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IIPUMEHEHWE KPAEBOM 3A AAUN
B IMMABBEPTOBOM ITPOCTPAHCTBE

C.M. BATUPOBA

Aszepbaiiaxxancknit ['ocyapcTBeHHbIT ATpapHBI YHUBEPCUTET

Bagirovasevindj@rambler.ru

PE3IOME

B saHHOIT paboTe IOAyYeHBI pe3yAbTaThl O CYIIeCTBOBAaHIS M €AVHCTBEHHOCTM peIlleHMM AAs OIepaTOpPHO-
anddepeHIalbHOTO ypaBHEHIS YeTBEPTOrO MOpsKa OAHOTO KJAacca TpaHIMYHON 3aJadyl B KOHEYHON obaactu. DTn
pe3yabTaThl ITOAYYeHBI TIPU peIleHny KpaeBBIX 3ajad B cellapadeabHOM I'manbeproBom mpocrpaHctse H, rae A-
HOpPMAaJABHBIII ODOpaTHEII omepaTop B H, criekTp, KOTOpOro coaep>kurcst B YrA0BoM cekrtope. OOBsCHAETC KaKue

3aJauM Ha3bIBAIOTCS peryAsapHo paspemmMbiMy. C IIOMOIIBIO TeOpeM AOKa3aHBI, 4TO orepatop Po m3omopdHO
04

otobpaxaer mpocrpanctsoW , ((0,7): H) na mpocrpanctso  L,((0,7):H) wm 6b110 mOAydeHo, 4TO HMOCTaBAeHHAs

3ajaya peryAspHO paspelrMa B cerlapabebHOM IMAbOEPTOBOM IIPOCTPaHCTBe.

Karouesbie caoBa: I'110epTOBO MPOCTPaHCTBO, HOPMAABHEIN OIlepaTOp, YHUTapPHBIN OIlepaTop, OIlepaTOpHO-
AnddepeHLIalbHbIe YPaBHEHIS, TPaHIIHbIE 3a4a49IL.

HILBERT FOZASINDA SORHOD MOSOLOSININ TOTBIQi
XULASO
MBagqalads dord tertibli operator diferensial tonlik {iglin bir sinif sarhad masalesinin sonlu oblasta hallinin varlig:

va yeganoaliyi haqqmda naticalar alinmugdir. Bu naticelar separabel Hilbert fozasinda H serhad masalalarini hall etmokla

alds edilmisdir, burada A spektri kiinc sektorunda olan H-de normal ters operatordur. Hansi problemlsrin miitomadi
04

olaraq hall edildiyi izah edilir. Teoremden istifads edarak siibut edirik ki, PO operatoru W2 ((0,m): H) fozasi izomorf

sokilda L,((0,m): H) fozasmna gokir vo malum olur ki, bu mesale miintozem olaraq separabel Hilbert fozasmda hall

olunur.

Acar sozlar: Hilbert fazasi, normal operator, operator- diferensial tonliklar, sarhod masalasi, unitar operator.
APPLICATION OF A BOUNDARY VALUE PROBLEM iN A HiLBERT SPACE
ABSTRACT

In this paper we obtain results on the existence and uniqueness solution for a fourth- order operator-differential
equation of a class of a boundry value problem in a finite domain. These results are obtained by solving boundary value
problems in a separable Hilbert space H, where A is a normal inverse operator in H, whose spectrum is contained in the

angular sector. Explains what problems are called regularly solvable. Using theorems, we prove that the operator PO
0 4

maps the space Wz ((0,7): H) isomorphically onto the space L,((0,7): H) and it was found that the problem posed is
regularly solvable in a separable Hilbert space.

Key words: The Hilbert space,normal,operator,unitary operator,operator-differential equations, boundary value
problems.

ITocraBaenHast KpaeBas 3ajada pelaercs B cerapabeabHoM ['manbepToBOM IIpocTpaHCTBe
H, rae A-nopmaarpHbiii oOpatHbll oniepatop B H, criekrp, KOTOporo cogep>Kurcs B yrA0BOM
CeKTope

Se={Ai]argA| <¢€},0<e<m/4



C.M. Bazuposa

Toraa omepatop A MoxxHO mpeactaButh B BuAe A=VC; rae C - caMOCOIps>KEHHBIN
IOAOXKUTEABHBIN ontepaTop B H, a V ynurapHsiin oneparop B H.

Obaacts onpesesenne oneparopa CY (y = 0 craHoBUTCs TMABOEPTOBOM ITPOCTpaHCTBOM H,,
OTHOCHTEABHO CKaAsipHOTO mpoussedenus (x,y), = (CYx,CYy). Ilpu y = 0,Hy = H. Ilycrp

L,((0,m): H) ectb rmanbepToBO mpoCTpaHCTBO Beex H BekTop-PyHKIMIL f(t) ompeseseHHbIe B
(0, ™) mouTn BCIOAY, CO 3HaYEHVSIMU B, IIpUIeM

s 1/2
Wl o)ty = <f ||f(t)||2dt> < too
0

/Jlazee BBIBOAVIM CAeAyIOITVIE INAKOEPTOBBIM ITpOCcTpaHCTBa [1]

04

W, ((0,m):H = {u:u* € L,(0,m): H,C*u € L,((0,): H)}

04

W2 ((0,7): H = {w:u € W3 ((0,m): H)u(0) = 0,u(n) = u™(n) = 0}
C HOpMO

2 1/2
||u||W24'((O,7T):H = (llu(4)|l L, ((0,m):H) + ”C;}-HZLZ((O,T[):H))

Paccmotpum B H xpaeBylo 3agaqy

4
()40 =P + 450 + ) A4y wl© = FO, £ € O ™
j=0
u(0) = u™(0) = 0,u(w) = u"(w) =0 @

Onpeaeaenue. Ecau ripu a106om f € L, ((0,)H) cymiectsyet BeKTOp-pyHKIS

u(t) € W5 (0,m), xotopas yaosaetsopsier ypasHernio (1) mouru sciogy B (0,7) KpaeBbiM
yca0ByeM (2) B CMbICAe CXOAVMOCTI

i = i n = i = i n =
Jim ()l /2 = 0, lim [ (@) lla/2 = 0, Jim [[u(©)ll; 2 = 0, lim [u*(©)la/2 = 0
u oneHky |lull , 4(( o < costl|f |1, o,m):m) TO 3asada (1), (2) Ha3bIBAETCS PEryAspHO paspe-
W, ((0,T):H

INVIMBIM.

OrMmeTnM, 4TO aHaAAOTMYHBIE 3aJauM IIpU A -IIOAOKUTEABHO ONpeeA€HHBI CaMOCOIl-
PSKEHHBII ollepaTop, KOTOphle 1ccAeA0BaHbl B padoTte [2], mpu n=2 B pabotax [3-6]

B aanHOIT paGoTe MBI HaiigéM ycaoBus Ha Kod(uimeHTH ypasHeHms (1), KoTopble
o0ecrieunBalOT peryAspHyIO paspelmmmMocTs 3agaun (1), (2)

04
B pocrpanctse W 2 ((0, ): H) oripeseaum orepatop

Pou = P, (%)u = u*(t) + A*u(t), u €. ((0,m): H)
wmeet mecTO

Teopemal OnepaTop Po nsomopdpHO oToOpaskaeT IPOCTPaHCTBO



ITpumenenue kpaeeoii 3a0a4uu 6 2uAbOepmMo6om npocmpancmee

V(\)/: ((0,m): H) na npocrpanctso L,((0,7): H)

okazateabcTBo. Ilycts Pou =0, T.e u € v(\)/;t 0,m):H) u u*(t) + A*u(t) = 0. Tak, kak
y 0

oo

2, g
crcreMa {‘Pk ) = \/; sin kt} €CTh OPTOHOPMUPOBaHHbI 0asuc B L, (0, 1), To
k=1

[o¢]

u(®) = ) w F(®),

k=1
rae uy € H. OueBnano, uro u(0) = u™(0) = u(n) = u"(n) = 0. Toraa moaygaem, uto (kE* +
AY)uy, = 0, Tak kak 0(A) € S, 10 0 k* & g (A*) mosTomy oneparop (k*E + +A4*)~! cymecrsyer
n orpanmyeH. Toraa uy =0 caegosateabno u(t) = 0. Temepr mnokaxkeM, 4TO/,Py =
L,((0,m): H), T.e ypaBHeHnePyu = f mMeer pellieHue pyu A1000M
f € L,((0,m): H). Aeiictuteasno, u3 ypasuenns Pou = u® + A*u(t) = f(t)

11o04y4aeM, 9410

Z k* Wi (t) + up P () + Z fie Pi (0),
k=1 k=1

rae
fr = f f@) ¥ (®)dt, uy, = f u(®) Y (Hdt,k =1,2....
0 0

Orcioga umeeM, 4TO
(kK*E + AYHuy, = fr, k =12 ...
UAU
u, = KE+AHY T =f,k=1.2..

Taxrm obpazom
u() = ) (K*E+ A% f, ¥ (©)
k=1
0 4
IToxakem, u(t) €W 2 ((0,): H) o Hepasencrse [lapceBaas nmeem

2 — I, @®]I? 4,112 _ 4, 112 4., 112 —
I gy = I om 16 comm = Il + D Nl =

= DA GAE + Al + D ICHKE + AN flP?
k=1 k=1



C.M. Bazuposa

C apyroii CTOPOHBI ITpY AI000M K IMeeM

Ike*(k4E + AH U2 = SUp k4 (k* + 2971 s, [k (k*rte®) | =

Aeo(A) o]z

2

sup . . _ i
= r>(Qlk*(k* + rcosde + irtesindp) ™| = |a* 1u1||L2((0,n):H)

|p|<e

|\t Z I (K*E + AY) L f, Wy (£)

k=1 Lo((0,m):H)

[oe]

- z AT (IAE + A%, W, ()
k=1

Lp((0,m):H)

Y (t) = E{

A

sin kt, mpy 4ETHBIX K
coskt, Ipy HEYETHBIX K

%) 2
|44~ ui ||i2((o,n):H) < z 4%k (K*E + AN72fl|| < Slip |44 k) (K E + A%~ - I 1,0
k=1

C ,Zl,pyl"Oﬂ CTOPOHBI 13 CIIEKTPaAbHOT'O Pa3A0>KEeHT A caeayert, 94To

i/t +aty = SUP a2y =
Aec(A)

