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Abstract Thiswork is dedicated to themodeling and solution of eigenvalue problemswithin shear deformation
theory (SDT) of laminated cylindrical shells containing nanocomposite plies subjected to axial compressive
load in thermal environments. In this study, the shear deformation theory for homogeneous laminated shells is
extended to laminated shells consisting of functionally graded (FG) nanocomposite layers. The nanocomposite
plies of laminated cylindrical shells (LCSs) are arranged in a piecewise FG distribution along the thickness
direction. Temperature-dependent material properties of FG-nanocomposite plies are estimated through a
micromechanical model, and CNT efficiency parameters are calibrated based on polymer material properties
obtained from molecular dynamics simulations. After mathematical modeling, second-order time-dependent
and fourth-order coordinate-dependent partial differential equations are derived within SDT, and a closed-form
solution for the dimensionless frequency parameter and critical axial load is obtained for first time. After the
accuracy of the applied methodology is confirmed by numerical comparisons, the unique influences of ply
models, the number and sequence of plies and the temperature on the critical axial load and vibration frequency
parameter within SDT and Kirchhoff–Love theory (KLT) are presented with numerical examples.

Keywords Laminated cylindrical shells · Nanocomposite plies · Thermal effect · Axial critical load ·
Frequency parameter · Shear deformation theory

1 Introduction

Since polymers have been frequently used in different areas of technology and our daily life in the last century,
their chemical, physical and mechanical properties have been examined in detail in different environments
and workers. Starting from the beginning of the twenty-first century, nanomaterials, the latest achievement of
material science, began to be used to further improve the functionality of polymers and expand their appli-
cations [1]. The unique structure of carbon nanotubes (CNTs) and their extraordinary mechanical, electrical,
optical and thermal properties have been proven theoretically and experimentally, enabling them to be used as
main structural elements as well as reinforcement elements [2–4].While CNTs typically provide highmechan-
ical strength, electrical conductivity and thermal stability, polymers are tunable structures and can be easily
produced by a solution or melting process at low costs, keeping CNT/polymer composites, which are their
mixtures, always on the agenda. The synthesis, structure, properties and possible applications of CNT/polymer
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materials are extensively investigated in both academia and industry [5–7]. CNT/polymer nanocomposites are
also widely used in the aerospace industry and defense industry, where lightness, high strength and resistance
to high temperatures and energy are required, as well as high conductivity, strength and thermal stability [8,
9]. The use of nanocomposites as different structural elements in industries requiring advanced technology
should be based on serious mathematical modeling to examine their behavior. The literature review presented
above clearly shows that the stability and vibration issues of FG-nanocomposite cylindrical shells subjected to
axial load in thermal environments have received limited attention yet in the framework of SDT. In fact, it is
known that the first studies on the stability of layered nanocomposite cylindrical shells were proposed by Shen
and co-authors [10–13]. However, in those studies, graphene-reinforced composite (GRC) layered cylindrical
shells, whose layers consist of isotropic material, are used. Additionally, in those studies, the nonlinear stability
problem of GRC layered cylindrical shells subjected to different individual loads such as axial, lateral and
torsional loads is solved numerically using the Galerkin approach, followed by the singular perturbation tech-
nique with the two-stage perturbation approach. Following these studies, Ninh and his colleagues examined
the dynamic behavior of GRC layered structural elements resting on the various elastic foundations using
different theories [14–17]. Among the studies on the stability and vibration behavior of laminated structural
elements consisting of FG-nanocomposite layers with orthotropic properties, the studies of Liew et al. [18,
19] can be shown as one of the first studies. In those studies, the vibrations of laminated plates and cylindrical
panels consisting of FG-nanocomposite layers were solved numerically using the Galerkin approach and the
element-free kp-Ritz method. Duc et al. [20] proposed an analytical and finite element approach for the buck-
ling problem of laminated FG-nanocomposite plates. Chakraborty et al. [21] presented stability and vibration
analysis of FG-nanocomposite laminated cylindrical shell panels using semi-analytical approach.

In this study, the shear deformation theory proposed by Ambartsumyan [22] is extended to laminated
cylindrical shells, the basic relations and governing equations are modified, and the closed-form solution based
on new relations and equations are proposed. Following this trend, research in this field continues, although
it is sparse. Among them, Avey et al. [23, 24] analyzed the vibration of shallow shell and thermal buckling
of conical shells composed of laminated FG-nanocomposite plies within SDT. Shen et al. [25] examined
buckling behaviors of axially loaded laminated cylindrical shells made of FG-nanocomposite plies in the
thermal environments using the asymptotic sense by means of a singular perturbation technique in associate
with a two-step perturbation approach.

The organization of the present work is as follows: in Sect. 2, the basic partial differential equations valid
for the stability and vibration of laminated cylindrical shells consisting of nanocomposite plies subjected to
axial compressive loading are determined. In Sects. 3 and 4, basic partial differential equations are transformed
into ordinary differential equations by the Galerkin method and a closed-form solution for vibration frequency
and critical axial load within SDT is obtained. The proposed approach is validated and applied in a large
systematic study in Sect. 5, the results of which are summarized in Sect. 6.

2 Multiscale modeling of laminated nanocomposite cylindrical shells under axial load

As shown in Fig. 1, a laminated cylindrical shell containing N nanocomposite plies with length L , average
radius R and total thickness h is considered. It is assumed that the plies are perfectly and rigidly bonded to
each other and that the plies do not break away from each other when a deformation occurs. The cylindrical
shell consisting of N plies have the piecewise continuous FG model, and each ply consists of CNT-reinforced
polymer matrix and has the same CNT volume fraction. The cylindrical shell has curvilinear coordinates (x ,
y, z) where x is in the axial direction, y is in the circumferential direction, and z is in the inward normal
direction to the reference surface. The origin of the coordinate system is located on the reference surface of
the cylinder and is selected at its left end. Three perpendicular displacements of any point on the reference
surface are represented as U , V and W , respectively.

The Airy stress function, �, provides the following relations:

(N11, N22, N12) �
(
h

∂2�

∂y2
, h

∂2�

∂x2
, − h

∂2�

∂x∂y

)
(1)

The pre-buckling properties of the laminated nanocomposite cylindrical shells can be expressed as follows,
denoted by the superscript “0” [26–29]:

N 0
11 � −Nax, N 0

22 � N 0
12 � 0 (2)



Modeling and solution of eigenvalue problems of laminated cylindrical shells 3073

Fig. 1 Laminated cylindrical shell under an axial load and coordinate system

where N 0
i j are the membrane forces for the condition with zero initial moments and Nax is an axial load.

To extend shear deformation theory of the Ambartsumyan to the functionally graded nanocomposite shells,
equivalent material properties need to be estimated to account for the influence of CNTs. For this purpose,
multiscale modeling of CNTs and matrix is performed in the study. It is known that the effective material
properties of nanocomposites largely depend on the structure of CNTs [6, 7, 30–33]. To predict the effective
material properties forming the plies of laminated nanocomposite cylindrical shells, the extended Voigt model
(mixture rule) is used, where the CNT efficiency parameters are defined to account for the size dependence of
the resulting nanostructures [33–35].

According to this rule, the effective Young’s modulus and shear modulus of each ply can be estimated as
follows [18, 21, 23, 24]:

Y (k)
11(z1,T)

� η
(k)
1 V (k)

cn Y cn(k)
11T + V (k)

p Y (k)
pT ,

η
(k)
2

Y (k)
22(z1,T)

� V (k)
cn

Y cn(k)
22T

+
V (k)
p

Y (k)
pT

,
η
(k)
3

G(k)
12(z1,T)

� V (k)
cn

Gcn(k)
12T

+
V (k)
p

G(k)
pT

,

G(k)
13(z1,T)

� G(k)
12(z1,T)

, G(k)
23(z1,T)

� 1.2G(k)
12(z1,T)

(3)

where Y cn(k)
i iT , Gcn(k)

i jT (i � 1, 2, j � 1, 2, 3) and Y (k)
pT , G

(k)
pT are the Young and shear moduli of the CNT and

polymer, respectively, in the kth-ply, V (k)
cn and V (k)

p represent the volume fractions of CNTs and polymer matrix

in the kth-ply, respectively, and they are related by the equation V (k)
cn +V (k)

p � 1. To account for the small-scale

influence, the efficiency parameters of CNT denoted by symbols η
(k)
j ( j � 1, 2, 3) are obtained by matching

the Young’s moduli of the nanocomposite-ply predicted from the extended Voight models to those from the
MD simulations, as previously reported in Ref. [35].

