝑥, 𝜆) + 𝑓−

1 (𝑥, 𝜆)]𝑒𝑖𝜆𝑡𝑑𝜆

𝐴2 (𝑥, 𝑡) = ∫ ∞
0 [𝑓+

1 (𝑥, 𝜆) + 1
𝑆+
2 (𝜆)

𝑓−
1 (𝑥, 𝜆)]𝑒−𝑖𝜆𝑡𝑑𝜆

𝐴3 (𝑥, 𝑡) = ∫ 0
−∞[𝑓−

1 (𝑥, 𝜆) + 1
𝑆−
2 (𝜆)

𝑓+
1 (𝑥, 𝜆)]𝑒𝑖𝜆𝑡𝑑𝜆

𝐴4 (𝑥, 𝑡) = ∫ 0
−∞[𝑆−

2 (𝜆) 𝑓−
1 (𝑥, 𝜆) + 𝑓+

1 (𝑥, 𝜆)]𝑒−𝑖𝜆𝑡𝑑𝜆

𝐴5 (𝑥, 𝑡) = 𝑖 ∫ 0
−∞[𝑆−

1 (𝑖𝜆) 𝑓−
1 (𝑥, 𝜆) + 𝑓+

1 (𝑥, 𝜆)]𝑒−𝑖𝜆𝑡𝑑𝜆

𝐴6 (𝑥, 𝑡) = 𝑖 ∫ 0
−∞[𝑓−

1 (𝑥, 𝜆) + 1
𝑆−
1 (𝑖𝜆)

𝑓+
1 (𝑥, 𝜆)]𝑒−𝑖𝜆𝑡𝑑𝜆

𝐴7 (𝑥, 𝑡) = 𝑖 ∫ ∞
0 [𝑆+

1 (𝑖𝜆) 𝑓+
1 (𝑥, 𝜆) + 𝑓−

1 (𝑥, 𝜆)]𝑒𝑖𝜆𝑡𝑑𝜆

𝐴8 (𝑥, 𝑡) = 𝑖 ∫ ∞
0 [𝑓+

1 (𝑥, 𝜆) + 1
𝑆+
1 (𝑖𝜆)

𝑓−
1 (𝑥, 𝜆)]𝑒𝑖𝜆𝑡𝑑𝜆

Using the formula (5) we obtain

𝐴1 (𝑥, 𝑡) = ∫ ∞
0 {𝑆+

2 (𝜆) [𝑒𝑖𝜆𝑥 + ∫ ∞
𝑥 𝐾1 (𝑥, 𝜉)𝑒𝑖𝜆𝜉𝑑𝜉]+

+ ∫ ∞
𝑥 𝐾1 (𝑥, 𝜉)𝑒−𝑖𝜆𝜉𝑑𝜉 + 𝑒−𝑖𝜆𝑥}𝑒𝑖𝜆𝑡𝑑𝜆 =

= ∫ ∞
0 [𝑒−𝑖𝜆(𝑥−𝑡) − 𝑖𝑒𝑖𝜆(𝑥+𝑡)]𝑑𝜆 + ∫ ∞

0 [𝑆+
2 (𝜆) + 𝑖]𝑒𝑖𝜆(𝑥+𝑡)𝑑𝜆+

+ ∫ ∞
𝑥 𝐾1 (𝑥, 𝜉) ∫

∞
0 [𝑆+

2 (𝜆) + 𝑖]𝑒𝑖𝜆(𝑡+𝜉)𝑑𝜆𝑑𝜉+

+ ∫ ∞
𝑥 𝐾1 (𝑥, 𝜉) ∫

∞
0 [𝑒−𝑖𝜆(𝜉−𝑡) − 𝑖𝑒𝑖𝜆(𝜉+𝑡)]𝑑𝜆𝑑𝜉

If we similarly calculate the remaining integrals and calculate the
um, we obtain the following expression:

1
2𝜋

8
∑

𝑛=1
𝐴𝑛 (𝑥, 𝑡) =𝐹1 (𝑥 + 𝑡)+𝛿 (𝑥 − 𝑡)+𝐾1 (𝑥, 𝜉)+∫

∞

𝑥
𝐾1 (𝑥, 𝑡)𝐹1 (𝑡 + 𝜉) 𝑑𝜉,

(28)

here

−2𝜋𝐹1 (𝑥 + 𝑡) = ∫ ∞
0 [

(

𝑆+
2 (𝜆) + 𝑖

)

𝑒𝑖𝜆(𝑥+𝑡) +
(

1
𝑆+
2 (𝜆)

− 𝑖
)

𝑒−𝑖𝜆(𝑥+𝑡)]𝑑𝜆+

+ ∫ 0
−∞ [

(

𝑆−
2 (𝜆) + 𝑖

)

𝑒−𝑖𝜆(𝑥+𝑡) +
(

1
𝑆−
2 (𝜆)

− 𝑖
)

𝑒𝑖𝜆(𝑥+𝑡)]𝑑𝜆+

+𝑖 ∫ 𝑖∞0 [
(

𝑆+
1 (𝜆) + 𝑖

)

𝑒𝜆(𝑥+𝑡) +
(

1
𝑆+
1 (𝜆)

− 𝑖
)

𝑒−𝜆(𝑥+𝑡)]𝑑𝜆

+𝑖 ∫ 0 [
(

𝑆− (𝜆) + 𝑖
)

𝑒−𝜆(𝑥+𝑡) +
(

1
− − 𝑖

)

𝑒𝜆(𝑥+𝑡)]𝑑𝜆.
−𝑖∞ 1 𝑆1 (𝜆)
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On the other hand

𝑒±𝑖𝜆𝑡 = 𝑓±
1 (𝑡, 𝜆) + ∫

∞

𝑡
𝐴 (𝑡, 𝜉) 𝑓±

1 (𝜉, 𝜆) 𝑑𝜉.

This is the reason

𝐴1 (𝑥, 𝑡) = ∫ ∞
0 [𝑆+

2 (𝜆) 𝑓+
1 (𝑥, 𝜆) + 𝑓−

1 (𝑥, 𝜆)]𝑒𝑖𝜆𝑡𝑑𝜆 =
= ∫ ∞

0 [𝑆+
2 (𝜆) 𝑓+

1 (𝑥, 𝜆) + 𝑓−
1 (𝑥, 𝜆)][𝑓+

1 (𝑡, 𝜆) + ∫ ∞
𝑡 𝐴 (𝑡, 𝜉) 𝑓+

1 (𝜉, 𝜆) 𝑑𝜉]𝑑𝜆 =
= ∫ ∞

0 [𝑆+
2 (𝜆) 𝑓+

1 (𝑥, 𝜆) 𝑓+
1 (𝑡, 𝜆) + 𝑓+

1 (𝑡, 𝜆) 𝑓−
1 (𝑥, 𝜆)]𝑑𝜆+

+ ∫ ∞
𝑡 𝐴 (𝑡, 𝜉) ∫ ∞

0 [𝑆+
2 (𝜆) 𝑓+

1 (𝑥, 𝜆) 𝑓+
1 (𝜉, 𝜆) + 𝑓+

1 (𝜉, 𝜆) 𝑓−
1 (𝑥, 𝜆)]𝑑𝜆𝑑𝜉.