SUp B|r™ kI (r® + k® + 2r*k*cos4e)"V?| =

>0

SUp B |r" kI ((r* + k*)? — 2r*ke* (1 — COS4€))_1/2| <

r>0

SUp B|r™ kI ((r? + k*)? — 4rtk*sin?2e)V?| <
r>0

SUp B|r* =Tk ((r* + k*)? — (r*+k*)?sin?2¢)7Y?| <

>0

SUp r4_jkj((r4- + k4—)—1 _ (1 _ SinZZS))_1/2| <

r>0

o PN 4= =
SUp B|r*=TkJ (r* + k*)' - cos™12¢e| = dy ;- cosT12e = cos 12 (Z) (T)
0
éZeAOBaTeAbHo, npuj = 1,2,3

aj (i “19..d. .
||A u(])”l‘z((o,n:):H)SCOS 2e-dy;

Teopema gokazaHa.
Vmeet mecTo caeayronias OCHOBHAs

Teopema 2. Ilycts A HOpMaAbHBIT OOPaTUMBII OIIePaTop, CIIEKTP, KOTOPOIO COAEPIKUTCS
B YIZI0BOM CEKTOpe

Se={AilargA| <60 <e<m/2}



ITpumenenue kpaeeoii 3a0a4uu 6 2uAbOepmMo6om npocmpancmee

Omneparopst B; = A;A™/(j = 0,4) orpanudenst B H 11 1MeeT MecTo HepaBeHCTBO
IIpn 0 < & < /8 Berpaxkenne cos@e < 0. IlosTomy

Ik*(K*E + A%7Y| < Srlig ||k* (k8 +18)1/2| < 1
Ilycts /8 < € < m/4. Toraa cosge < 0 . ITosTomy 1o HepaseHcTBy Ko rioaydaem
k*(k® +r8 + (kB + rg)cos4£)_%

lk*(k*E + A%)~1|| < SUP
r>0

_ - 1
=SUD @ || k* (k8 + r8)71/2(V2cos2¢) 1” < —
r>0 V2cos2e
CaeaoBaTeabHO,
1,0<e<m/8
SUP g || k4 k4E + 401 || <d——1 T <o cp/p=a® 3
k ( ) ” V2cos2e '8 / ®)

AnaaormaHo Imoay4aeM:

IC*(K*E + AN = SUOP lr*(k* + 7% + 2k*r*cos4)|| <

‘(p‘>£
10<
2= €1< /8 m m=Ca(€) (4)
— L <<z
V2cos2¢ 8 2

Yunrsisast HepaBeHCTBO (3) 1 (4) T0Ay4YaeM, 4TO

1l oy < CEENIR,

Taxum oGpasom ueWs' ((0,): H). [okaxxewm, uto ue W' ((0,7): H).

O0osHaunM, yepes

N

uy(t) = Z U Pre

k=1
OuesuaHo, uto uy (£)eWs*((0,7): H) (uy(0) = 0, uy (1) = uy(7) = 0)

Taxk kax
oo 2 [ole) 2
a0 = WO Wg oy = || D e ¥ | D wve® =
K=N+1 Lz((o,n):H) K=N+1 Lz((o,n):H)
© 2 © 0
=1 D ctuwe = > Ikt wlP Il 0N e
K=N+1 LZ((On:):H) K=N+1 K=N+1

Toraa 13 TeopeMBI O caegax caeAyeT, 4To

lu(0) —un(0)ll7/2 < constlluy(t) —u(®)ll
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T.€.
lu(0)ll7/2 < constlluy(t) —u(@)l - 0,N - o
Caeaosateasto ||[u(0)]| = 0. Anasormano gokassiBaercst u (0) = 0 u(w) =0,

u (m) = 0 CaeaosateasHo, u(t)eW, ((O, m): H). TaKiM 0Opa3oM ypaBHeHMe Pyu = f umeer
pemtenue ripu A1000M feL, (R+: H). Tak kak

TR 4,112 2
2((o,m):H) llu® +4 u”Lz((O,n)H) = 2”””W24((0,n)H)

2
IPoullz (
TO 13 TeopeMbl banaxa 06 oOpaTHOM orepaTope caeAyeT, YTo

Py: \/‘\J/;1 ((0, ): H) — Ly (R+: H) ects 130MOpPU3M.

Terlepb AOKa’keM TeopeMy O ITPOME>KYTOIHBIX ITPOVM3BOAHBIX

Teopema 3. [Ipn a1060m uev(\)/;l ((0, m):H ) MMeIOT MeCTO HepaBeHCTBa

4=j, () _ o
”A u ”Lz((O,n)H) = C](S)”POu”Lz((o,n):H)’] =04 ™
rae
( T
@ma@=] T Feem o= L (P ()T o0
B V2cos2e '8 8" TN cos2e \4 < )= s

AoxkaszareabctBo. IIpu j = 0 1 j = 4 nepaseHctso (7) BoiTekaet us (3) u (4). Ilycrs j = 1,2,3.
Tak kak omneparop Py: v(\J/;1 (Ry:H) » Ly(Ry:H) ectp m3oMopdusM, TO A4S  AIOOOTO
uevt\)/;1 ((0,m):H) cymectsyer feL,((0,m):H) Takoit uto Pyu=f, To u=P;'f Toraa w; =
(K*E + AH i, k=12, ...
4

a=) @l <1

j=0
rae aucaa cj(e) (j = 0,4) ompeaesenst u3 teopemsl 2. Toraa 3agada (1), (2) peryasipHo
pasperuma.
Aoka3areabcTBo. Hanmmem 3azady (1), (2) B Buge orepaToOpHOIO ypaBHeHMs
Pou + Piu = f, rae

rae feL,((0,m): H) o Teopeme 1 Po~' cymmectsyer u orpaxiden. Obo3HaunM uepes Pou =
v. Toraa moayyaem ypasnenne v + Py Py lv=Fs nipoctpaHctse L, ((0,m): H). Tak kak

aast a10ooro veL,((0; m): H) umeem
4

||P1P0_1V|| = ||P1u||L2((0,n):H)2”34—1'” ’ ”A4_ju(j)”L2((0,n):H) =
j=0

4
||B4—j|| CJ(S)”””LZ((o,n):H)
j=0

4
< D 11Bacll 1Pl comy =
=0

J



ITpumenenue kpaeeoii 3a0a4uu 6 2uAbOepmMo6om npocmpancmee

Taxum o6pasom ||P Pyt || < q = Xio||Bajl|ci(e) < 1, Toraa omeparop E + P Py
obpatum B L,((0,m): H) uv = (E + PPy 1) f. Orcioaa umeem

u= Py (E+PPo ) ullullwsomymy < constllflly,om:m)

Teopema goka3aHa.

B pesyapraTe OblA0 IIOAy4eHO, 4YTO IIOCTaBA€HHAs 3ajada pPeryAsSpHO paspeliuMma B

certrapabeAbHOM IMABOEPTOBOM IPOCTPAHCTBe.
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OB ACUMIITOTUKE OBOBITEHHBIX PEINEHIN KPAEBBIX
3AAAY A5 DAAUTNITUYECKIMX YPABHEHUI BTOPOTI'O
ITOPSIAKA B HEOITPAHMYEHHBIX OBAACTSAX TUITA COAsL

I.U. ACAAHOB, C.E. CYAEMMAHOB
Uncturyr Matemarnka n Mexannka
Munncrepcrsa Hayxn u ITpocserennst AzepbaiiakaHa
AraxabeanHcknit puanaa Asepbaiiaxanckoro ['ocyaapcersennoro Ilegarormaeckoro YHusepcurerta

aslanov.50@mail.ru, seymursuleymanov@mail.ru

PE3IOME

Kpaesrle 3agaum 445 DAAUNTIYECKUX YpaBHEHMII B HEOTPaHMIEHHBIX 004acTAX paccMaTpUBaAMCh BO MHOTHX
pabotax [1]-[2]. Hauboaee mmoaHO m3ydeH caydait GeCKOHEYHOTO IVAMHAPa U IIepUOAMIecKast IO JacTy ITepeMeHHBIX
3aJada AAs1 DAAUNTIYECKOTO YpaBHEHNs BTOPOTO Mopsika [6]. B sTix paboTax 0OBIMHO He paccMaTpMBAACs BOIIPOC O
CyILIeCTBOBaHMM 1 € AMHCTBEHHOCTH pellleHIsI i 1CCAe40BaAlCh TOABKO CBOJICTBa allpMOpU M3BEeCTHOTO pertteHus. B [5],
[6] mpearioaaraaoch, 4TO pelleHMe ¥MeeT KOHeuHbIT uHTerpaa AJupuxae. YpasHenme /larniaca Ha pyMaHOBBIX
MHOT000pasIIX, CTPYKTypa KOTOPBIX 004ee 00IIIas1, 4eM CA0¥ paccMaTpuBaloch B [7].

B paGotax [13]-[15] paccmarpuBaeTcst Kpaepasi 3adada Hevimana B oOaactu Tuma «OeCKOHEUHBIN CAON» AAS
DAAUTITIYECKOTO YPaBHEHISI BTOPOTO MopsaKa B AuepreHTHOM (popme. I[Toayuensr Hauboee TTOAHBIE pe3yABTaTHI O
CYILIECTBOBaHMY Y aCHMIITOTIIECKOM ITOBeAE€HII ODOOIIEHHBIX peLleHNIt.

OrMeTnM, 4TO IOBeAEHNE pelleHMII B CA10e KaueCTBeHHO OTAMYAeTCs OT ITOBeAeHV pellleHIs YpaBHEHIVSI B
uyanHape. B zagaue Helimana, Harpumep, B IIMAMHAPe CTaOMAM3aLMs pellleHns K IIOCTOSHHOM MMeeT MeCTO C
HKCIIOHEHIIMAAbHOM CKOPOCTHIO a B CA0€ AMIIIb CO CTEIIeHHOIA.

Pesyaptats! pador [13],[14] B psize cayyaes ycuansaioT pesyasTarsl [8],[9], [10] otHOCAIIMIICA K pellleHNM 3a4ad,
MIepUOANIECKIX II0 JacTU IlepeMeHHBIX. Tak B [9] ycTaHOBA€Ha AMIIb OLIEHKA CKOPOCTHM YOBIBAHIS peIleHNs Ha
ecKOHeUHOCTH, IMeIOILeTO KOHeUHbI MHTerpaa sHepruu. B padote [13] moaydeHo acuMIITOTIIeCKOe IIpeacTaBAeHne
peleHye IpY TexX >Ke caMbIX OrpaHmdeHsx, 9ro s [8]-[10].