Temperature-dependent material properties are also considered in the current study, and thermal expansion
coefficients of nanocomposite-ply in the longitudinal and transverse directions are defined as [36–39]:

α
(k)
11(z1,T)

� V (k)
cn Y cn(k)

11T α
cn(k)
11T + V (k)

p Y (k)
pT α

p(k)
T

V (k)
cn Y cn(k)

11T + V (k)
p Y (k)

pT

,

α
(k)
22(z1,T)

�
(
1 + ν

cn(k)
12

)
V (k)
c α

cn(k)
22T +

(
1 + ν(k)p

)
V (k)
p α

(k)
pT − ν

(k)
12 α

(k)
11(z1,T)

(4)

where, αcn(k)
i iT and α

(k)
pT are the thermal expansion coefficients of CNTs and the polymer in the kth-ply, respec-

tively.
Since the Poisson ratio and mass density of the nanocomposite layer vary within a small range, the Poisson

ratio and mass density of the components can be easily expressed according to the conventional mixing rule
as:

ν
(k)
12 � V ∗(k)

cn ν
cn(k)
12 + V (k)

p ν p(i), ρ
(k)
t � V ∗(k)

cn ρ(k)
cn + V (k)

p ρ(k)
p (5)

The mathematical laws which characterize the CNT volume fraction distributions in the kth-ply are given
as follows [36]:

V (k)
cn � V ∗(k)

cn (U ) (6a)

V (k)
cn � 2(0.5 − z1)V

∗(k)
cn (V ) (6b)
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Fig. 2 The patterns in the layers a (U), b (♦), c (V) and d (X)

V (k)
cn � 2(1 − 2|z1|)V ∗(k)

cn (♦) (6c)

V (k)
cn � 4|z1|V ∗(k)

cn (X) (6d)

where

1

V ∗(k)
cn

� ρ
(k)
cn

m(k)
cn ρ

(k)
p

− ρ
(k)
cn

ρ
(k)
p

+ 1 (7)

in which m(k)
cn denotes the mass fraction of CNTs, ρ(k)

cn and ρ
(k)
p are densities of CNTs and matrix phase in the

kth-ply, respectively. The models in the plies are modeled as (♦), (V ), (X) and (U) according to their shape
similarities (see Fig. 2):

3 Governing equations

The basic relationships of laminated cylindrical shells consisting of nanocomposite plies with thermoelastic
material properties within SDT are defined as follows: [23, 36, 37]:⎡

⎢⎢⎣
τ
(k)
11

τ
(k)
22

τ
(k)
12

⎤
⎥⎥⎦ �

⎡
⎢⎣
Q(k)

11(z1,T ) Q(k)
12(z1,T ) 0

Q(k)
21(z1,T ) Q(k)

22(z1,T ) 0

0 0 Q(k)
66(z1,T )

⎤
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⎡
⎣

ε11

ε22

γ12

⎤
⎦ −

⎡
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(k)
11T

τ
(k)
22T

0

⎤
⎥⎦ (8)
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]
(9)
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α
(k)
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α
(k)
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(k)
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[
Q(k)
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0 Q(k)
22(z,T)

][
α

(k)
11(z1,T)

α
(k)
22(z1,T)

]
(T − T0)

(10)

where τ
(k)
i j and τ

(k)
i iT are the stresses and thermal stresses in the τ

(k)
i iT-ply, εi i , γi j are the strains, T − T0 � �T

is the temperature change, at the reference temperature T0 the thermal strains are absent and the elements of
elastic constant tensor Q(k)

i j are given by:
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13(z1,T), Q(k)

66(z1,T) � G(k)
12(z1,T).

(11)

in which − h
2 + h(k−1)

N ≤ z ≤ − h
2 + hk

N .
Unlike other theories, the SDT of the Ambartsumyan is based on the following assumptions [28].

(a) The displacement uz normal to the middle surface in each ply is independent of z coordinate.
(b) The shear stress τ

(k)
13 and τ

(k)
23 or the corresponding strains γ

(k)
13 and γ

(k)
23 change according to a given law

with respect to the thickness of each ply.
(c) The effect of normal stress τ

(k)
33 is disregarded during the determination of the displacements u(k) and v(k)

as well as in determining stresses τ
(k)
11 and τ

(k)
22 .
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One the basis of assumptions (a) and (b) for the kth-ply, it is assumed that approximately:

ε
(k)
33 � ∂u(k)

3

∂z
�, u(k)

3 � u(k)
3 (x , y, t) � w(x , y, t) (12)

τ
(k)
33 � 0, τ

(k)
13 � d f (k)

1

dz
ϕ1(x , y, t), τ

(k)
23 � d f (k)

2

dz
ϕ2(x , y, t). (13)

where ϕi (x , y, t) represent the rotation of the normal to mid-surface about y and x axes, f (k)(z) represents
the shape functions that determine the distribution of transverse shear deformations and stresses throughout
the thickness in the kth-ply and is a parabolic function.

By using Eqs. (8)–(10), (12) and (13) together, the strains within SDT based on the extended theory can
be written as follows [23, 28]:

⎡
⎣

ε11

ε12

γ12

⎤
⎦ �

⎡
⎢⎢⎣

ε011 − z ∂2w
∂x2

+ 
(k)
1(z,T )

∂ϕ1
∂x
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⎤
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where ε011, ε022, γ 0
12 are the strain components on the reference surface and 

(k)
i(z, T ) are defined by


(k)
1(z,T ) �

z∫
0

1

Q(k)
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(k)
2(z,T ) �
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0

1
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d f (k)
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The force and moment components can be expressed as follows with the help of stress field components
within SDT assumptions [25–29]:

[
Ni j , Qi , Mi j

] �
N∑

k�1

zk∫
zk−1

[
σ
(k)
i j , σ

(k)
i3 , zσ (k)

i j

]
dz. (16)

The thermal forces and moments (NT
ii , M

T
ii ) caused by elevated temperature are defined by [24, 36, 37]:

(
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T
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)
�

N∑
k�1

zi∫
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(k)
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�
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0

0 Q(k)
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α
(k)
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α
(k)
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]
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(17)

The dynamic stability equations of laminated cylindrical shells subjected to the axial load can be defined
as follows [27]:

∂M11

∂x
+

∂M12

∂y
− Q1 � 0,

∂M21

∂x
+

∂M22

∂y
− Q2 � 0,

∂2ε011

∂y2
+

∂2ε022

∂x2
− ∂2γ 0

12

∂x2
+

1

R

∂2w

∂x2
� 0,

∂Q1

∂x
+

∂Q2

∂y
+
Ny

R
− Nax

∂2w

∂x2
� ρ1

∂2w

∂t2
.

(18)

where ρ1 �
N∑

k�1

zk∫
zk−1

ρ
(k)
t dz.

By combining Eqs. (8)-(10), (14), (16) and (18) including thermal effects (17), the dynamic stability
equations of laminated cylindrical shells made of nanocomposite-plies under axial load is obtained as follows:

⎡
⎢⎣
L11 L12 L13 L14
L21 L22 L23 L24
L31 L32 L33 L34
L41 L42 L43 L44

⎤
⎥⎦

⎡
⎢⎢⎢⎣

�

w

ϕ1

ϕ2

⎤
⎥⎥⎥⎦ �

⎡
⎢⎢⎢⎣
0

0

0

0

⎤
⎥⎥⎥⎦ (19)

where Li j are differential operators and defined in Appendix A.
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4 Solution procedure

The twoendsof the laminated cylindrical shell consistingof nanocomposite-pies are subject to simply supported
boundary conditions and are mathematically expressed as [36]:

At x � 0, L w � ∂2�

∂y2
� ϕ2 � M11 � 0 (20)

where the closed or periodicity condition is expressed as

2πR∫
0

∂v

∂y
dy � 0 (21)

The solution of the set of Eqs. (19) under boundary conditions (20) is sought as follows [27, 28]:

� � �(t) sin
(mπ

L
x
)
sin

( n

R
y
)
cos�t , w � w(t) sin

(mπ

L
x
)
sin

( n

R
y
)
cos�t ,

ϕ1 � ϕ1(t) cos
(mπ

L
x
)
sin

( n

R
y
)
cos�t , ϕ2 � ϕ2(t) sin

(mπ

L
x
)
cos

( n

R
y
)
cos�t.

(22)

where �(t), w(t), ϕ1(t), ϕ2(t) are unknown time-dependent parameters, � is the frequency and (m, n) are the
wave modes.

Applying theGalerkin procedure, incorporating (22) intoEq. (19) and taking into account (2), the non-trivial
solution of the resulting system of matrix equations is found by setting the determinant of the characteristic
matrix equal to zero:

∣∣∣∣∣∣∣
S11 −S12 S13 S14
S21 −S22 S23 S24
S31 −S32 S33 S34
S41 S42 S43 S44

∣∣∣∣∣∣∣
� 0 (23)

where S42 � Nax
(mπ

L

)2 − ρ1�
2 and other Si j are given in Appendix B.

At � � 0, solving Eq. (23), we obtain an expression for the non-dimensional critical axial load:

N crst
1ax � N crst

ax

Y (k)
pT0

h
(24)

where Y (k)
pT0

is the Young modulus of polymer in the kth-ply at T0 � 300 (K) (at room temperature) and N crst
ax is

the critical axial load of laminated cylindrical shells consisting of nanocomposite-plies in thermal environments
based on the SDT and defined as

N crst
ax � L2

m2π2

S41P1 + S43P3 + S44P4
P2

(25)

in which Pi are defined by

P1 � −
∣∣∣∣∣∣
S12 S13 S14
S22 S23 S24
S32 S33 S34

∣∣∣∣∣∣, P2 �
∣∣∣∣∣∣
S11 S13 S14
S21 S23 S24
S31 S33 S34

∣∣∣∣∣∣, P3 � −
∣∣∣∣∣∣
S11 S12 S14
S21 S22 S24
S31 S32 S34

∣∣∣∣∣∣, P4 �
∣∣∣∣∣∣
S11 S12 S13
S21 S22 S23
S31 S32 S33

∣∣∣∣∣∣ (26)

As Nax � 0, solving Eq. (23), we obtain an expression for the non-dimensional frequency parameter of
laminated cylindrical shells consisting of nanocomposite-plies in thermal environments based on the SDT:

�st
1 � �st L

2

h

√√√√ ρ
(k)
p

Y (k)
pT0

(27)
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Table 1 Temperature-dependent material properties for (10, 10) SWCNT

(in K) (in TPa) (in 1/K)

Temperature Y cn(k)
11T Y cn(k)

22T Gcn(k)
12T α

cn(k)
11T /106 α

cn(k)
22T /106

300 5.6465 7.0800 1.9445 3.4584 5.1641
500 5.5308 6.9348 1.9643 4.5361 5.0120
700 5.4744 6.8641 1.9644 4.6677 4.8846

where �st is the frequency of laminated cylindrical shells consisting of nanocomposite-plies in thermal envi-
ronments within SDT and expressed by

�st �
√
S41P1 + S43P3 + S44P4

P2ρ1
(28)

Theminimumvalues of the non-dimensional frequency and critical axial load of laminated cylindrical shells
consisting of nanocomposite-plies are obtained by minimizing (24) and (27) according to the wave modes.
As the transverse shear deformations are removed from the basic relations, the non-dimensional frequency
and critical axial load quantities are obtained within K–L theory. When dimensionless frequency and critical
axial load values are presented within the framework of K–L theory in the tables and figures presented in the
following stages, K–L is written on the top of these symbols, that is, they are shown as N crkl

1ax and �kl
1 .