If we calculate the remaining integral analogously and add the sum,
we obtain that

− 1
2𝜋

8
∑

𝑛=1
𝐴𝑛 (𝑥, 𝑡) = 𝛿 (𝑥 − 𝑡) −

𝑙
∑

𝑛=1
𝐶𝑛𝑓

+
1
(

𝑥, 𝜆𝑛
)

𝑒𝑖𝜆𝑛𝑡 + 𝐴 (𝑡, 𝑥) . (29)

Since for 𝑡 > 𝑥, 𝐴 (𝑡, 𝑥) = 0, we obtain by comparing formulas (27)
and (28)

𝐹 (𝑥 + 𝑡) +𝐾1 (𝑥, 𝑡) + ∫

∞

𝑥
𝐾1 (𝑥, 𝜉)𝐹 (𝑡 + 𝜉) 𝑑𝜉 = 0 (30)

where

𝐹 (𝑥 + 𝑡) = 𝐹1 (𝑥 + 𝑡) +
𝑙

∑

𝑛=1
𝐶𝑛𝑒

𝑖𝜆𝑛(𝑥+𝑡)

The following theorem can be proved in a similar way

Theorem 7. For 𝑡 > 𝑥 > 0 the kernel

𝐾1 (𝑥, 𝑡)

of representation (5) satisfies main Eq. (29).
Similarly, the following theorem can be proved

Theorem 8. For 𝑡 < 𝑥 < 0 the kernel 𝐾2 (𝑥, 𝑡) of representation (6) satisfies
to the main equation

𝐹 (𝑥 + 𝑡) +𝐾2 (𝑥, 𝑡) + ∫

𝑥

−∞
𝐾2 (𝑥, 𝜉)𝐹 (𝑡 + 𝜉) 𝑑𝜉 = 0, (31)

where

𝐹 (𝑥 + 𝑡) = − 𝑖
2𝜋 ∫ ∞

0 [
(

𝑆+
2 (𝜆) + 𝑖

)

𝑒𝑖𝜆(𝑥+𝑡) +
(

1
𝑆+
2 (𝜆)

− 𝑖
)

𝑒−𝑖𝜆(𝑥+𝑡)]𝑑𝜆+

− 𝑖
2𝜋 ∫ 0

−∞ [
(

𝑆−
2 (𝜆) + 𝑖

)

𝑒−𝑖𝜆(𝑥+𝑡) +
(

1
𝑆−
2 (𝜆)

− 𝑖
)

𝑒𝑖𝜆(𝑥+𝑡)]𝑑𝜆+

− 1
2𝜋 ∫ 𝑖∞0 [

(

𝑆+
1 (𝜆) + 𝑖

)

𝑒𝜆(𝑥+𝑡) +
(

1
𝑆+
1 (𝜆)

− 𝑖
)

𝑒−𝜆(𝑥+𝑡)]𝑑𝜆

− 1
2𝜋 ∫ 0

−𝑖∞ [
(

𝑆−
1 (𝜆) + 𝑖

)

𝑒−𝜆(𝑥+𝑡) +
(

1
𝑆−
1 (𝜆)

− 𝑖
)

𝑒𝜆(𝑥+𝑡)]𝑑𝜆+

+
𝑙

∑

𝑛=1
𝐶̃𝑛𝑒

𝜆𝑛(𝑥+𝑡)

Lemma 1 and the formula (25) guarantee the convergence of these
integrals.

6. Uniqueness

Theorem 9. For any 𝑥 ∈ [0,∞), main Eq. (30) has a unique solution
belonging to 𝐿2[𝑥,∞)

Proof.
Taking into account the estimations

∫ ∞
0

|

|

𝐹1 (𝑥)|| 𝑑𝑥 <∞, ∫ ∞
0 (1 + 𝑥) ||

|

𝑑
𝑑𝑥𝐹1 (𝑥)

|

|

|

𝑑𝑥 <∞,

∫ 0
−∞

|

|

𝐹1 (𝑥)|| 𝑑𝑥 <∞, ∫ 0
−∞ (1 − 𝑥) ||

|

𝑑
𝑑𝑥𝐹1 (𝑥)

|

|

|

𝑑𝑥 <∞

we can state that the kernel 𝐹1 (𝑡 + 𝜉) generates a completely continuous
operator in space 𝐿2 (𝑥,∞) for each 𝑥 ≥ 0. Therefore, it is enough to
show that the homogeneous equation

𝑓 (𝑡) +
∞
𝑓 (𝜉)𝐹 (𝑡 + 𝜉) 𝑑𝜉 = 0 (32)
∫𝑥

5 
has only a trivial solution in the space 𝐿2[𝑥,∞).