—1l+e -1
B caysae N = 2 onenxa ‘U‘ < Cg‘X‘ (8 > 0) 3aMeHsteTcst Ha ©04€ee TOUHYIO ‘U‘ < CS‘X‘ npu
BBIIIOAHEHUI YCAOBUIT AUHN Y KOD(DPUIVIEHTOB ypaBHEHIIL.

B paGore [15] paccmarpuBaeTcsl BOIIPOCHI CyIECTBOBaHM: M acCUMIITOTMUYECKOTO IIOBejeHIs OOODIIeHHOro
pemtenust 3ajaun Helimana a44s ®AAMIITIYECKOTO ypaBHeHNMs B OECKOHEYHBIX 00JacTAX TUIIA CAOS B CIIEI[MaABHO
ITOCTPOEHHBIX BECOBBIX ITPOCTPAHCTBaX.

AanHast paOota sBAseTcs HpoJoAXeHMeM u paspurueMm pabotr [13][14] B sTOM HampasaeHMN. 34ech
paccMaTpMBaIOTC  BOIIPOCHI  ACMMIITOTMKMI ODOOIIEHHOIO pellleHns 3ajauu HeliMaHa 445 9AAUITIYECKOTO
ypaBHeHIsI B OeCKOHEYHbIX 00AaCTsIX TUIIA CA0s B BECOBBIX IIPOCTPaHCTBAX.

Karouesbie caoBa: »aAunTHYecKie ypaBHeHIs, KpaeBble 3ajaul, 3ajada Heiimana, oGaacts, 0OoOIeHHbIE
pellleHne, ypasHeHIs /laliiaca, acCMMIITOTHKA PeIlleHNs], eAHCTBeHHOCTD pellleHle, BeCOBble IIPOCTPaHCTBa, YCAOBIS
AuHn.

ON ASYMPTOTOTICS OF GENERALIZED SOLUTIONS OF BOUNDARY VALUE PROBLEMS
FOR SECOND ORDER ELLIPTIC EQUATIONS IN LAYER TYPE UNBOUNDED DOMAINS

ABSTRACT

Boundary value problems for elliptic equations in unbounded domains have been considered in many papers [1]-
[2]. The case of an infinite cylinder and boundary value problems periodicin parts of free variables, for a second order
elliptic equation has been completely studied [6]. In these papers, usually the existence and uniqueness of the solution
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were not considered, and only the properties of a priori known solution were studied. In [5], [6] it was assumed that the
solution has a finite Dirichlet integral. Laplace equation on in Riemann manifolds, whors structure is more general than
a layer, was considered in [7].

The Neumann boundary value problem in an "infinite layer" type domain for second order elliptic equation in the
divergent form was considered in [13]-[15]. The most complete results on the existence and asymptotic behavior of
generalized solutions were obtained.

Note that behavior of solutions in a layer qualitatively differs from the behavior of solutions of the equation in a
cylinder. In the Neumann problem, for example, in a cylinder stabilization of the solution to the constant holds with an
exponential speed but in a layer only with a power speed.

The results of [13],[14] in some cases amplify the results of [8],[9], [10] related to the solutions of problems periodic
in a part of variables. In [9], only the estimation of the decay rate of the solution at infinity, with finite integral of energy,
was established. Asymptotic representation of the solution for the same constraints that in [8]-[10] was obtained in [13].

—1+e

In the case, N = 2 the estimation |U| <cC 8|X| (8 > 0) is replaced by the more exact |U| < C8|X|_l

subject to the Dini conditions of the coefficients of the equation.

The existence and uniqueness of asymptotic behavior of the generalized solution of the Neumann problem for an
elliptic equation in layer type infinite domains in specially constructed weighted spaces was considered in [15].

The present paper is the continuation and development of papers [13],[14] in this direction. Her we consider the
asymptotics of the solution of the Neumann problem for an elliptic equation in layer type infinite domains in weighted
spaces.

Keywords: elliptic equation, boundary value problem, Neumann problem, domain, generalized solution, Laplace
equation, asymptotics of the solution, uniqueness of the solution, weighet space, Dini condition.

ZOLAQ TiPLi QEYRi-MOHDUD OBLASLARDA iKiNCi TORTIB ELLIiPTiK TiP TONLIKLOR USUN SORHOD
MOSOLOLORININ UMUMILOSMiS HOLLININ ASIMPTOTIKASI HAQQINDA

XULASO
Qeyri-mahdud oblastlarda elliptic tonliklar ti¢iin serhad masalalari ¢ox sayda elmi islorde dyrenilmisdir [1]-[2].

Bu islar iserisinda an ¢ox sonsuz silindrik oblastlarda ve serbast dayisenlarden bir gismine goéra periodik oldugu
hallarda elliptic tenliklor iiglin serhad masalalorine baxilmisdir. Adston bu islorde moeselonin hallinin varligr ve
yeganoliyi masalasine baxilmamis, amma hallin oldugu hallarda bu hsllin bazi xassaleri dyranilmisdir. [5],[6] islarinda
sonlu Dirixle inteqralma malik hallinn xasselari arasdirilmisdir. [7] isinde Laplas tenliyi {i¢iin qurulusu zolaqdan daha
miirokksb olan Riman goxobrazlarinda hellin xassslari dyrenilmisdir. [13]-[15] islerinde divergent formada ikinci tortib
elliptik tenliklor {i¢lin “sonsuz zolaq” tipli oblastlarda Neyman masoaloisine baxilmis ve maselonin timumilasmis
hallinin varhgr ve asimptotik xasselori Oyrenilmisdir. Qeyd edek ki, maselenin hellinin zolaqda xassaleri, hallin
silindrde xassalorinden kaskin sokilde forqlagnir. Belo ki, Neyman measslasinin silindrik oblastlarda halli sabite
exsponensial siiratle yaxinlasdigr halda, zolaq tipli oblastda by yaxinlasma qiivvet sekilinds siiretle olur. [13],[14]
iglorinde almis naticelar dayisenlerle nazaren periodik olan hallar tigiin [8]-[10] islerinde alinan naticeleri shamiyyetli
daracads giiclondirir.

—l+e -1
N =2 oldugu halda ‘U‘ <cC S‘X‘ (8 > 0) borabarsizliyi daha daqiq ‘U‘ < CS‘X‘ ilo avoz
olunmusdur. Bu natics tenliyin amsallarinin Dini sertini 6dadiyi halda almmuisdr.

[15] isinde timiimilasmis hellin varligi ve hsllin asimptotik xassaleri sonsuz oblastlarda teyin olunmus ¢akili
fozalarda dyrenilmisdir.

Magqals [13]- [14] islerinde alinmis naticelarin timiimilasmosi ve cakili fozalarda hallin asimptotik xasselerinin
Oyranilmasina hasr olunmusdur.

Acar sozlar: elliptik tonliklar, sarhad masalesi, Neyman masalasi, oblast, {imiimilasmis hall, Laplas tenliyi, hollin
asimptotikasi, hallin yeganaliyi, ¢akili foza, Dini sorti.
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[Tycrs [1= R"xQ rae Q) orpaHun4eHHast 064acTh B RX ¢ aummurieoit rpanutieit O€2
. Byaem obosnauats Z =(Z;,Z,,...,2,,),M=n+K, X=(X,%X;,....%X,) =(21,2,,....,2,)),
y = (yl’ y2""’yk) = (Zn+l’ Zn+2""’zn+k)'
m 0 ou m of
> () —— |=2—" zell ()
i’j:]_ aZI aZJ i=1 82,
U KPaeByIO 3a4aqy A4s1 HETO

23 Za, (@) cos(iz) = Y1, (2)cos(n,2)), 200, @)

oV =10z Z; =l

qepes ﬁ-0603Ha‘IaeTC}I eAI/IHI/I‘IHI)IﬁI BEKTOp HOpMaan K aQ B TO4YKaX, rae Hopmaab

—

cyirectsyet, V -HasbiBaeTcst KoHOpMaapio rparmisr OC). Byaem npeanoaarats, uto 8 (2)
orpanundeHHsie u3Mepumsie B [ 1 QpyHxmmm.

Aas msydenusa sagaun (1),(2) BBegeM HeKoTOpble (PYHKIIMOHaAbHBIE ITPOCTPaHCTBA.
DyHKIMA u(z) EWa (IT), ecan

[@+ x|V ,uf dz+j (2+|x|) ‘u u‘ dz+j L+ [x) ‘u‘dx<oo

I1

e V, = 0 .90 9| &=const, u(x) = 1 [u(z)dz.
o0z, oz, 0Oz, mesQ &,

Hopwmy saementa U(Z) € W, (IT) onmpeaeanm caeayiomum obpaszom:

||u||\fv2 [@+xf|v,u* dz+J' (L +|x|) ‘u u‘ dz+j @+ [x|) ‘u‘dx<oo

I
Onpeaeaerme. Pynxius U(Z) eW, (IT) wasbBaeTcs 0GOBIIEHHBIM —pereHVEM
3agauu (1)-(2)

| a;(2) - o a;//dz zf (2) "”dz 3)

ij =111 j

npu a060it ¥ (2) eWzl (IT), pasuoit nyatwo, npu |Z| AOCTaTOYHO OOABIIINM.

ITpocrpancrso W ¢ (IT) onpeaeasiercs BBeseriem Hopmbr:

e = [ (a—J e [ e+
Rn

Wo () f

+j 1+|x|) ‘V (u-— u)‘ dz+j L+ [x)f~ ‘u u‘dx
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Oynxuus U(Z) €W o (I1) naswiBaercst 0606mennbiv pertennem 3agadn (1),(2), ecan

paseHcTBO (3) BhiroAHseTCs py a1060i1 ¥(Z), Taxoi, uro y(z) =0 npu |X| > R, u npu

1
|X| < E’ v (2) €W2l (IT), rae W21 (TT) -rpocTpanctso Coboaesa. Jerko BuAeTH, 4TO ecan

a<0, to Wo(II)cW,(II) u ob6o6uennse pemenne uz W o (I1) ssasercsa
o606mennnv permenvem u3 W, (IT).

Bsedem eme mpocrpanctso L,. Hopma saementa f =(f,f,,....f )el,

oIrpejeAsieTcs cAeAyIOIM 00pa3oM:

2 m
I, =5 [

‘dx+zj 1+ X))

“dz + Z [ @) |f,|"dz.

=n+171]

Ko:»)c])c])MLLI/IeHTbI aij(z)— OrpaHMYeHHble U3MepuMble (PYHKLINM, TaKyUe YTO

‘Ilm g;(2) =

I3 pesyabraToB paboThI [15] caeayeT, 4TO €CAM BBIIIOAHSIETCS YCAOBYE

[ @+ X V,udz<oo @

IT

npu S+n>0, f|(z)=0, 0<i<m 10 U(z)=const.