5 Numerical results and discussion

5.1 Material properties in thermal environments

In this section, numerical results are presented for the critical axial load and frequency parameter of the
laminated nanocomposite cylinders, whose material properties depend on the temperature. The nanocomposite
plies are composed of Poly (methyl methacrylate) matrix called PMMA reinforced with (10, 10) SWCNTs.
The material properties of PMMA are assumed to be [37]:

Y (k)
pT � (3520 − 3.4 · T )MPa, ν(k)

p � 0.34, α
(k)
pT � (45 + 0.0225�T ) × 10−6/K (29)

and the elastic and thermal properties of (10,10) SWCNTs are assumed to be:

Y cn(k)
11T �6.18387 − 2.86 × 10−3T + 4.22867 × 10−6T 2 − 2.2724 × 10−9T 3

Y cn(k)
22T �7.75348 − 3.58 × 10−3T + 5.30057 × 10−6T 2 − 2.84868 × 10−9T 3

Gcn(k)
12 �1.80126 + 0.77845 × 10−3T − 1.1279 × 10−6T 2 + 4.93484 × 10−10T 3

α
cn(k)
11T �

(
−1.12148 + 2.289 × 10−2T − 2.88155 × 10−5T 2 + 1.13253 × 10−8T 3

)
· 10−6/K

α
cn(k)
22T �(

5.43874 − 9.95498 × 10−4T + 3.13525 × 10−7T 2 − 3.56332 × 10−12T 3) · 10−6/K (30)

The material properties of PMMA are Y (k)
pT0

� 2500MPa, α
(k)
pT0

� 45 × 10−6/K for T0 � 300K. The
temperature-dependent material properties for (10, 10) SWCNT with a length of 9.26 nm, an average radius
of 0.68 nm, and a thickness of 0.067 nm and ν

cn(k)
12 � 0.175 in the kth-ply for different T are listed in Table 1

using Eq. (30).
The CNT efficient parameters in the kth-ply are defined as:

η
(k)
1 � 0.137, η

(k)
2 � 1.022, η

(k)
13 � 0.715 for V ∗(k)

cn � 0.12

η
(k)
1 � 0.142, η

(k)
2 � 1.626, η

(k)
13 � 1.138 for V ∗(k)

cn � 0.17

η
(k)
1 � 0.141, η

(k)
2 � 1.585, η

(k)
13 � 1.109 for V ∗(k)

cn � 0.28

(31)
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Table 2 Comparison of dimensionless critical axial load of the single layer nanocomposite cylindrical shell in thermal environ-
ments with the results of the Shen [36]

Ñ crst
ax (in kPa), (mcr, ncr) for V

∗(k)
cn � 0.12

Uniform (U) Sandglass profile (X)

Temperature Z � 100
T (K) Ref. [36] Present study Ref. [36] Present study
300 74.46 (1,4) 74.45 (1,4) 87.36 (1,4) 86.99 (1,4)
500 58.69 (1,4) 58.77 (1,4) 70.65 (1,4) 70.77 (1,4)
700 44.33 (1,4) 44.61 (1,4) 55.46 (1,4) 54.72 (1,4)
T (K) Z � 300
300 75.85 (2,4) 75.86 (2,4) 89.61 (1,3) 89.19 (1,3)
500 61.09 (2,4) 60.98 (2,4) 67.94 (1,3) 67.63 (1,3)
700 41.95 (1,3) 42.32 (1,3) 46.18 (1,3) 45.99 (1,3)
T (K) Z � 500
300 75.17 (2,4) 75.20 (2,4) 86.39 (2,4) 85.82 (2,4)
500 58.35 (2,4) 58.55 (2,4) 68.57 (2,4) 68.54 (2,4)
700 42.53 (2,4) 41.69 (2,4) 47.42 (1,3) 47.64 (1,3)

Table 3 Comparison the non-dimensional frequency parameter (�
st
) for (0°/90°/0°/90°/0°)-array laminated nanocomposite

square plates consisting of U and X model plies

�
st
for U model

V ∗(k)
cn � 0.11 V ∗(k)

cn � 0.14 V ∗(k)
cn � 0.17

Lei et al. [18] 14.277 15.270 17.709
Present study 14.200 14.464 17.007

�
st
for X model

Lei et al. [18] 14.383 15.397 17.882
Present study 14.617 15.281 18.083

5.2 Comparative examples

As part of the validation of the current method, the critical axial load of single-layer nanocomposite cylindrical
shells in thermal environments in the framework of SDT is compared in Table 2with the results of the Shen [36],
who use the high-order shear deformation shell theory and singular perturbation technique. The mechanical
and thermal properties of nanocomposite piles are calculated by the formula (30) and are presented in Table 1
and in the expression (31). In order for us to be able to compare with the results of the Shen [36] , the expression
of the critical axial load (25) has been converted to the form used in that study: Ñ crst

ax � 2πR · N crst
ax . Here

(mcr, ncr) are the wave numbers corresponding to the minimum values of the critical axial load. The geometric
shell characteristics were taken from the Shen [36] and are as follows: R/h � 30, h � 2 mm, Z � L2/Rh
and V ∗(k)

cn � 0.12. Here Z is the Batdorf shell parameter. As expected, the results of the Shen [32] are in good
agreement with our results.

In the second example, a comparison of the dimensionless frequency parameter (�
st
) with the results of Lei

et al. [18] is presented in Table 3 for cross-ply-laminated nanocomposite square plates with (0°/90°/0°/90°/0°)-
array within SDT for L � b � 10h, (m, n) � (1, 1). Material properties of the matrix layers consisting
of PmPV are: Y (k)

p � 2.1GPa, ν(k)
p � 0.34 and ρ

(k)
p � 1150 kg/m3. The mechanical properties of CNT are:

Y (k)
11cn � 5.6466TPa, Y (k)

22cn � 7.08TPa, G(k)
12cn � 1.9445TPa, ν

(k)
12cn � 0.175 and ρ

(k)
cn � 1400 kg/m3. The

CNT efficiency parameters in the layers are as follows: η(k)1 � 0.149, η
(k)
2 � η

(k)
3 � 0.934 for V ∗(k)

cn � 0.11,

η
(k)
1 � 0.15, η

(k)
2 � η

(k)
3 � 0.941 for V ∗(k)

cn � 0.14 and η
(k)
1 � 0.149, η

(k)
2 � η

(k)
3 � 1.381 for V ∗(k)

cn � 0.17.

The values of �
st
for cross-ply-laminated plates consisting of plies with U and X models are compared with

the results of the Lei et al. [18], who use the kp-Ritz method in the solution. The �
st
is calculated using the

expression: �
st � �st

(
L2/h

)√
ρ
(k)
p /E (k)

p at k � 5. Here, �
st
is calculated using Eq. (28) at R → ∞. Table 3

also reveals that the �
st
values of the cross-ply-laminated nanocomposite plate consisting of five piles (k � 5)

containing U and X model plies are in good agreement.
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Table 4 Comparison of the results including the effects of temperature and CNT volume fraction on the �
st
with the results of

Ref. [37]

�
st
(n � 2)

V ∗(1)
cn Models Shen and Xiang [37] Present study Shen and Xiang [37] Present study

T (K) � 300 K T (K) � 700 K

0.12 U 2.0449 2.0485 1.4322 1.4497
V 2.0847 2.0890 1.4661 1.4618
X 2.1253 2.1145 1.5293 1.5122

0.17 U 2.6196 2.6242 1.8951 1.8540
V 2.6774 2.6838 1.9459 1.8767
X 2.7457 2.7317 2.0382 1.9470

0.28 U 2.8020 2.8070 1.8568 1.8965
V 2.8683 2.8857 1.9192 2.0254
X 3.0480 3.0355 2.1485 2.1724

Fig. 3 Cross-sections of single-layer and laminated cylindrical shells consisting of various array plies

In the third example, the comparison of the results including the effects of temperature and CNT volume

fraction on the non-dimensional frequency parameter (�
st � �st R2

h

√
ρ
(1)
p

Y (1)
pT0

) for nanocomposite cylindrical

shells with the solutions of Ref. [37], who use an improved perturbation technique is presented. The laminated
cylindrical shell containing layers with the U, V and X models and for three different volume fractions is
reduced to the single-layer cylindrical shell in thermal environments. The expression (28) is used for the
calculation of the frequency �st, at Z � L2/Rh � 300, R � 10h, h � 5mm, T � 300 and 700 K. The
values of the �

st
for single-layer nanocomposite cylinders in thermal environments presented in Table 4 are

in very good agreement with the study of the Shen and Xiang [37].