Let us denote by 𝑍𝑥 (𝑡) the solution of the Volterra integral equation

𝑓 (𝑡) = 𝑍𝑥 (𝑡) + ∫

𝑡

𝑥
𝐾 (𝜉, 𝑡)𝑍𝑥 (𝜉) 𝑑𝜉 (33)

hen from (32) we have

𝑍𝑥 (𝑡) + ∫ 𝑡𝑥 𝑍𝑥 (𝜉)[𝐹 (𝑡 + 𝜉) +𝐾 (𝜉, 𝑡) + ∫ ∞
𝑥 𝐹 (𝑡 + 𝑢)𝐾 (𝜉, 𝑢) 𝑑𝑢]𝑑𝜉+

+ ∫ ∞
𝑡 𝑍𝑥 (𝜉)[𝐹 (𝑡 + 𝜉) +𝐾 (𝜉, 𝑡) + ∫ ∞

𝜉 𝐹 (𝑡 + 𝑢)𝐾 (𝜉, 𝑢) 𝑑𝑢]𝑑𝜉 = 0

From the main Eq. (30) we find

𝑍𝑥 (𝑡) + ∫

∞

𝑡
𝑍𝑥 (𝜉)[𝐹 (𝑡 + 𝜉) +𝐾 (𝜉, 𝑡) + ∫

∞

𝜉
𝐹 (𝑡 + 𝑢)𝐾 (𝜉, 𝑢) 𝑑𝑢]𝑑𝜉 = 0.

Taking into account estimates

|𝐹 (𝑡)| ≤ ∫ ∞
𝑡

|

|

𝐹 ′ (𝑠)|
|

𝑑𝑠 = 𝛼 (𝑡)
|𝐾 (𝑥, 𝑦)| ≤ |𝐹 (𝑥 + 𝑦)| + ∫ ∞

𝑥 |𝐾 (𝑥, 𝑡)| |𝐹 (𝑡 + 𝑦)| 𝑑𝑡 ≤
≤ 𝛼 (𝑥 + 𝑦) + 𝛼 (𝑥 + 𝑦) ∫ ∞

𝑥 |𝐾 (𝑥, 𝑡)|𝑑𝑡 ≤ 𝐶𝛼 (𝑥 + 𝑦) , 𝐶 − 𝑐𝑜𝑛𝑠 tan 𝑡

and

∫

∞

𝑥
|𝐾 (𝑥, 𝑡)𝐹 (𝑡 + 𝑦)|𝑑𝑡 ≤ |𝐾 (𝑥, 𝑦)| + |𝐹 (𝑥 + 𝑦)| ≤ 𝐶1𝛼 (𝑥 + 𝑦)

in Eq. (39) we obtain that 𝑍𝑥 (𝑡) = 0 for 𝑡 ≥ 𝑥. This implies 𝑓 (𝑡) ≡ 0.
The theorem is proved.

Theorem 10. For any 𝑥 ∈ (−∞, 0] main Eq. (30) has a unique solution
belonging to 𝐿2(−∞, 𝑥]

The Theorem 10 can be proved analogously.

7. Conclusions

In this paper, we discuss plane-wave propagation in the layered
medium. For this purpose, we use complex potentials that have allowed
for the modelling of neutron absorption where the imaginary potential
signifies emission or absorption. Although there are various studies
about the spectral analysis of these problems, many are for regular
Sturm–Liouville boundary value problems. Moreover, our approach to
investigating the eigenvalues and spectral singularities differs signifi-
cantly from other papers. By using the integral representation of the
Jost solutions on the real and imaginary axes, we solved the direct
scattering problem. Integral equations play a crucial role in solving the
inverse problem and ultimately prove the uniqueness theorem for the
solution. It should be noted that a similar investigation can be done for
using new differential operators, such as those presented in.2,10,22
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