PaccMoTpuM caeAyIoNIyIo KpaeBylo 3alady:

m 0 ou
Lu= > a. (z =0, zeIl 5
i.j=10Z; i )82 e

j

ou — =0, zedl ()
ov

VmeeT MecTO caeayioniast Teopema.
Teopema 1. Ecan €2 3Besanas obaacts, U(Z) permenue 3agauu (5),(6) B I'1 Takoe , uto
2
[ @+ X vudz <o
IT
npu kakom-Hubyap o > 2 —N, to U(z) =C.

PaccmoTpuM Temeph acMMIITOTHKY pemeHus 3agaun (1),(2) npm |X| —> 00 B cayyae

n=2.. byaem npeanoaarars, 4To Q) 3Be3aHast 001aCTb.

Teopema 2. Ecan R pemenne 3ajgaun (5),(6) B obaactu
I, ={z:z eI, 1<z < oof rakoe, uro | Vu[*dz < o0, ‘aij (z)- J‘ < ofjz))
Iy
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r2e J'@ dt <oo, @(t)-me Bospacraromas ¢ynxims, To U(Z) =Uy(Z) +C, rae

U (2)| < c|x|_1, zell, .

Aoka3zaTreabcTBO. VI3 popmyan I'puna caeayer

ou ou ou
a; (z )——d u—-ds, a>1.(7)
L-le "oz x£a ov

Myers U = (MesCY) ™ [u(z)dy.
Q

Toraa nmeem

[ @-w@)vufdz= | u-u)Mds+u [ uds. @)

., IX=a ov x=a OV

3 popmyast I'puna Taxke caeayet, 4To

—ds= | a—uds, >0, a,>0, 9

‘X‘=a 81/

Tak Kak 110 Teopeme O cpegHeM:

ﬂVu\Zdz=l HVU\Zdz, A< <24,

;24 |x|=2'
12 1/2
TO j a—uds < I|Vu| ds| caz< _[|Vu|2dz —>0npuld — 0.
x|=2' ov x|=2" I, 2,

Ycrpemasisa s (9) Oy K O€CKOHEYHOCTU ITOAYIMM, YTO

8—udS 0 npu ao6om a; > 1.

e OV

Orcroga u u3 (8):

[a-o@vuldz< [u-u)Pds<
., IX|=t ov

1/2 2 1/2
> U 4 | U g

Jlu-u =
ov

\x\ t |X|=t

Vcrioansys HepaBeHcTBO IlyaHkape, mpu 40CTaTOYHO OOABIIIOM t IOAYYIM:
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+(a)(t)w] ds] { | |V'u|2ds} (10)
|

T X|=t

[ Q- a(a)|Vudz < {(1 w(a))‘a_“
I ov

1,00

rae V' IpagueHT KaK QPyHKINU (yl, y2,...,yk). C nmomomipio HepaseHcTBa Komm 13

(10) moayunm

| (1—a)(a))\Vu\2dzs@ [[v'uffdz )
|X|=t

nt,oo

O6osznaunm /(1) = j|VU|2dZ. Toraa B cuay (11):

nt,oo
1+ ot .
L+ (O () = —(T())w (1
]/IHTerpI/IpyH DTO HepaBeHCTBO, HO/Iy‘H/IM
w(t) < t%

Taknum obpasom:

ﬂVu\zdz stc—;.

H'[,oo

Hyers T(t) =——=——| [u(z)dz |

t,2t | TI; o
3 nepasencrsa I lyankape:

[ ju(@ ~T () dz<ct? f|Vu|2dz <q

t,2t Ty ot
Paccmorpum gynxuuio V (2) =u(z) =T (t).

Ecan () npeoGpasosats B ky0 ¢ pedpom [ u V (t) nmposoaxurs uetnsim obpasom

yepe3 TIpaHM BTOro KyDa IIOocAej0BaTeAbHO [t]+l pa3, TO IOAy4YMM B

T, = {z:t <|[x|< 2t,]y;| <t}:

t* [V2(z)dz+ HVV\Zdz <ct?*k,
I, I,
Ecau 3aecnh caeaaem sameny Z =1- 2", to moayunm:
[Vi(z)dz+ HVV\Zdz <ct2,
I, I,

Orcioaa N(Z')‘ < Clt_l 51T,
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ITo OpMHOUITY MaKCUMyMa, OTCIO4a I10Ay49aeM:

OSCu(z)<ct™.(12)

Iy o

Tax xak U(Z) orpaHm4eHHas (PyHKIIMs, TO CyIIecTByeT Ipejea U(Z) apu Z —> 0

BAOADb HeKOTOpOﬁI I10CAeA40BaTeAbHOCTI.

Orcioga caeayeT HepaBeHCTBO
u(z)| < c\x\_l.

Teopema gokasaHa.
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ABSTRACT

In this paper, we will investigate the semi-Markovian random walk processes with negative drift and positive
jumps. The random variable which is called the numbers of the steps for the first moment of reaching positive level, is
introduced. Integral equation for the generating function of the distribution of this random variable is obtained. Length
of jump is given by the gamma distribution resulting in a fractional order integral equation. The purpose of this paper is
to reduce the fractional order integral equation to a fractional order differential equation. Finally, explicit form for the
generating function is obtained.

Keywords: Generating function, random variable, semi-Markovian random walk process, fractional order
differential equation.

IMOAYYEHUE AUDPDPEPEHIIVIANIBHOMY YPABHEHUIO APOBHOI'O IMOPSIAKA AAS TIPOVI3BO ASIIITEN
@®YHKIIVN ITPOITECCHI TOAYMAPKOBCKOT'O CAYUYAMHOI' O BAYKAAHUS C OTPUITATEALHBIM
CHOCOM N TIOAOXNUTEAbHBIMY CKAUYKAMM

PE3IOME

B cratbe mccaeAyercs MOAYHMapKOBCKME CAydaliHble OAY>KAaHV C OTPUIIaTeABHBIM CHOCOM U TIOAOXKUTEAb-
HBIMM CKauKaMI1. BBoAuTCs caydaiiHas BeAndnHa, Ha3biBaeMasl HoMepaMI IIIaroB A/s1 IIepBOTO MOMeHTa AOCTVIKEHNs
IIOAOXKUTEABHOTO ypOBH:L. 1104ydeHO MHTerpaabHOe ypaBHEHME A IIPOM3BOAIILEl PyHKIIMM paciipeAeAeHIs DTOM
CAy4aifHOV BeAVYUHEL /AVHa NpBDKKa OIpejeaseTcsl TaMMa-pacipeeleHIeM, YTO MPUBOAUT K VHTeTpaAbHOMY
YPaBHEHUIO APOOHOIO NOpsiaka. 1leabl0 AaHHOM CTaThyl SBASETCA CBeJEHME MHTErpalbHOIO YpaBHEHNs APOOHOIO
ropsiaka K AudepeHIaibHOMY YpaBHEHIIO 4pOOHOTO TOpsAKa. B KoHIle, ToaydeHa TouHas popMyaa A5 ITPOU3-
BOASIIENT (PYHKLIVIL.

Katouesnie caosa: ITpoussogsimas (yHKINs, cAydariHasl BeAUYUHA, IIPOIIeCC T0AyMapKOBCKOTO DAYKAaHWL,
AnddepeHLIaipHOe ypaBHeHEe APOOHOTO MOPsIAKa.

MONFi AXINLI, MUSBOT SICRAYISLI SEMi-MARKOV DOLASMA PROSESININ DOGURAN
FUNKSIYASI UCUN KOSR TORTIB DIFERENSIAL TONLIYIN ALINMASI
XULASO

Magaleda manfi axmnl, miisbet sicrayish semi-Markov dolasma prosesini tedqiq edeacayik. Miisbat saviyysye
birinci dafe satmaq tisiin atilar addimlar say1 adlanan tesadiifi kemiyyat daxil edilmisdir. Bu tesadiifi kemiyyatin
paylanmasmin doguran funksiyas: {isiin inteqral tenlik qurulmusdur. Sicrayism uzunlugu Qamma paylanmasi ila
verilir naticada kasr tortib inteqral tenlik aliir. Maqaleds magsad qurulmus inteqral tenliyi kesr tortib diferensial
tonliye getirmakdir. Sonda, doguran funksiya tisiin daqiq formul almmisdr.

Acar sozlar: Doguran funksiya, tesadiifi kemiyyet, semi-Markov dolasma prosesi, kesr tortib diferensial tenlik.
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Obtaining the Fractional Order Differential Equation for Generating Function of a Semi-Markovian
Random Walk with Negative Drift and Positive Jumps

1. INTRODUCTION

As is known, quite a lot of works in the fields of queuing, reliability, stock control, inventory
theories and etc. are given by means of the semi-Markovian random walk process with barrier.
Within the realm of finite-state processes, semi-Markovian processes are extremely flexible, and
they should be a primary statistical tool for modeling stochastic processes. It is well known that
the semi-Markovian processes have been introduced by L. Takacs [1], P. L'evy [2] and W.L.
Smith [3] in order to reduce the limitation induced by the exponential distribution of the
corresponding time intervals. In the works of Nasirova and her collaborators the generating
function of distribution of the boundary functional of semi-Morkovian random walk was
studied (see, [4], [5], [6]). It should be noted that finding the generating function of the semi-
Markovian random walk processes is a powerful tool in applied mathematics and engineering. It
is well known the connection between semigroup theory and the Markov processes. In the
semigroup theory of Markov processes, a particular process is usually represented as a
semigroup of contraction operators in some concrete Banach space, and the properties of the
particular process are deduced from the properties of the associated semigroup of operators.
From this point of view, by Atangana in [7] it was shown that the Atangana Baleanu fractional
derivative possesses the Markovian and non-Markovian properties. We also refer to [8] for more
results on fractional modeling of probabilistic processes. We recall that, in [9] the authors studied
a stepwise semi-Markovian processes. Then authors used the fractional Riemann-Liouville
derivative. Moreover, the obtained solution for the fractional differential equation was in the
form of a threefold sum. But in the presented paper, we obtained a mathematical model of a
semi-Markovian process for a certain general class of probability distributions, and in the class of
gamma distributions we managed to reduce the study of a mathematical model through a
fractional differential equation with a fractional Weyl derivative. In conclusion, we were able to
find an explicit form of the solution of the resulting fractional differential equation and hence, the
exact probabilistic characteristics of the process under consideration. In this paper, jump
processes with a waiting time between jumps that is not necessarily given by an exponential
random variable is consider. In the present paper, we study the semi-Markovian random walk
processes with negative drift, positive jumps. We construct an integral equation for the
generating function of the conditional distribution of the numbers of the steps for the first
moment of reaching positive level. In particular, constructed integral equation is reduced to the
fractional order differential equation in the class of gamma distributions.