5.3 Parametric studies

In the next stage, numerical examples are conducted and typical results are presented in Tables 5, 6, 7,
8, 9, 10, 11, 12, 13 and 14 and Figs. 3, 4, 5, 6, 7, 8 and 9. For these examples, the total thickness h of
laminated nanocomposite cylindrical shells considered is 2.0 mm, the V ∗(k)

cn , L/R and R/h take different
values. In numerical examples, six types of laminated nanocomposite cylindrical shells, such as (0°/90°) or
LCS2, (0°/90°/0°) or LCS3a, (90°/0°/90°) or LCS3b, (0°/90°/0°/90°) or LCS4a, (0°/90°/90°/0°) or LCS4b and
(0°/90°/90°/0°) or LCS3b -plies and single-layer (0°) or CS1 nanocomposite cylindrical shells are used (see
Fig. 3). The laminated cylindrical shells consist of nanocomposite plies with U, V, ♦ and X models.

The sensitivity of functionally graded-nanocomposite cylindrical shells to CNT patterns, SDT formulation,
and temperature change is interpreted using the following ratios:

100% ×
(

N crFG
1ax −N crU

1ax
N crU
1ax

,
N crkl
1ax −N crst

1ax
N crst
1ax

,
N crT
1ax−N

crT0
1ax

N
crT0
1ax

)
and 100% ×

(
�FG
1 −�U

1
�U
1

,
�kl
1 −�st

1
�kl
1

,
�1T−�1T0

�1T0

)
.

Since in all calculations the longitudinal wave number is equal to one, it is not included in the tables.
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Table 5 Distribution of N cr
1ax and (ncr) for laminated cylindrical shells consisting of nanocomposite layers against R/h at room

temperature (T � 300 K) within different theories

N cr
1ax × 10, (ncr)

U V ♦ X

R/h Number and alignment of
plies

SDT KLT SDT KLT SDT KLT SDT KLT

20 CS1 3.209 (4) 7.777 (4) 2.841 (4) 5.373 (3) 2.540 (4) 4.120 (4) 3.441 (4) 11.47 (3)
LCS2 1.564 (4) 1.846 (4) 1.766 (4) 2.137 (4) 1.270 (4) 1.407 (4) 1.460 (4) 1.700 (4)
LCS3a 3.346 (4) 7.677 (4) 2.696 (4) 4.465 (4) 2.590 (4) 3.920 (4) 3.561 (5) 11.46 (4)
LCS3b 1.353 (3) 1.498 (3) 1.340 (3) 1.438 (3) 1.343 (3) 1.424 (3) 1.413 (3) 1.659 (3)
LCS4a 2.646 (3) 3.977 (3) 2.687 (4) 4.076 (4) 2.160 (4) 2.750 (4) 2.527 (3) 3.925 (3)
LCS4b 3.361 (4) 7.150 (4) 2.501 (4) 3.681 (4) 2.401 (4) 3.313 (4) 3.653 (4) 11.03 (4)
LCS4c 1.776 (3) 2.094 (3) 1.740 (3) 1.990 (3) 1.814 (3) 2.089 (3) 1.784 (3) 2.174 (3)

30 CS1 2.196 (5) 3.571 (5) 1.817 (5) 2.522 (4) 1.533 (5) 1.944 (5) 2.570 (5) 5.228 (4)
LCS2 0.947 (4) 1.012 (4) 1.020 (5) 1.112 (5) 0.772 (5) 0.809 (5) 0.901 (5) 0.957 (4)
LCS3a 2.265 (5) 3.559 (5) 1.677 (5) 2.154 (5) 1.559 (5) 1.901 (5) 2.638 (5) 5.245 (5)
LCS3b 0.973 (3) 1.005 (3) 0.899 (4) 0.953 (4) 0.867 (4) 0.905 (4) 1.038 (3) 1.096 (3)
LCS4a 1.661 (4) 2.025 (4) 1.677 (4) 2.030 (4) 1.289 (4) 1.425 (4) 1.613 (4) 2.003 (4)
LCS4b 2.276 (4) 3.370 (4) 1.560 (5) 1.862 (4) 1.457 (4) 1.676 (4) 2.698 (5) 5.101 (4)
LCS4c 1.195 (3) 1.266 (3) 1.085 (4) 1.164 (4) 1.091 (4) 1.167 (4) 1.234 (3) 1.325 (3)

40 CS1 1.545 (6) 2.079 (5) 1.238 (5) 1.497 (5) 1.015 (6) 1.163 (6) 1.919 (6) 3.016 (5)
LCS2 0.657 (5) 0.683 (5) 0.694 (5) 0.725 (5) 0.546 (5) 0.558 (5) 0.623 (5) 0.646 (5)
LCS3a 1.598 (6) 2.099 (5) 1.146 (6) 1.322 (5) 1.053 (5) 1.172 (5) 1.964 (6) 3.047 (6)
LCS3b 0.744 (4) 0.784 (4) 0.687 (4) 0.705 (4) 0.656 (4) 0.668 (4) 0.853 (4) 0.899 (3)
LCS4a 1.162 (4) 1.290 (4) 1.148 (5) 1.281 (5) 0.908 (5) 0.961 (4) 1.146 (4) 1.286 (4)
LCS4b 1.585 (5) 2.005 (5) 1.060 (5) 1.172 (5) 0.982 (5) 1.063 (5) 1.994 (5) 2.975 (5)
LCS4c 0.866 (4) 0.915 (4) 0.801 (4) 0.828 (4) 0.787 (4) 0.812 (4) 0.965 (4) 1.027 (3)

50 CS1 1.132 (6) 1.376 (6) 0.894 (6) 1.012 (6) 0.727 (6) 0.791 (6) 1.456 (6) 1.983 (6)
LCS2 0.506 (5) 0.517 (5) 0.516 (6) 0.531 (6) 0.430 (6) 0.437 (6) 0.488 (5) 0.498 (5)
LCS3a 1.172 (6) 1.400 (6) 0.833 (6) 0.911 (6) 0.760 (6) 0.814 (6) 1.492 (6) 2.007 (6)
LCS3b 0.610 (4) 0.627 (4) 0.581 (4) 0.589 (4) 0.553 (5) 0.558 (4) 0.695 (4) 0.733 (4)
LCS4a 0.892 (5) 0.950 (4) 0.853 (5) 0.911 (5) 0.678 (5) 0.701 (5) 0.881 (5) 0.952 (5)
LCS4b 1.175 (5) 1.364 (5) 0.794 (5) 0.843 (5) 0.731 (5) 0.765 (5) 1.524 (5) 1.988 (5)
LCS4c 0.690 (4) 0.710 (4) 0.643 (5) 0.663 (5) 0.617 (5) 0.633 (5) 0.768 (4) 0.808 (4)

Fig. 4 Variation of N crst
1ax and (ncr) for LCS3a array shells with U, X, V and ♦ models in thermal environments against the R/h
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Table 6 Distribution of N cr
1ax and (ncr) for laminated cylindrical shells consisting of nanocomposite piles against R/h at T �

500 K within two different theories

N cr
1ax × 10, (ncr)

U V ♦ X

R/h Number and alignment of
plies

SDT KLT SDT KLT SDT KLT SDT KLT

20 CS1 3.186 (4) 7.626 (4) 2.816 (4) 5.273 (3) 2.514 (4) 4.045 (4) 3.423 (4) 11.24 (3)
LCS2 1.549 (4) 1.824 (4) 1.748 (4) 2.109 (4) 1.258 (4) 1.392 (4) 1.450 (4) 1.685 (4)
LCS3a 3.321 (4) 7.531 (4) 2.672 (4) 4.388 (4) 2.564 (4) 3.851 (4) 3.542 (5) 11.24 (4)
LCS3b 1.344 (3) 1.484 (3) 1.332 (3) 1.428 (3) 1.333 (3) 1.412 (3) 1.405 (3) 1.645 (3)
LCS4a 2.621 (3) 3.911 (3) 2.660 (4) 4.008 (4) 2.135 (4) 2.706 (4) 2.506 (3) 3.864 (3)
LCS4b 3.334 (4) 7.015 (4) 2.477 (4) 3.622 (4) 2.375 (4) 3.257 (4) 3.632 (4) 10.81 (4)
LCS4c 1.760 (3) 2.068 (3) 1.726 (3) 1.969 (3) 1.796 (3) 2.062 (3) 1.770 (3) 2.149 (3)

30 CS1 2.173 (5) 3.504 (5) 1.795 (5) 2.478 (4) 1.513 (5) 1.910 (5) 2.548 (5) 5.128 (4)
LCS2 0.939 (4) 1.002 (4) 1.010 (5) 1.098 (5) 0.765 (5) 0.801 (5) 0.894 (5) 0.950 (4)
LCS3a 2.241 (5) 3.493 (5) 1.657 (5) 2.120 (5) 1.539 (5) 1.870 (5) 2.615 (5) 5.146 (5)
LCS3b 0.968 (3) 0.998 (3) 0.892 (4) 0.945 (4) 0.859 (4) 0.896 (4) 1.032 (3) 1.089 (3)
LCS4a 1.641 (4) 1.993 (4) 1.658 (4) 2.000 (4) 1.274 (4) 1.405 (4) 1.595 (4) 1.974 (4)
LCS4b 2.250 (5) 3.310 (4) 1.542 (5) 1.836 (4) 1.439 (4) 1.651 (4) 2.673 (5) 5.006 (4)
LCS4c 1.185 (3) 1.254 (3) 1.075 (4) 1.152 (4) 1.079 (4) 1.152 (4) 1.225 (3) 1.313 (3)