The paper is organized as follows. Sec. 2 contains problem statement and some
preliminaries along with the standard ingredients used in the proofs. An integral equation for
the generating function of the conditional distribution of the numbers of the steps for the first
moment of reaching at positive level by the semi-Markovian random walk processes with
negative drift, positive jumps is given in Sec. 3. Also, in Sec. 3, it is shown that the obtained
integral equation is reduced to a fractional differential equation in the class of gamma
distributions. The main result is proved in Sec. 4. Finally, conclusions of this study are given in
Sec. 5.

2. PROBLEM STATEMENT AND PRELIMINARIES

Let there be given a sequence of independent and identically distributed pairs of random
variables {fk , é/ K }k 51 defined on the probability space (Q, F, P), where the random variables
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& and £, k=10 are positive and independent. Using these random variables, we construct

the following semi-Markovian random walk process (see [10]):
k-1 k-1 k o
X, ()=z-t+> ¢ ,if D & <t<D & k=L,
i~0 i=0 i—0

where & =¢; =0. X, (t) is called the semi-Markovian random walk process with negative
drift, positive jumps.

One of the realization of the semi-Markovian random walk process X, (t) is shown in Figurel

X.(1,m,) *
d
p
z
§| (wn)<
U z Flw,) &) gﬂ,f. (@) ¢
\l

Figure 1. The semi-Markovian random walk process X, (t)

Here v, is the numbers of the steps for the first moment of reaching at level a (a>0) by
process X, (t):

Ve =min{k:z—iZ::[§i -4z a}.

The aim of the present work is to determine the generating function of the conditional
distribution of the random variable v’ .

3. GENERATING FUNCTION OF THE CONDITIONAL DISTRIBUTION v, .

We set

X_(0) = z)ziukP{vf‘ ~KX,(0)=2} 0O<u<l.

k=1

w(u|z)= E(u”1a

The function y (u | z) is called the generating function of the conditional distribution of the
v
Theorem 1. Let Xz(t) be the semi-Markovian random walk process with negative drift,

positive jumps. Then integral equation for the generating function of the conditional distribution
of the v/ has the form
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Random Walk with Negative Drift and Positive Jumps

w(U2) =u] p, (WP, > a—z+xjdx+u]p(uy)[d, P, < x+y-z}d P < x}+
Z 0 ) z 0 (1)
+u [ wuly) [d,P{¢ <x+y-z}d P{& <x}
— =y

Proof. Using by the law of total probability for k > 2, we have
Pl =KX, (0)=2}= [P{z-&+¢ edylPlyt =k-1X,(0) =y}
y=—00

Multiplying both sides of last equality by u* (0<u <1), summing for k = 2,00 we get
SuPhE =KX, (0 = 2}= Tu* yjf{z —& 4+ ¢, edylPlf =k—1X,(0) = v}
From last equation we have
Su*Phy =KX, (0) = zf=uPly =1x,(0) = z}+ Su* yif{z —&+ ¢ edyPhR =k-1X,(0) = y}
After some transformations, the last integral equation takes the form
w(ulz) =uP{z-& +¢, > a}+uy?_mz/{(u|y)P{z —& + ¢, edy}
and

w(ulz) :uz p. (NP, >a—z+xjdx+u j w(uly) TdyP{gl <x+y-z4d,P{& < x}.

x=max( 0,z—y)

Thus, generating function of the conditional distribution v/ satisfies the integral equation
(1)
This completes the proof.
Let’s assume that random variable &; has the gamma distribution with parameters & >0
and 3> 0, while random variable {; has the exponential distribution with parameter A :
ﬁa
p,(0={T@)
0, x<0,

Xere ™™ x>0, (x)= Ae ™ x>0,
Pa 0, x<O0.

In the class of these distributions the integral equation (1) has the form
up“ett? . uipe’ j‘-

“A+p)* o) ;
uige* |

- T —(A+8)x y a—
+W_J;e Py (uly) Ie APy xdxdy.

w(ulz) = e’“«//(u|y)J.e"“ﬂ)xx‘“dxdy+
0

(2)

z-y
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z

Multiplying both sides of equation (2) by €~
Z , we obtain

and differentiating both sides with respect to

u/llgaef(ﬂﬁrﬂ)z z Sy 4
— | e u Z-y)“dy.
@ [e™y(uly)z-y)*dy

—00

ey (ulz) - Ae Py (u)z) =-

Multiplying both sides of last equation by e "  we obtain

- , uip® ¢ .
ey (u2) ~ 2y (ul2) = L2 [y (uly)(z - ) dy. ®
I'(a) =,
We set
Qulz) ="y (uf2). (4)
From equation (3), we obtain
u

Q)i+ PRI =5 JQlte ).

r
It is known that the Weyl fractional integral is defined as

1“(Q(ulz) =f2) [QuyE - y“dy.

00

Taking into account the last equality, we have
Q (uz)- (2 + A Q(u[z) +uB“ A1 “ (Qu[2)) =0. ©)

Let @ €(0]) and let #(z) be a differentiable function in (0,00). The Weyl fractional
derivative of order & of a function ¢(z) is defined as (see [11] and [12] )

D7¢(z) = F(l—ia) [@-u)=¢'uydu.

Taking into account the last equality, we have
D (Q(uz) - (2 + A)DZ (Q(ufz) + 28°uQlu[z) = 0. ©6)
Thus, we have proved the following theorem.

Theorem 2. Let Xz(t) be the semi-Markovian random walk process with negative drift,
positive jumps. Let &, be a random variable has the gamma distribution with parameters o >0
and #>0 and let £, be a random variable has the exponential distribution with parameter
A > 0. Then integral equation (1) is reduced to the fractional differential equation (6).

4. SOLUTION OF EQUATION

Suppose that k(u) is a real function defined on (0, ) . Then we can find the Weyl fractional

(u)

derivative of order ¢ of the function &“/* with respect to 7 :
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D& e ™ =[k(u)]*e*™.

Let us seek the solution of fractional order differential equation (6) in the form
Q(U|Z) =C(u)e"¥?. Here k(u) is a solution of the characteristic equation of (6) with fractional

exponents

k()] = (u+ B)- k()] = p*u=0. )

and the unknown function C(U) can be determined from initial condition

uﬂae—ﬂ.a Uﬂﬂa a iy
gy e v

w(ul0) =

)
U/Atﬁa ¢ —4y T —(A+8)x y a-1
+ e yw(uly) |e X dxdy.
r@ien]
From (4) we have
w(uz) =C(u)e™ 2, )

It is obvious that (1| z) =1. Hence, we obtain that C(1) =1 and k(l) =pf.

So, we have proved the following theorem.

Theorem 3. Let X, (t) be the semi-Markovian random walk process with negative drift,
positive jumps. Let &, be a random variable has the gamma distribution with parameters o >0

and #>0 and let £, be a random variable has the exponential distribution with parameter
A>0.

Then an exact solution of the fractional differential equation (8) is given by (9).
5. CONCLUSION

The main goal of this paper is to study the semi-Markov random walk processes with
negative

drift, positive jumps. We construct an integral equation for the generating function of the
conditional distribution of the numbers of the steps for the first moment of reaching at positive
level by the semi-Markovian random walk processes with negative drift, positive jumps. In
particular, constructed integral equation is reduced to the fractional order differential equation in
the class of gamma distributions. The fractional derivatives are described in the Weyl sense.
Finally, we find an exact solution of the fractional order differential equation.
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PE3IOME

B pabore nccaeayercsa sajada ONTHMaALHOTO YITpaBAeHMs, OMMChIBaeMasl CUCTEMOI HeAMHENHBIX Pa3HOCTHBIX
ypasHeHUI1 Tuna BoabTeppa ¢ HeA0KaAbHBIMI KPaeBbIMI YCAOBUAMIA.

HpI/IMeHH}I MeTOJ HpI/Ian_leHI/HZ, BbBIMMCASIETCA ClIeliiaabHOE IIpupalleHne Cl)yHKLU/IOHaAa  C ero IroMoIIbo
AOKa3bIBalOTCsI pa3AMIHbIE HeO6XO,Z|,I/IMbIe YyCa0BIL OIITIMAABHOCTH II€PBOTO ITIOPsIAKA.

ITpn TOM HasararTCs pa3AM4IHbIE YCAOBUS I1aAKOCTHU Ha IlapaMeTphl 3aJa4lt.

Karouesbie caoBa: JoITycTmMOe yTpaBAeHNe, pa3HOCTHOe ypaBHeHme BoabTeppa, (yHKIIMOHaa KayecTsa,
HeoOXOAUMOe yCAOBMEe ONTUMAABHOCTY, AVICKPETHBII IPUHIOVMII MaKCUMyMa, AVHeapV30BaHHBIN ITPUHITVUIT
MaKCHMyMa, aHaA0T ypaBHeHs Ditaepa.

ON A DISCRETE NONLOCAL OPTIMAL CONTROL PROBLEM
ABSTARCT

The paper investigates the optimal control problem described by a system of nonlinear Volterra difference
equations with nonlocal boundary conditions.

Using increment method, a special increment of the functional is calculated and various necessary conditions of
optimality of the first order are proved with its help.

In this case, various smoothness conditions are imposed on the parameters of the problem.

Keywords: admissible control, Volterra difference equation, performance functional, necessary optimality
condition, discrete maximum principle, linearized maximum principle, analogue of the Euler equation.

BIiR DiSKRET LOKAL OLMAYAN IDARSETMO MOSOLOSi HAQQINDA
XULASO

MBagqalads geyri-xotti Volterra tip forq tenliklar sistemi il tesvir olunn bir optimal idareetma masalosi tadqiq
olunur.

Artim tisulu vasitesile funksionalin xiisusi artimi hesablanir ve onun vasitesile optimalliq tigiin miixtslif birinci
tortib zaruri sortlor alinur.

Bu halda masalenin parametrlari {izarinds miixtslif hamarhq sertleri qoyulur.

Acar sozlor: miimkiin idars, Volterra forq tenliyi, keyfiyyst funksionali, optimalliq {i¢lin zeruri sert, diskret
maksimum prinsipi, xattilosdirilmis maksimum prinsipi, Eyler tenliyinin analoqu.

1. BBegenme.

B paGorax [1, 2] Obian m3ydeHBl psj 3ajad ONTUMAABHOTO YIIPaBAEHNs, OIVChbIBaeMble
OOBIKHOBEHHBIMM Pa3HOCTHBIMM YPaBHEHMAMM C HeAOKaAbHBIMIU KPaeBhIMU YCAOBVSMIA.

B Hpe\ZI,AaI'aeMOIZ pa60Te paccMaTpumBaeTcia  3adada  OITMMAJbHOIO  YIIpaBAEHILI,
OITVIChIBaeMasl HeAMHEeHBIM Pa3HOCTHBIM YypaBHEHIEM THIIIA BOAI)Teppa C HeAOKaAbHbIMU
KpaeBbIMU YCAOBVISIMIL.
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HpI/I padAmM4HBIX IIPEAIIOAOKEHIVSIX Ha AaHHbIE 3ada4yl OIITMMAa/JbHOIO YyIIPpaBA€HII,
yCTaHOB/A€HBI HEKOTOPDbIE HGO6XO,ZI,I/IMI)I€ yCAOBILI OIITMIMAAbHOCTY IIEPBOIO ITIOPAIAKA.

2. IlocraHoBKa 3aaadn.

IIpeamnioaoxmm, uto ty < t; — 3agaHHbIE YMCAQ, IPUYEM Pa3HOCTb t; — ty — €CTh HaTypaab-
HOE 4I1CAO0.

Uepes T = {to,ty + 1,...,t; — 1} 0003HAUMM KOHEUHYIO I10CA€A0BATEABHOCTb.

IlycTs yripaBAseMblii POLIECC OIMCHIBAETCS CUCTEMOV HeAMHENHBIX Pa3HOCTHBIX YpaBHe-
Huii Boasteppa

t
x(t+1) = Z £(t. 7, x(0,u@®),t €T (1)

=ty
C KpaeBbIMI/I ycAOBI/IfIMI/I
Lox(to) + le(tl) = {’. (2)

3aech f(t, x,u) 3agaHHas1 -MepHas BeKTOP-PYHKIV, AVICKpeTHasI 110 (t, T) 1 HellpephIBHAas
110 (X, u) BMecTe C YaCTHBIMU ITPOM3BOAHBIMU I10 X, Lo, L1 3aaHHBIE (n X n) IOCTOSHHbIE MaT-
puiisl, £ — 3aJaHHBIN ITOCTOSIHHBIN BeKTOP, U(t) — r-MepHBI AUCKPETHBIN BEKTOP YIIPaBASIOIINX
BO3EVICTBUII CO 3HAYEeHISIMU U3 3aJaHHOTO HEITyCTOTO VM OrpaHIYeHHOro MHoxKectBa U C R,
T.€.

u(t) EUCR",teT,(3)
Takne praBA}IIOH_U/Ie Cl)yHKLH/H/I Ha30BEM AOITyCTIMbIMU YIIPpaBACHUIMMU.

ITpearioaaraeTcs, 9YTO Ka’kAOMY AOIYCTUMOMY yIIpaBAeHUIO U(t) COOTBETCTBYET eAVHCT-
BeHHOe pereHnte x (t) Kpaesoit 3agaun (1)-(2).

ITycts @ (x0, X1) — 3asaHHasI HEIIPePBIBHO AndPepeHIpyeMast CKaaspHas PyHKI.

Ha pemenmsix kpaesont 3agaum (1)-(2), IMOPOKAEHHBIX BCEBO3MOXKHBIMU JAOIYCTUMBIMU
yHpaBAeHIsMHU OllpeJeAnM (PYHKIIMOHAA

J@) = p(x(to), x(t1)) (4)

U PacCMOTPUM 3ajady O HaXOXKAEHMM MUHMMAABHOTO 3HaueHNsI (PyHKIMOHaja (4) mpu
orpanmnyeHx (1)-(3).

AJomycrumoe yripasaeHne, u(t) A0CTapAsioliee MUHIMaAbHOe 3HaueHne (PyHKIMOHaAY (4)
npu orpannyensx (1)-(3) HazoBeM ONTMMAaABHBIM, @ COOTBeTCTBYIOmMI Iportecc (u(t), x(t)) -
OITHMAaABHBIM IIPOIIECCOM.

IIpeanoaaraeTcs, 4TO ONTMMAaAbHOE yIIpaBAeHNe B pacCMaTpUBaeMoil 3ajade CyIllecTByer.
3. AHaa0r AMICKpPeTHOrO NpVMHIIMIIa MaKCMyMa.

ITycts u(t) u u(t) = u(t) + Au(t) HexoTOpHIE AOIyCTMMBIe ympabaeHn:s. Yepes x(t) u
x(t) = x(t) + Ax(t) obo3HaUMM COOTBETCTBYIOIIINE MM pellleHNsI Kpaepoit 3adaun (1)-(2).

N3 BBeseHHBIX ODO3HaUeHMII sCHO, 4TO IpuparmeHne Ax(t) Tpaexropum x(t) sBAsSeTCS
peleHneM KpaeBou 3ajaun
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06 00n01i duckpemnoi HeAOKAAbHOTE 3a0ade ONMUMAALHOZO YHPAGAEHIUSL

t

Ax(t +1) = Z (F(t. 7.2, 1) — £(t,7,x(1), u(D))), (5)

=ty
LoAx(to) + Lle(tl) = 0. (6)

Yepez 1 € R" m(t) € R",t € T U t; —00O3HaUMM ITOKa IIPOU3BOABHBIE -MepPHBIE IIOCTOSH-
HBII BEKTOP U BeKTOP-(PYHKIIMIO.

s Toxxaects (5) u (6) moaydaem, 4To

t;—1 -1 ¢t
Y woac+n =Y | v (f(onimam) - f(6n@,em)]. o)
t=tg t=tg | T=to

N LoAx(ty) + A'L,Ax(t;) = 0. (8)

Vcrnoap3yst (IpuUMeHsIsl) AVICKpeTHBII aHaaor ¢opmyasl PyOomnm (cMm. Hampumep, [3])
IIOAYYUM, 9TO
t;—-1

2.

t=t0

t

> v (f(6r2@,40) - £ 5 x@,u0))| =

T=tp

ti—1

»

tzto

ti—1

D WO (f(n6x©0,50) - £t x©u©))|-©)

T=t

Aaaee noayyaem, 4To
t1—1

-1
D W O8(E+ 1) = 96— DAx() = 't — DAx(eo) + Y '(¢ = DAx(®) . (10)
t=to t=to

Bseaem anaaor ¢pynxim I'ammasrona-TlonTpsiruna B popme

ti—1

H(t,x(®), ut),p(t)) = Z ' @f (z,t,x(®), u(t)).
T=t

Toraa, yautsisas Toxxaectsa (9), (10) popmyaa npupaiteHns QyHKIMOHaAa KadecTsa (4)
MO>KeT OBITh 3aIliiCaHa B Be

AJ(w) =] (@ — () = ((to), X(t1)) — ¢ (x(to), x(ty)) +

t1-1
F A LoAx(ty) + A LyAx(ty) + ' (t — DAx(ty) — ' (to — 1Ax(to) + Z W' (£ — 1)Ax(t)
t=t,
-1
- Z [H(t, 2(6), 7(0), () — H(t, x(£), u(®), ()] . (11)
t=t,

Jazee Ha ocHoBe popMyabl Teilaopa 11oaydaem, YTO

(p(f(tO)Jf(tl)) - QD(X(tO),X(tl)) =

a ! ) a ! ,
_9¢ (9;(;22036@1))&(1:0) L o9 (9;(;25(1?1))“@1) + 0, ([1AxE) I + 1AxEDID). (12)
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H(t, (), u®), () — H(t, x(@®), u(®), Y (©)) = H(t, x(t), u(®), () —
—H(t,x(0), u(®), Y(t)) + (Hx(t,x(t),ﬁ(t),lp(t)) - Hx(t,x(t),u(t),lp(t))), Ax(t) +
+Hy (¢, x (), u(®), ¥ (1)) Ax(t) + 0, (1Ax(®)ID. (13)

3aecs ||a|| Hopma BekTOpa a = (@4, Ay, ..., @,)’, onipeseasiemast popmyaoin ||la|l = Yizq|a;l,
a o(a) —BeanunHa H60.ee BBICOKOTO, 4eM @, T.e. o(a) /a — 0 npu a — 0.

Yuursisast popmyas (12) u (13) B popmyae npuparenns (11) moayamum, aro
¢’ (x(to), x(t,)) 0¢' (x(to), x(t1))

AJ(u) = Ax(to) —

Ax(t1) + o1 ([I1Ax(to) || + 1 Ax(ED)ID +

dx(ty) 0x(t1)
t1-1
+A'LoAx(ty) + A'LiAx(ty) + ' (ty — D)Ax(ty) — ' (to — DAx(ty) + Z Y'(t— 1)Ax(t) —
t=t,
t1—1 t1-1
- Z [H(t, x(®), 0(®), () — H(t, x (&), u(®), Y(©))] - Z HL (8, x(8), u(®), p(8)) Ax () —
t=to t=to
t1—1 t1-1
= 37 (Helt 2@, 70, 9(0) — (610,10, 9(®)) 430 = Y 0,(1ax®I). (14)
t=to t=to

ITpearoaoxm, 9to Y(t) sABASETCS pelleHneM 3aaun
Y(t — 1) = Hy(t, x(6), u(®), ¥ (1)), (15)

Yt — 1) = — a‘P'(x(;;)IJX(tl))

_ 99’ (x(to), x(t1))
B dx,

- Llll,

Yt —1) + Ly' . (16)

Toraa popmyaa npupartenns (14) PpyHkIMoHa A KayecTsa IPUMET BILJ,

ti—1

AW = - Z [H(t,x(®), 70, ¥(©) - H(t, x(®), u®), p(®)] -
t=t,
t;—1 t;—1
= > (Hallt 2, 5O, () — Ho(£, %0, 10, 9(®)) 4x(©) = D" 0,(14x(O)]) +
t=ty t=to

+o1 ([I1Ax (o)l + lAx(e)ID.- (17)

ITpeArioA0X1M, 9TO MHOKECTBO
ft,t,x(t);U) ={a:a = f(t,t,x(1),v(7)),v(r) € U,T € T} (18)
1ipu Beex (t, T) sABASETCS BBIITYKABIM.