40 CS1 1.526 (6) 2.042 (5) 1.222 (5) 1.472 (5) 1.001 (6) 1.144 (6) 1.898 (6) 2.960 (5)
LCS2 0.651 (5) 0.676 (5) 0.688 (5) 0.718 (5) 0.541 (5) 0.553 (5) 0.619 (5) 0.641 (5)
LCS3a 1.578 (6) 2.062 (5) 1.132 (6) 1.303 (5) 1.039 (5) 1.155 (5) 1.943 (6) 2.991 (6)
LCS3b 0.738 (4) 0.776 (4) 0.682 (4) 0.701 (4) 0.651 (4) 0.663 (4) 0.846 (4) 0.895 (3)
LCS4a 1.148 (4) 1.272 (4) 1.134 (5) 1.263 (5) 0.897 (5) 0.949 (5) 1.134 (4) 1.269 (4)
LCS4b 1.564 (5) 1.970 (5) 1.048 (5) 1.156 (5) 0.970 (5) 1.048 (5) 1.971 (5) 2.921 (5)
LCS4c 0.858 (4) 0.904 (4) 0.795 (4) 0.821 (4) 0.779 (4) 0.803 (4) 0.955 (4) 1.020 (3)

50 CS1 1.117 (6) 1.352 (6) 0.882 (6) 0.996 (6) 0.717 (6) 0.779 (6) 1.438 (6) 1.947 (6)
LCS2 0.502 (5) 0.513 (5) 0.511 (6) 0.526 (6) 0.427 (6) 0.433 (6) 0.485 (5) 0.495 (5)
LCS3a 1.156 (6) 1.376 (6) 0.823 (6) 0.899 (6) 0.750 (6) 0.802 (6) 1.474 (6) 1.971 (6)
LCS3b 0.606 (4) 0.622 (4) 0.578 (4) 0.586 (4) 0.547 (5) 0.555 (4) 0.690 (4) 0.727 (4)
LCS4a 0.880 (5) 0.939 (4) 0.843 (5) 0.899 (5) 0.670 (5) 0.692 (5) 0.870 (5) 0.939 (5)
LCS4b 1.159 (5) 1.341 (5) 0.786 (5) 0.833 (5) 0.722 (5) 0.755 (5) 1.505 (5) 1.953 (5)
LCS4c 0.684 (4) 0.703 (4) 0.637 (5) 0.657 (5) 0.610 (5) 0.626 (5) 0.762 (4) 0.800 (4)

Fig. 5 Variation of N crst
1ax and (ncr) for LCS3b array shells with ♦, V, X and U models in thermal environments against the R/h
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Table 7 Distribution of N cr
1ax and (ncr) for laminated cylindrical shells consisting of nanocomposite piles against R/h at T �

700 K within two different theories

N cr
1ax × 10, (ncr)

U V ♦ X

R/h Number and alignment of
plies

SDT KLT SDT KLT SDT KLT SDT KLT

20 CS1 3.174 (4) 7.553 (4) 2.804 (4) 5.224 (3) 2.501 (4) 4.008 (4) 3.414 (4) 11.13 (3)
LCS2 1.541 (4) 1.813 (4) 1.739 (4) 2.095 (4) 1.253 (4) 1.385 (4) 1.444 (4) 1.678 (4)
LCS3a 3.309 (4) 7.460 (4) 2.660 (4) 4.351 (4) 2.551 (4) 3.818 (4) 3.533 (5) 11.13 (4)
LCS3b 1.339 (3) 1.478 (3) 1.328 (3) 1.423 (3) 1.328 (3) 1.406 (3) 1.401 (3) 1.637 (3)
LCS4a 2.609 (3) 3.880 (3) 2.647 (4) 3.975 (4) 2.123 (4) 2.685 (4) 2.496 (3) 3.835 (3)
LCS4b 3.321 (4) 6.949 (4) 2.465 (4) 3.594 (4) 2.362 (4) 3.230 (4) 3.621 (4) 10.71 (4)
LCS4c 1.751 (3) 2.055 (3) 1.719 (3) 1.958 (3) 1.787 (3) 2.048 (3) 1.763 (3) 2.136 (3)

30 CS1 2.161 (5) 3.471 (5) 1.785 (5) 2.456 (4) 1.504 (5) 1.894 (5) 2.537 (5) 5.079 (4)
LCS2 0.935 (4) 0.997 (4) 1.004 (5) 1.092 (5) 0.762 (5) 0.797 (5) 0.891 (5) 0.947 (4)
LCS3a 2.229 (5) 3.461 (5) 1.648 (5) 2.103 (5) 1.530 (5) 1.854 (5) 2.604 (5) 5.097 (5)
LCS3b 0.965 (3) 0.995 (3) 0.889 (4) 0.941 (4) 0.856 (4) 0.891 (4) 1.030 (3) 1.086 (3)
LCS4a 1.632 (4) 1.978 (4) 1.649 (4) 1.985 (4) 1.267 (4) 1.396 (4) 1.587 (4) 1.959 (4)
LCS4b 2.237 (5) 3.281 (4) 1.534 (5) 1.823 (4) 1.431 (4) 1.639 (4) 2.660 (5) 4.959 (4)
LCS4c 1.180 (3) 1.248 (3) 1.071 (4) 1.146 (4) 1.073 (4) 1.145 (4) 1.221 (3) 1.307 (3)

40 CS1 1.516 (6) 2.024 (5) 1.214 (5) 1.460 (5) 0.994 (6) 1.135 (6) 1.888 (6) 2.932 (5)
LCS2 0.648 (5) 0.673 (5) 0.684 (5) 0.714 (5) 0.539 (5) 0.551 (5) 0.617 (5) 0.639 (5)
LCS3a 1.568 (6) 2.044 (5) 1.125 (6) 1.293 (5) 1.033 (5) 1.146 (5) 1.932 (6) 2.963 (6)
LCS3b 0.735 (4) 0.772 (4) 0.680 (4) 0.698 (4) 0.649 (4) 0.660 (4) 0.843 (4) 0.893 (3)
LCS4a 1.142 (4) 1.263 (4) 1.127 (5) 1.254 (5) 0.891 (5) 0.943 (5) 1.128 (4) 1.261 (4)
LCS4b 1.554 (5) 1.953 (5) 1.042 (5) 1.148 (5) 0.964 (5) 1.040 (5) 1.960 (5) 2.894 (5)
LCS4c 0.854 (4) 0.899 (4) 0.792 (4) 0.818 (4) 0.776 (4) 0.799 (4) 0.951 (4) 1.017 (3)

50 CS1 1.109 (6) 1.340 (6) 0.876 (6) 0.988 (6) 0.712 (6) 0.773 (6) 1.429 (6) 1.929 (6)
LCS2 0.500 (5) 0.511 (5) 0.509 (6) 0.523 (6) 0.425 (6) 0.431 (6) 0.484 (5) 0.493 (5)
LCS3a 1.149 (6) 1.365 (6) 0.818 (6) 0.892 (6) 0.745 (6) 0.796 (6) 1.464 (6) 1.953 (6)
LCS3b 0.604 (4) 0.619 (4) 0.577 (4) 0.584 (4) 0.545 (5) 0.553 (4) 0.687 (4) 0.724 (4)
LCS4a 0.875 (5) 0.933 (4) 0.838 (5) 0.893 (5) 0.666 (5) 0.688 (5) 0.865 (5) 0.933 (5)
LCS4b 1.151 (5) 1.330 (5) 0.782 (5) 0.828 (5) 0.718 (5) 0.750 (5) 1.496 (5) 1.936 (5)
LCS4c 0.681 (4) 0.700 (4) 0.634 (5) 0.653 (5) 0.607 (5) 0.622 (5) 0.759 (4) 0.796 (4)

Fig. 6 Variation of N crst
1ax and corresponding circumferential wave numbers (ncr) for LCS3a and LCS3b array shells with V and

X models in thermal environments against the R/h
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Table 8 Distribution of�1 and (n) for laminated cylindrical shells composed of nanocompositemodel layers in room temperature
(T � 300 K) against the R/h

�1/10 (n)

U V ♦ X

R/h Number and alignment of
plies

SDT KLT SDT KLT SDT KLT SDT KLT

20 CS1 1.727 (4) 2.689 (4) 1.626 (4) 2.235 (3) 1.537 (4) 1.957 (4) 1.789 (4) 3.266 (3)
LCS2 1.206 (4) 1.310 (4) 1.282 (4) 1.410 (4) 1.087 (4) 1.144 (4) 1.165 (4) 1.257 (4)
LCS3a 1.764 (4) 2.672 (4) 1.583 (4) 2.038 (4) 1.552 (4) 1.909 (4) 1.820 (5) 3.266 (4)
LCS3b 1.122 (3) 1.180 (3) 1.116 (3) 1.156 (3) 1.118 (3) 1.151 (3) 1.146 (3) 1.242 (3)
LCS4a 1.569 (3) 1.923 (3) 1.581 (4) 1.947 (4) 1.417 (4) 1.599 (4) 1.533 (3) 1.910 (3)
LCS4b 1.768 (4) 2.579 (4) 1.525 (4) 1.850 (4) 1.494 (4) 1.755 (4) 1.843 (4) 3.203 (4)
LCS4c 1.285 (3) 1.395 (3) 1.272 (3) 1.360 (3) 1.299 (3) 1.394 (3) 1.288 (3) 1.422 (3)