ITycts € € [0, 1] mpoussoapHOe uncao. CrieraabHOe IpypalieHne AOIyCTUMOIO yIIpaBae-
HILS OITpeeAuM 110 popmyae

Au (t) = v(t;e) — u(t),t €T.(19)

3aech v(t; €) MPON3BOABHOE AOIYCTUMOE yIIpaBAeHIe, TAKOe, UTO
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f(t, 7,x(7),u(t; €) + Aug(r)) — f(t, r,x(r),u(r)) =
= s[f(t, T,X(T),U(T)) — f(t, T,x(r),u(r))]. (20)

3aecs v(t) NIPOM3BOABHOE AOIYCTMMOE VIIpaBAeHNe, OTBedalollee AOIYCTIMOMY
yrpasaeHuio v(t; €).

W3 ypasreHns (5) moayanm, 9to Ax(t) sBAseTCA pellleHreM AMHeapU30BaHHOI 3a4adun
t

Ax(t+1) = Z | (&7, 2(0), u())Ax(2) + (f(t, 7,x(0), u() — f(t, T,x(r),u(r))) +

T=to
+ (fx(t. 7,x(0), (1)) — f(t, T;x(f).u(f))) Ax(7) + 03 (lAx(DID], (21)
LoAx(ty) + LiAx(ty) = 0.(22)

Uepes Ax(t; &) oboszHaumM cIieraabHOe IpupanieHne Tpaekropum x(t), oTBevarolee
npupamiennio (19) yrpasaenst u(t).

[Toaoxum

Ax(t; €) = ey(t) + 04(&;1), (23)

rAe y(t) moka Hen3BeCTHasI -MepHast BEKTOP-PYHKIIVSL.

M3 (21)-(22) ¢ yueTom (23) moaydaem, 4To

t

ey(t+1) +o,(e:t) = ¢ Z (161 x(@, @)y @ + (F(6,71,2(1), v(D) - F(&,1,2(0), u(D) ) +

T=t,
+os([1Ax(&; D) D],
eLoy(to) + €L,y (t;) = 0g(e).

Pazaeastst 0be yacTy IIOAYYeHHBIX COOTHOIIIEHMII Ha € U Ilepexoas K mpegeay npu € — 0
I101y4aeM, 4TO BeKTOp-PyHKIN, oripedeaseMast GpopMyAoii (23) sBAsIeTCs pellleHreM 3a4adun
t

y(t+1) = z [fx(t, 7,x(7), u(0))y () + (f(t, 7,x(1),v(®)) — f(¢, T,x(r),u(r)))] ,(24)

T
Loy(to) + L1y (ty) = 0.(25)

YuuteiBas pasaoxenue (23) B popmyae npupamjenns (17) rmoaydaem, 4To crienmaabHOe
HpupaiteHue GpyHKIMOHaAa () MMeeT B/,

J(u(®) + Au(8) — J(u(@®) =

t;—-1

=—¢ Z [H(t, x(6), v(t), Y(£)) — H(t, x(t), u(t), P(£))] + 0, ().

tzto
V13 10ay4eHHOTO pa3A0KeHMs caeayeT

Teopema 1. Ecam muoxectso (17) BBIIYKAO, TO A4S ONTUMAaABHOCTU JOITYCTMMOIO
ynpasaeHns u(t) HeoOX0AMMO, YTOOBI HepaBEeHCTBO
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t1-1

Z [H(t, x(®), v(©), p(©)) — H(t,x(0), u(®), p(©))] < 0 (26)

BBITIOAHSAOCH AAs Bcex v(T) € U, T € T.

JoKazaHHas TeopeMa ABAAETCA AVCKPETHBIM aHaA0roM HpuHIuIa Maxcumyma Ilontps-
TMHa A5 pacCMaTpUBaeMol 3a4auil.

4. /lvHeapM30BaHHbBIN IIPUMHIII MaKCMyMa.

ITpearoaoxum, 4TO B paccMaTpuBaeMoii 3ajade MHOXKecTBO U BhIITyKAOe, a f(t, T, x,u) —
HerpepsIBHO AuddepeHnnpyemast 1o (x, u) rpu seex (t, 7).

Toraa o anaaormm ¢ gokazateAbcTBOM Ppopmyasl (14) A0Ka3bIBaeTCsI, ITO

0’ (x(t), x(t,))
dx(to)

9’ (x(to), x(t,))
dx(ty)
-1

+'(t; — DAx(ty) — ' (ty — DAx(ty) + Z Y'(t — 1)Ax(t) + A'Lodx(ty) + A'L1Ax(ty) —

t=t0

AJ(u) = Ax(ty) +

Ax(t1) + o1 ([[1Ax(to) I + N1 Ax (eI +

_tli oOH' (£, (), u(6), (D))
dx

Ax(t) +

OH' (£, x(), u(®), Y1)
7 Au(t) +

+o;([lAx@®) Il + 14u®) D). (27)

Ecau npeanoaarars, uto Y (t) u A yaoBaeTBopstioT cooTHoeHvsiM (15) u (16), To popmyaa
npupanieHus (27) mpumeT BUA

-1
Aw) = — Z oH (t,x(tg),;(t),lp(t))

Au(t) + oy ([1Ax () + 1AxEDID —
t=to
ti—1

=) oAzl + 14u(®)ID. 28)

t=t0

ITycts p € [0,1] mpomnssoasHoe uncao, a v(t) € U,t € T pou3BOAbHOE AOIYCTUMOE VII-
paBaeHne.

UYepes Au(t; ) 0O003HaUNMM cIIeIaAbHOe IpypalieHne AOIyCTUMOTO yIIpaBAeHus u(t) 1o
popmyae
Au(t; p) = plv() —u(®)]. (29)
ITycts Ax(t; u) crierimaapHOe HpupalieHne TpaeKropyum x(t), OTBedarolee IpUpaIieHnio

(29) ynpasaenns u(t).

W3 3agaun (6)-(7) moaydaem, uro Ax(t; (1) ABASETCS pellleHneM AMHeapU30BaHHOM 334

Ax(t+1,u) =

t
Z [af (&, T'x(f)'”(f))Ax(r; w + (. T'x(T)'u(T))Au(T; w +
0x ou

T=to

+og ([14x(7; I + Nl Au(z; D], (30)
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YunrsiBas auneapusopaHHylo cuctemy (30)-(31) gokasbiBaeTcs, UTO
Ax(t; u) = pz(t) + o(u; t), (32)

rae z(t) peleHne 3ajaun

z(t+1) = Z [af(t' v J;ir),u(r)) z(7) + s, J;S)’u(ﬂ) (v(®) —u(®)]|,(33)

Loz(ty) + L1z(t;) = 0. (34)

ITpuunmast Bo BHMMaHMs popmyasl (29), (32) B (28) moaydaem, 4To

t1—-1 aH’ ' ‘ '
) + duti ) = J(u(®)) = = Y, 2EXOXOIO) 1y ) 4 0,

t=to

V3 sTOTO pasaoxxeHns caeayer

Teopema 2. Ecan MHO>kecTBO U BBIITYKA0€, TO 4451 ONTUMAABHOCTY AOITYCTUMOTO yIIpaB/e-
Hus1 U(t) HeOOXOAVIMO, UTOOBI HEpaBEHCTBO

ti—1
Z OH'(t, x(8), u(®), P(¢)) [

F” v(t) —u(t)] <0 (35)

t=t0
BBITIOAHSIAOCH AAs1 Becex v(t) € U,t € T.

HepaseHctso (35) sBAsIeTCS aHAAOTOM AVHeapM30BaHHOTO (AnddepeHInaabHOIO) IpUH-
uIia MakcuMmyMa [4] 445 paccMaTpuBaeMO 3aja4n.

5. Anaaor ypasHeHus1 Diiaepa.

Tenepsr npeanoaoxnm, uro MHOXKecTBO U otkpeiToe. Toraa crienmaapHOe mpuparieHue
AOITyCTUMOTO yIIpaBAeHst U(t) MOXKHO OIIpeAeAuTs 110 popmyae

Au(t; ) = edu(t),t € T.(36)
34ech € A0CTaTOYHO MaAoe IO aDCOAIOTHON BeandnHe uncao, a du(t) e R, t € T.

ITycts Ax(t; €) cienyaapHOe IpupallieHre Tpaekropuu x(t), oTBedarolee CreraibHOMY
npupariennio (36) yripasaenst u(t).

Vcrioap3ysl AVMHeapU3OBaHHYIO CUCTEMY ITOAY4MM, 4to Ax(t;€) sABASETCS pellleHneM
3aja4n

t
Ax(t+ 1;¢) = Z [af(t’ L Q;ir),u(r)) Ax(t; ) + (')f(t, L J;S),u(r)) Au(t;e) +

=09
+og ([|Ax(z; )l + ldu(z; &)ID],
LoAx(tO; 8) + Lle(tl; 5) = 0.
Y4autsiBas 9TO AOKa3bIBaeTCsI, YTO

Ax(t; ) = edx(t) + o(t; €),(37)
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rae 6x(t) (BapuaLyist TPaeKTOPUN) SIBASIETCSI PellleHVeM YPaBHEHIS B BApUALIVISIX

Sx(t+1) = z [6f (b7 ’;S)'u(r)) sxm) + 2L G ’;S)’”(T)) su(|,ter,

T=tp
L06x(t0) + L16x(t1) = 0.
ITpuunmast o BHMMaHMs1 popmyasl (36) 1 (37) B mpupartieHnn (28) oAydmnm, 4to

t1-1

J(u®) + du(t; ) - J((®) = —& Y

t=to

OH'(t, x(t), u(t),¥(t)
( Ld )Su(t) + o(e).
u
3 moaydyeHHOTO pa3A0KeHus, B CUAY OTKPBITOCTM 00AacTy yHIpaBAeHMs II0AydaeM, YyTo
BA0Ab OIITUMaABHOIO yIIpaBAeHus u(t)

t1-1
Z OH' (&, x(£), u(®), Y (1))
du

ou(t) =0

t=t,
aasBeex ou(t) ER",t €T.
3 1010 TOXKARCTBA CARAYET

Teopema 3. Ecau MHOXecTBO U OTKPBITOE, TO A5 ONTUMAABHOCTY AOIYCTUMOTIO YIIpaB/e-
Hus1 u(t) B paccMaTpyBaeMoli 3ajade HeOOXOANMO, YTOOBI COOTHOIIIEHIIE

oH'(8,x(6),u(8),1%(6)) _
Z — =0(38)

t=t,
BBIITOAHSIAOCH AA51 Bcex 8 € T.

Heobxoaumoe ycaosue (38) sBaseTcss aHaA0roM ypaBHeHs Dilaepa 445 paccMaTpyUBaeMON
3aJa4It.