30 CS1 2.144 (5) 2.734 (5) 1.950 (5) 2.297 (4) 1.791 (5) 2.017 (5) 2.319 (5) 3.308 (4)
LCS2 1.408 (4) 1.455 (4) 1.461 (5) 1.525 (5) 1.271 (5) 1.301 (5) 1.373 (5) 1.415 (4)
LCS3a 2.177 (5) 2.729 (5) 1.873 (5) 2.123 (5) 1.806 (5) 1.995 (5) 2.350 (5) 3.313 (5)
LCS3b 1.427 (3) 1.450 (3) 1.372 (4) 1.412 (4) 1.347 (4) 1.376 (4) 1.474 (3) 1.514 (3)
LCS4a 1.864 (4) 2.059 (4) 1.873 (4) 2.061 (4) 1.642 (4) 1.727 (4) 1.837 (4) 2.048 (4)
LCS4b 2.182 (4) 2.656 (4) 1.807 (5) 1.974 (4) 1.746 (4) 1.873 (4) 2.376 (5) 3.267 (4)
LCS4c 1.581 (3) 1.628 (3) 1.507 (4) 1.561 (4) 1.511 (4) 1.563 (4) 1.607 (3) 1.665 (3)

40 CS1 2.398 (6) 2.782 (5) 2.146 (5) 2.360 (5) 1.943 (6) 2.080 (6) 2.672 (6) 3.350 (5)
LCS2 1.564 (5) 1.594 (5) 1.607 (5) 1.643 (5) 1.425 (5) 1.441 (5) 1.523 (5) 1.550 (5)
LCS3a 2.439 (6) 2.795 (5) 2.065 (6) 2.218 (5) 1.979 (5) 2.089 (5) 2.704 (6) 3.367 (6)
LCS3b 1.664 (4) 1.708 (4) 1.599 (4) 1.620 (4) 1.562 (4) 1.577 (4) 1.782 (4) 1.829 (3)
LCS4a 2.079 (4) 2.191 (4) 2.067 (5) 2.184 (5) 1.838 (5) 1.891 (4) 2.065 (4) 2.188 (4)
LCS4b 2.428 (5) 2.732 (5) 1.986 (5) 2.088 (5) 1.912 (5) 1.989 (5) 2.724 (5) 3.327 (5)
LCS4c 1.796 (4) 1.845 (4) 1.727 (4) 1.755 (4) 1.711 (4) 1.738 (4) 1.895 (4) 1.955 (3)

50 CS1 2.566 (6) 2.829 (6) 2.280 (6) 2.425 (6) 2.056 (6) 2.145 (6) 2.910 (6) 3.395 (6)
LCS2 1.716 (5) 1.735 (5) 1.732 (6) 1.757 (6) 1.582 (6) 1.594 (6) 1.685 (5) 1.702 (5)
LCS3a 2.611 (6) 2.853 (6) 2.201 (6) 2.302 (6) 2.103 (6) 2.175 (6) 2.946 (6) 3.416 (6)
LCS3b 1.883 (4) 1.909 (4) 1.838 (4) 1.851 (4) 1.793 (5) 1.802 (4) 2.011 (4) 2.065 (4)
LCS4a 2.278 (5) 2.351 (4) 2.227 (5) 2.302 (5) 1.985 (5) 2.019 (5) 2.263 (5) 2.353 (5)
LCS4b 2.613 (5) 2.816 (5) 2.149 (5) 2.214 (5) 2.061 (5) 2.109 (5) 2.977 (5) 3.399 (5)
LCS4c 2.003 (4) 2.032 (4) 1.934 (5) 1.964 (5) 1.894 (5) 1.919 (5) 2.114 (4) 2.168 (4)

Fig. 7 Variation of �ST
1 and corresponding wave numbers (n) for LCS2 and LCS4b array shells with U and ♦ models in thermal

environments against the R/h
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Fig. 8 Variation of�ST
1 for LCS2 and LCS3b array cylindrical shells with nanocomposite-plies with V,♦ andXmodels in thermal

environments against the R/h

Fig. 9 Variation of �ST
1 for LCS3a and LCS3b array cylindrical shells with nanocomposite-plies with V, ♦ and X models in

thermal environments against the R/h

In Tables 5, 6 and 7 and Figs. 4, 5 and 6, the distribution of the values of the non-dimensional critical axial
load (N cr

1ax) and corresponding circumferential wave numbers (ncr) for laminated cylindrical shells consisting
of three types of FG-nanocomposite plies, such as X, V and ♦ models against the R/h considering the CNT
volume fraction V ∗(k)

cn � 0.28, thermal environmental conditions T � 300, 500 and 700 K and L/R � 0.5
within SDT and K–L theory are presented. The dimensionless critical axial load values of the U model
nanocomposite cylindrical shells are listed in the same table for the comparison purposes. The values of N cr

1ax
for laminated cylindrical shells with all nanocomposite plies decrease, while corresponding circumferential
wave numbers (ncr) increase as the R/h rises.

In the SDT framework, at T � 300, 500 and 700 K, the most pronounced V, ♦ and X-model effects on
the N crst

1ax appear in shells with LCS3b alignments and significant rise with the increase of the R/h ratio. For
instance, at T � 300 K and R/h � 20, the most pronounced V, ♦ and X-models influences on the N crst

1ax are
(− 25.6%), (− 28.6%) and (+ 8.7%), respectively, as R/h � 20, whereas those influences are (− 32.4%), (−
37.8%) and (+ 29.7%), respectively, at R/h � 50. In comparison with the T � 300 K case, the influences of
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the patterns on the N crst
1ax at T � 700 K reduce by 6.2%, 10.1%, 8%, respectively, for R/h � 20, those decrease

by 3.1%, 0.3%, 7%, respectively, for R/h � 50. Although the influences of shear deformations (SDs) on the
critical axial load reduce in all arranged cylindrical shells as the R/h ratio increases, the influences of SDs
shows significant differences when the number, arrangement and model of plies change. The most pronounced
influences of SDs on the critical axial load appear in the shells with LCS3a alignments. For instance, at T
� 300 K and R/h � 20, the most pronounced influences of SDs on the critical axial load are (+ 56.4%), (+
39.6%), (+ 33.9%) and (+ 68.9%), respectively, occur in the U, V, ♦ and X models, respectively, whereas as
R/h � 50, the most evident SDs influences are (+ 16.3%), (+ 8.6%), (+ 6.6%) and (+ 25.7%), respectively. For
T � 500 K and at R/h � 20, the SDs effects on the critical axial load increase by around 7.2%, 7.2%, 7.1%
and 6%, respectively, compared to T � 300 K, while for R/h � 50, those influences rise by around 4.8%,
3%, 2.3% and 5.5%, respectively. At R/h � 20, the SDs effects on the critical load for T � 700 K increase
by around 17%, 18.6%, 18.6% and 13.6%, respectively, compared to T � 300 K, while for R/h � 50, those
influences reduce by around 14%, 8.8%, 7.1% and 17.6%, respectively (see Fig. 4, also).

The most pronounced influence of ply arrangement on the N crst
1ax of laminated nanocomposite cylindrical

shells occurs at LCS3b arrangement for different temperature and R/h ratio. In addition, as T increases, the
arrangement influence reduces for U and X models, while it changes irregularly for V and ♦ models as R/h �
20.When T increases, those influences increase significantly for all models as R/h � 50. For instance, at R/h
� 20 for T � 300 K, the most pronounced influences of arrangements on the critical axial load are (− 57.84%),
(− 52.83%), (− 47.13%) and (− 58.94%), respectively, for T � 500 K, those influence are (− 57.38%), (−
54.34%), (− 48.38%) and (− 58.31%), respectively, and for T � 700 K those influence are (− 54.72%), (−
54.21%), (− 47.54%) and (− 56.04%), respectively, occur in the U, V, ♦ and X models, respectively (see
Fig. 5).

As the T � 500 K and T � 700 K cases are compared to the T � 300 K, the most significant effects of
temperature on the N crst

1ax occur in the LCS3a and LCS3b arrangements for R/h � 20 with different models,
while those influences occur in LCS3b arrangement at the radius to thickness ratio is fifty and temperature is
700 K. For instance, at R/h � 20, the most pronounced influences of temperature on the critical axial load
occur in the U and X models of LCS3a sequence shells, are (− 43.3%) and (− 46.8%), respectively, while
those influences are (− 41.9%) and (− 37.4%) occur in the V and ♦ models of LCS3b arrangement shells,
respectively. At R/h � 50, the most pronounced influences of temperature on the critical axial load for LCS3b
arrangement are (− 38.4%), (− 43%), (− 40.9%) and (− 39.9%), respectively, occur in the U, V, ♦ and X
models, respectively (see Fig. 6).

In Tables 8, 9 and 10 and Figs. 7, 8 and 9, the distribution of the values of non-dimensional frequency
parameter (�1) and corresponding circumferential wave numbers (n) for laminated cylindrical shells with
four types of nanocomposite-plies such as U, V, ♦ and X models against the R/h considering V ∗(k)

cn � 0.28,
T � 300, 500 and 700 K and L/R � 0.5 within SDT and K–L theory are presented. The values of �1 for
laminated cylindrical shells with all nanocomposite plies decrease, whereas corresponding circumferential
wave numbers (n) increase as the R/h rises.

Within SDT, as the temperature varies between 300 and 700 K and if the R/h ratio increases, the influences
of V, ♦ and X-models on the �st

1 appear in LCS4b. For instance, at T � 300 K, the most prominent influences
of the V, ♦ and X models on the �ST

1 occur in the cylinder with LCS4c arrangement with (− 13.7%), (−
15.5%) and (+ 4.2%), respectively, as R/h � 20, while those influences are (− 17.8%), (− 21.1%) and (+
13.93%), respectively, as R/h � 50. At T � 700 K, the most prominent influence of the V model on the �st

1
emerges in the LCS4b with (− 10.3%), those influence are (− 10.6%) and (+ 6.4%) occur in the LCS2 with
♦ and X models, respectively, as R/h � 20, while those influences for the V, ♦ and X models are (− 19.7%),
(− 21.3%) and (+ 10.8%), respectively, as R/h � 50 (see Fig. 7).

Although the influences of shear deformations on the dimensionless frequency parameter diminish with
the increase of radius to thickness ratio in all arranged cylindrical shells, while those influences increase with
the increasing of the temperature and the most prominent SDs effects on the dimensionless frequency occur in
the LCS3a with U, V, ♦ and X patterned layers. For example, at T � 300 K and R/h � 20, the most evident
SDs effects on the dimensionless frequency parameter are (+ 34%), (+ 22.3%), (+ 18.7%) and (+ 44.3%) for U,
V, ♦ and X model layers, respectively. While at R/h � 50, those effects reduce and are (+ 8.5%), (+ 4.4%), (+
3.3%) and (+ 13.8%), respectively. In comparison with the T � 300 K case, the increase of T rise SDs effects
on the dimensionless frequency parameter. For example at T � 500 K, the SDs effects on the dimensionless
frequency parameter rise by approximately 5.7%, 4.8%, 4.6% and 5.7% as R/h � 20 and 2.7%, 1.5%, 1.2%
and 3.9%, respectively, for U, V, ♦ and X model layers, as R/h � 50. While at T � 700 K, those influences



3094 A. H. Sofiyev

rise by approximately 14.5%, 13.1%, 12.5% and 13.9%, as R/h � 20 and 8%, 4.7%, 3.8% and 10.9% for U,
V, ♦ and X model layers, respectively, as R/h � 50, in comparison with the T � 300 K case.

The influence of layer arrangement on the �st
1 of cylindrical shells changes irregularly with the increase of

R/h ratio. For example, at T � 300 K, the most significant alignment effects on the �st
1 of the U and V model

shells with LCS3b alignment occur at the R/h � 20 with (− 35%) and (− 31.4%), respectively, that influence
occurs at R/h � 20 in the♦ patterned shell with LCS2 alignment with (− 29.3%), in the X patterned shell with
LCS2 alignment that influence occurs at the R/h � 40 with (− 43%), respectively. Compared to T � 300 K,
at T � 500 K the effect of the alignments increases in most cases, and the most significant alignment effects
on the �st

1 of the U and V model shells with LCS3b alignment occur at the R/h � 20 with (− 32.7%) and (−
32.4%), respectively, that influence occurs at the R/h � 20 in the ♦ patterned shell with LCS2 alignment with
(− 31.8%), it occurs at R/h � 40 with (− 46.3%) in the FGX patterned shell with LCS3b alignment. At T �
700 K, the most significant alignment effects on the �st

1 of the U model shell with LCS3b alignment occur at
the R/h � 20 with (− 32.4%), it is (− 35.9%) in the V model shell with LCS2 alignment occur at the R/h �
40 with (− 32.4%), that influence occurs at the R/h � 30 in the ♦ patterned shell with LCS2 alignment with
(− 35.9%) and it occurs at the R/h � 50 with (− 44.5%) in the FGX patterned shell with LCS2 alignment
(see Fig. 8).

As the T � 500 and 700 K cases are compared to the T � 300 K, the most prominent effects of temperature
on the�st

1 occur in the LCS3a and LCS3b for R/h � 20 with different models, while those influences occur in
LCS3b for R/h � 50, at T � 700K. For instance, at R/h � 20, the most pronounced influences of temperature
on the critical axial load occur in the U and X models of LCS3a, are (− 24.7%) and (− 27.1%), respectively,
while those influences are (− 24.5%) and (− 23.1%) occur in the V and ♦ models, at R/h � 50 (see Fig. 9).

In Tables 11 and 12, the variation of N crst
1ax , N

crkl
1ax and corresponding circumferential wave numbers (ncr) for

laminated cylindrical shells with seven different alignments consisting of U, V,♦ andXmodel-plies against the
V ∗(k)
cn considering T � 300, 500, 700 K, R/h � 20, L/R � 1within shear deformation andKirchhoff–Love

theories are examined. In the SDT and KLT frame, the values of the N cr
1ax for shells consisting of U, V, ♦ and

X patterned plies increases regularly as V ∗(k)
cn rises. When we examine each ply within itself in the framework

of SDT, we see that the largest values of N crst
1ax in U, V, ♦ and X patterned shells at every value of V ∗(k)

cn is
generally in the X patterned shell. There are some exceptional cases. For example, the largest N crst

1ax values in
LCS2 and LCS4a is in the U pattern shell. When we examine each laminated shell in the SDT framework,
the lowest critical axial load values in U, V, ♦ and X patterned shells at all three values of V ∗(k)

cn is seen in the
shell consisting of ♦ patterned layers. When each ply is compared within itself at all three values of V ∗(k)

cn in
the SDT frame, the lowest circumferential wave numbers corresponding to the critical axial loads generally
do not change in the U, V, ♦ and X patterned shells.

As the temperature increases, the influence of the models on the critical axial load increases significantly,
and the unique effects of the models maintain their importance. When the critical axial load values of various
patterned, aligned and layered cylindrical shells are evaluated together at T � 300, 500 and 700 K; in the
V-patterned shell with the LCS4c sequence, the most prominent model effect on the N crst

1ax occurs at V ∗(k)
cn �

0.28 with (− 21.7%), (− 23.7%) and (− 24.8%), respectively, while the weakest Vmodel influence emerges in
the LCS2 at V ∗(k)

cn � 0.12 with (− 0.34%), (− 0.21%) and (− 1.4%) at T � 300, 500 and 700 K, respectively.
In the shell with that pattern ♦ and LCS4c arrangement, the prominent influence of the ♦ model on N crst

1ax

occurs at V ∗(k)
cn � 0.12 (− 26.9%, − 28.1%, − 28.4%), respectively, while the least effect occurs in the shell

with LCS2 arrangement, at V ∗(k)
cn � 0.17 (− 10.1%, − 11.2%, − 4.5%), respectively. The most significant

effect of the X model on the N crst
1ax occurs at V ∗(k)

cn � 0.17 (+ 20.2%, + 19.6%, + 17.2%) in the shell with the

LCS4c sequence, while the least effect occurs at V ∗(k)
cn � 0.28 (− 0.94%, − 2.3%, − 1.8%) in the shell with

the LCS4c sequence, at T � 300, 500 and 700 K, respectively.
As the temperature increases, the effect of shear deformations on the critical axial load increases signif-

icantly, and the model effects maintain their distinctness and importance. The most prominent shear strains
effects on the N crst

1ax emerge at V ∗(k)
cn � 0.28 with (+ 20.7%, + 25.9%, + 36.5%), (+ 11.3%, + 14.2%, + 21.2%),

(+ 8%, + 10.4%, + 16.9%) and (+ 32.1%, + 39.3%, + 51%), respectively, in the U, V, ♦ and X-model LCS3a, at
T � 300, 500 and 700 K. The weakest shear strains effect on N crst

1ax emerges in the LCS3a at V ∗(k)
cn � 0.12 with

(+ 1.63%) among all models, at T � 300 K. As T increases, the weak effect of shear deformations increases
to around 2.2%. In addition, the effect of shear strains in three layered shells starting from (0°) is more evident
than the effect in three layered shells starting with (90°). Likewise, the shear strains effect in four-layer shells
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starting with (0°) is more evident than those effect in four-layer shells starting with (90°). While the effect of
the layer arrangement on the critical axial load increases with the rise of the temperature, the influences of
models maintain their importance. At T � 300 K, the most prominent alignment effects on the N crst

1ax occur at

V ∗(k)
cn � 0.28 with (− 35.4%), (− 25%), (− 19.1%) and (− 48.3%), respectively, in the U, V, ♦ and X-model

shells with 0/90 arrangement. At T � 700 K, the most prominent alignment effects on the N crst
1ax occur at V ∗(k)

cn
� 0.28 with (−%39.3), (− %31.5), (− %30.4) and (− %52.1), respectively, in the U, V, ♦ and X-model shells
with LCS2 arrangement. The alignment effects in percentage for T � 500 K vary between the percentage of
the alignment influences at T � 300 and 700 K.

In Tables 13 and 14, the variation of the values of dimensionless frequency parameter and corresponding
wave numbers for laminated cylindrical shells consisting of nanocomposite-plies against the V ∗(k)

cn considering
T � 300, 500, 700 K, R/h � 20, L/R � 1 within SDT and KLT are evaluated. In the SDT and KLT
frame, the values of the �1 for shells consisting of U, V, ♦ and X patterned layers increases regularly as V ∗(k)

cn
increment. When we examine each ply within itself in the framework of SDT, we see that the largest values
of �st

1 in U, V, ♦ and X model shells at every value of V ∗(k)
cn is generally in the X model shell. There are some

exceptional cases. For example, the largest �st
1 values in LCS2 and LCS3a plies emerges in the U model shell.

The lowest dimensionless frequency parameter values in U, V, ♦ and X model shells at V ∗(k)
cn � 0.14, 0.17 and

0.28 occurs in the shell consisting of ♦ model plies within SDT. When each layer is compared within itself
at V ∗(k)

cn � 0.14, 0.17 and 0.28, the lowest wave numbers corresponding to the values of �st
1 generally do not

change in the U, V, ♦ and X model shells. As the temperature increases, the influence of the models on the
�st

1 increases more slowly compared to the critical axial load, and difference between the unique effects of
the models reduces. When the values of �st

1 for various patterned, aligned and laminated cylindrical shells are
evaluated together at T � 300, 500 and 700 K the most prominent influences of models on the �st

1 emerge in

LCS4b at V ∗(k)
cn � 0.28 and weakest V model effect occurs in the LCS2 at V ∗(k)

cn � 0.12. As the temperature
increases, the effect of shear deformations on the frequency parameter increases, and themodel effectsmaintain
their distinctness and importance. The most prominent shear strains effects on the �st

1 occur at V ∗(k)
cn � 0.28

in the LCS3a consisting of the U, V, ♦ and X-models with (+ 10.9%, + 13. 9%, + 20.3%), (+ 5.8%, + 7.4%, +
11.2%), (+ 4.1%, + 5.4%, + 8.8%) and (+ 17.6%, + 22.1%, + 30%), respectively, as T � 300, 500 and 700 K.
The weakest effect on �st

1 emerges in the cylindrical shell with the LCS2 alignment with (+ 0.66%) among all

models, at V ∗(k)
cn � 0.17 and T � 300 K. As T increases, the weak effect of shear strains rises to around 1.3%.

The influence of sequences on the �st
1 increases significantly, and the model effects maintain their distinct-

ness and importance, at the temperature increases. The most prominent sequence effects on the �st
1 occur in

the shells with LCS2 arrangement at V ∗(k)
cn � 0.28. For example, the most prominent sequence influences on

the�st
1 are (−%19.6), (−%13.4), (−%10) and (−%28) for U, V, ♦ and X-model, respectively, at T � 300 K,

while those effects are (− %22.1), (− %17.2), (− %16.6) and (− %32.6), respectively, at T � 700 K. For T
� 500 K, the sequence effects on �st

1 in percentage terms are larger than those at T � 300 K and smaller than
those at 700 K.

6 Conclusions

In this study, effective findings are presented regarding the vibration and stability behaviors of laminated
cylindrical shells formed by nanocomposite plies under axial load in thermal environments. Each layer of
the laminated cylindrical shell has the same volume fraction of CNT and forming a piecewise continuous
functionally graded model ply. The extended Voight micromechanical model is used to determine orthotropic
and temperature-dependent material properties of laminated nanocomposite cylindrical shells. The dynamic
stability equations derived within extended SDT are solved by applying the Galerkin procedure. Finally, the
influences of various independent factors, such as the number and sequenceof plies, functionally gradedmodels,
shear strains, thermal environment, on the non-dimensional critical axial load and non-dimensional frequency
parameter of laminated nanocomposite cylindrical shells under axial load are analyzed and interpreted.
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Appendix A

Li j (i , j � 1, 2, ..., 4) are defined by

L11 � h
∂2

∂x2
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(i11 − i31)

∂2

∂y2
+ i12

∂2

∂x2

]
, L12 � − ∂2

∂x2
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∂y2
− 3

]
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∂x2∂y
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]
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(
i38

∂2

∂x2
+ i28

∂2

∂y2
− 4

)

L31 � h

[
j11

∂4

∂y4
+ ( j12 + j21 + j31)

∂4

∂x2∂y2
+ j22

∂4

∂x4

]
,

L32 � 1

R

∂2

∂x2
− j23

∂4

∂x4
− ( j24 + j13 − j32)

∂4

∂x2∂y2
− j14

∂4

∂y4
,

L33 � ∂

∂x

[
j25

∂2

∂x2
+ ( j15 + j35)

∂2

∂y2

]
, L34 � ∂

∂y

[
( j28 + j38)

∂2

∂x2
+ j18

∂2

∂y2

]
,

L41 � h

R

∂2

∂x2
, L42 � −Nax

∂2

∂x2
− ρ1

∂2

∂t2
, L43 � 3

∂

∂x
, L44 � 4

∂

∂y
.

(A1)
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where

i11 � A1
11 j11 + A1

12 j21, i12 � A1
11 j12 + A1

12 j22, i13 � A1
11 j13 + A1

12 j23 + A2
11, i14 � A1

11 j14 + A1
12 j24 + A2

12,

i15 � A1
11 j15 + A1

12 j25 + A1
15, i18 � A1

11 j18 + A1
12 j28 + A1

18, i21 � A1
21 j11 + A1

22 j21, i22 � A1
21 j12 + A1

22 j22,

i23 � A1
21 j13 + A1

22 j23 + A2
21, i24 � A1

21 j14 + A1
22 j24 + A2

22, i25 � A1
21 j15 + A1

22 j25 + A1
25,

i28 � A1
21 j18 + A1

22 j28 + A1
28, i31 � A1

66 j31, i32 � A1
66 j32 + 2A2

66, i35 � A1
35 − A1

66 j35, i38 � A1
38 − A1

66 j38,

j11 � A0
22

A
, j12 � − A0

12

A
, j13 � A0

12A
1
21 − A1

11A
0
22

A
, j14 � A0

12A
1
22 − A1

12A
0
22

A
, j15 � A0

25A
0
12 − A0

15A
0
22

A
,

j18 � A0
28A

0
12 − A0

18A
0
22

A
, j21 � − A0

21

A
, j22 � A0

11

A
, j23 � A1

11A
0
21 − A1

21A
0
11

A
, j24 � A1

12A
0
21 − A1

22A
0
11

A
,

j25 � A0
15A

0
21 − A0

25A
0
11

A
, j28 � A0

18A
0
21 − A0

28A
0
11

A
, j31 � 1

A0
66

, j32 � −2A1
66

A0
66

, j35 � A0
35

A0
66

, j38 � A0
38

A0
66

,

A � A0
11A

0
22 − A0

12A
0
21, q �

N∑
k�1

[
f (k)(zk ) − f (k)(zk−1)

]
, (q � 3, 4).

(A2)

in which

Ak1
11 �

N∑
k�1

zk∫
zk−1

Q(k)
11(z1,T )

zk1dz, Ak1
12 �

N∑
k�1

zk∫
zk−1

Q(k)
12(z1,T )

zk1dz, �
N∑

k�1

zk∫
zk−1

Q(k)
21(z1,T )

zk1dz � Ak1
21, A

k1
22 �

N∑
k�1

zk∫
zk−1

Q(k)
22(z1,T )

zk1dz,

Ak1
66 �

N∑
k�1

zk∫
zk−1

Q(k)
66(z1,T )

zk1dz, Ak2
15 �

N∑
k�1

zk∫
zk−1

Q(k)
11(z1,T )


(k)
1(z,T )z

k2dz, Ak2
18 �

N∑
k�1

zk∫
zk−1

Q(k)
12(z1,T )


(k)
2(z,T )z

k2dz,

Ak2
25 �

N∑
k�1

zk∫
zk−1

Q(k)
21(z1,T )


(k)
1(z,T )z

k2dz , Ai2
28 �

N∑
k�1

zk∫
zk−1

Q(k)
22(z1,T )


(k)
2(z,T )z

k2dz, Ai2
35 �

N∑
k�1

zk∫
zk−1

Q(k)
66(z1,T )


(k)
1(z,T )z

k2dz ,

Ak2
38 �

N∑
k�1

zk∫
zk−1

Q(k)
66(z1,T )


(k)
2(z,T )z

k2dz , k1 � 0, 1, 2; k2 � 0, 1.

(A3)

Appendix B

Si j are given by,

S11 � h

[
(i11 − i31)

( n

R

)2
+ i12

(mπ

L

)2](mπ

L

)2
, S12 �

[
(i14 + i32)

( n

R

)2
+ i13

(mπ

L

)2](mπ

L

)2

S13 �
[
i15

(mπ

L

)2
+ i35

( n

R

)2
+ 3

]
mπ

a
, S14 � (i18 + i38)

n

R

(mπ

L

)2
,

S21 � h

[
i21

( n

R

)2
+ (i22 − i31)

(mπ

L

)2]( n

R

)2
, S22 �

[
(i32 + i23)

(mπ

L

)2
+ i24

( n

R

)2]( n

R

)2
,

S23 � (i25 + i35)
(mπ

L

)( n

R

)2
, S24 �

[
i28

( n

R

)2
+ i38

(mπ

L

)2
+ 4

]
n

R
,

S31 � h

[
j22

(mπ

L

)4
+ ( j12 + j21 + j31)

(mnπ

LR

)2
+ j11

( n

R

)4]
,

S32 � j23
(mπ

L

)4
+ ( j24 + j13 + j32)

(mnπ

LR

)2
+ j14

( n

R

)4
+

1

R

(mπ

L

)2
,

S33 �
[
j25

(mπ

L

)2
+ ( j15 + j35)

( n

R

)2]mπ

L
, S34 �

[
( j28 + j38)

(mπ

L

)2
+ j18

( n

R

)2] n

R
,

S41 � h

R

(mπ

L

)2
, S42 � −Nax

(mπ

L

)2 − �2ρ1, S43 � 3
mπ

L
, S44 � 4

n

R
.

(B1)
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