6. 3akaroueHue.

B pabGote npumenss pasamdyHble Bapualiyi AOIyCTMMOTO YIIpaBA€HUsS IIPU Ppa3ANIHbIX
YCAOBUAX TAaAKOCTM Ha ITapaMeTphl 3ajaull YCTaHOBA€H psJ HeOOXOAVMMBIX —YCAOBUIA
ONTUMAaABHOCT B (pOpMe AMCKPEeTHOIO IIPMHIINMIIA MaKCUMyMa, AMHeapu30BaHHOTO YCAOBIS
MakKCHMMyMa I aHaAoT ypaBHeHIs1 Diiaepa.
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PE3IOME

PaccmarpuBaercs  3agada  ONTMMAABHOIO — YIIPaBACHMS OIMChIBaeMas HeAMHENHLIM —MHTerpaAbHbIM
ypaBHeHueM BoabTeppa mpu Haawauy (PYHKIIMOHAABHBIX OTpaHIYeHMII TUIIa HepaBeHCTB Ha ITpaBBINl KOHeI]
TpaexTtopuu. QPyHKIIUM 3ajaioriye QyHKIMOHAABHBIE OTPaHMYEHNS] M KPUTepUil KadyecTBa SABASIOTCA TAAAKUMIU
Jynkmmavmn.  Bseas B paccMOTpeHMe aHAAOTM  COTIPSDKEHHBIX CHUCTEM ITOAYYeHBI (POPMYyABl TMpUpalleHus
¢ynkIMOHa a KauecTsa 1 PYHKIIMOHAAOB, 3aJal0lIfe OTpaHITdeHyie TUIIa HepaBeHCTB.

ConpspckeHHbIe  CUCTEMBI  SIBASIOTCS  AMHENMHBIMU  HEOAHOPOAHBIMIU MHTETPAAbHBIMI YPaBHEHISIMU  TUIIA
Boasteppa.

Vcrmoap3yst cepuio MIoAb4aThIX BapMalluii BBIMMCAEHBI Bapualiuy (QYHKIIMOHAJAOB 3ajaloliyne KpUTepui
KadecTBa 1 (PYHKI[MOHaAbHBIe orpaHydenHya. C 1X TIOMOIIBIO JOKa3aH HeoOXOAVMOe YCAOBYEe OITUMAaABHOCTY THIIA
npunima Mmakcumyma /1.C.IToHTpArmHa, HOCAIIMIT KOHCTPYKTUBHBIN 11 HEeTpaAMUIIMOHHBI XapaKTep.

IToayuyeHHBII pe3yAbTaT B JaAbHEeNIeM MOXKeT OBITh MCIIOAB30BaH A4S MCCAeAOBAHI OCOOLIX PEXKIIMOB.

Karogesble caoBa: uHTerpaabHOe ypasHeHMe Boabreppa, mnpunnun wMaxcumyMma A.Cllontpsrmnza,
HeoOX0AVIMOe YCAOBIe ONTHMAaAbBHOCTY, OITUMAaAbHOE YIIpaBA€eHNe, AOIYCTIMOe YIIpaBAeHNe.

ON ONE PROBLEM OF CONTROL DESCRIBED BY INTEGRAL EQUATIONS WITH
MOVABLE RIGHT END OF THE TRAJECTORY

ABSTRACT

The optimal control problem described by the nonlinear Volterra integral equation in the presence of functional
constraints of the type of inequalities on the right end of the trajectory is considered. The functions defining the
functional constraints and the quality criterion are smooth functions. By introducing into consideration the analogs of
conjugate systems the formulas for the increment of the quality functional and the functionals defining the constraint of
inequality type were obtained.

The conjugate systems are linear inhomogeneous Volterra type integral equations.

Using a series of needle variations, variations of functionals defining the quality criterion and functional
constraints are calculated. With their help the necessary condition of optimality of L.S.Pontryagin's maximum principle
type is proved, which has constructive and non-traditional character.

The obtained result can be further used for the study of special regimes.

Key words: Volterra integral equation, L.S. Pontryagin maximum principle, necessary condition of optimality,
optimal control, admissible control.

TRAYEKTORIYANIN SAG UCU HOROKOT EDON VO INTEQRAL TONLIKLORLO TOSVIR
OLUNAN BiR iDARS MOSOLOSI HAQQINDA

XULASO

Volterra tip geyri-xatti inteqral tenliklarls tesvir olunan ve trayektoriyanin sag ucunda barabarsizlik tip funksional
moahdudiyyat olan optimal idareetms masalssine baxilir. Keyfiyyst slamatini ve funksional mshdudiyyatlari gosteran
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funksiyalar hamar funksiyalardir. Qosma sistemlarin analoqlar1 daxil edilarak keyfiyyaot funksionalinin ve barabarsizlik
tipli mahdudiyyatlari veran funksionallarn artim diisturlari alinur.

Qosma sistemlar xatti bircins olmayan Volterra tip inteqral tenliklardir.

Iynavari variasiyalar seriyasindan istifado edilorok keyfiyyot alamatinin ve funksional mehdudiyyetlori veran
funksionallarin variasiyalari hesablanir. Onlarm kémoyi ile optimalliq tigiin konstruktiv ve geyri-anenavi xarakter
dasiyan, L.S. Pontryaginin maksimum prinsipi tipli zeruri sert isbat olunur.

Alman naticaler sonralar mexsusi rejimlarin tadqigi tigiin istifads oluna bilar.

Acar sozler: Volterra tip imteqral tonliklor, L.S.Pontryaginin maksimum prinsipi, optimalliq iigiin zeruri
sort, miimkiin idare, optimal idare.

Beaenmue

B paborax [ 1-4 ] u aAp. paccMOTpeHBI pa3AndHble 3a4aull ONTUMAABHOIO YIIPaBAEHN
oIychbIBaeMble MHTerpaAbHBIMI YpaBHeHIsIMM TuIla Boasteppa co cBOOOAHBIM ITpaBbIM KOHIIOM
TpaeKTOpUIL.

B nipeaaaraemoit paGote mayyaercs caydail Haanmdys (PyHKIMOHAABHBIX OTPaHIYeHNIA
TUIIA HEPaBeHCTB Ha IIPaBblil KOHEL] TPaeKTOpuiu B 3ajade ONTMMAJAbHOIO YIIpaBAE€HNs
VHTerpaabHBIMI ypaBHeHVAMHU Boabreppa.

YcTaHoOBAE€HO HeO6XO,ZIJ/IMO€ yCa0BME€ OIITIMAAbHOCTI TIEPBOTO ITOPsIAKa.
ITocranoska 3adavm.

PaCCMOTpI/IM 3a4aqy (0] MI/IHI/IMYMe TepMI/IHaAI)HOTO (IDYHKLU/IOHaAa
So(u) =, (x(t,)), 1)

IIpM OTpaHMYIEHVISIX

ult)eU cR", teT =[t,.t,], @

Si (u) =6 (X(tl)) <0, i= ]Tp . (3)
t
x(t)zj f(t,s,x(s)u(s))ds, teT. @)
to
Baeck ¢,(X), i=1,p - 3azaHubIe HeIPepHIBHO AnPepeHIIIpyeMbIe CKaASPHbIE (YHKIII,
U 3agaHHOe HeIlycToe ¥ OrpaHMdYeHHOE MHOXKECTBO, f(t,s,x,u) — 3aganHas N - mepHas

BEKTOp-(l)}/'HKLH/I}I, HEIIpEePbIBHAsI IIO COBOKYIIHOCTNM II€pEMEHHBIX BMeCTe C¢ YaCTHbIMU
IIpON3BOAHBIMMN IIO X, U(t) KyCO4YHO-HeIIpepbIBHA (C KOHEYHbIM 4IICAOM TOYEK pa3pblBa

IIepBOTo poga) I — MepHasi BeKTOp-PyHKINS (4OCTYITHOE yIIpaBAeHNe) .

IIpeamnioaaraercs, 49TO KaXkKAOMYy  AOCTYIIHOMY  YIIPaBACHUIO u(t) COOTBETCTBYET

€AMHCTBEHHOE HeIIpepPBIBHOE pellleHye X(t), t €T mnrerpaapHOTO YypasHeHw: (1).

Ecan perenus X(t), teT ypasHenm:a (4) cOOTBETCTByIOIIee JOCTYITHOMY YIIPaBAEHUIO
u(t) OyaeT yAOBAETBOPSATH OrpaHmyeHysAM (3), TO TaKoe AOCTYIIHOe YIIpaBAeHVe Ha30BeM

AOITYCTMMBIM YIIpaBA€HUEM.
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JomyctumMoe yIipasaeHye u(t) AOCTaBASIONIee MUHIMaAbHOe 3HadeHne (pyHkimoHaay (1)
Ha30Be€M ONTVMAa/AbHBIM YIIPABAE€HMEM, a COOTBETCTBYIOLINI IIPOLIECC (u(t), X(t)) - ONTUMAaAb-

HBIM ITPOLIECCOM.

®opMyaa npupameHisi PyHKIIOHaA0B.

ITycTs (u( ) ( ) n (_( ) ( )+ Au(t) _(t)= X(’[)+ Ax(t)) - HeKOTOpble AOIyCTUMBbIe
IIPOIIEeCCHI.

Beesem obo3HaueHst
I(u) = (x(t)=0, i=Lp},
J(u)={ojU1(u)

AA}I IIPOCTOTHI N3A0>KEHN T 6y,ZI,eM IIpeariosaaraTb, 4YTO

I(u)={2,..m; m<p}

danuiiemM IIpupaliexnie Cl)}IHKHI/IOHaAa Si (U ) COOTBETCTBYIOILIECE AOITy CTUMbIM

yrpasaervsiv ripu i € J(U).

Nmeem

AS,0)=5,(u au)-5,0)= 0 (6)- 0 (0) ©

slcHo, 9TO pUpareHne Ax(t) TPaeKTOpuUmn X(t) SIBASIETCSI pellieHNieM YpaBHEeHVsI

X t):j'[f(t,s,i(s),ﬁ( ) f(t,s,x(s ]ds 6)

Ilycts (t), e J(u) HeKOoTOopble N- MepHble BeKTOp—pyHKIUU. V3 (6) mcroamsys

dopmyay Aupuxae moaydaem, 4to

[ (t)axte) =tjy/’(t)ﬁ [ (67 X(e)(c)- 1 (t,z',x(z'),u(r))]dr]dt _

)

=jﬁw'<t>[f e300 et o
oo s 6 cneasen o
()= 11080 ) 1 x0u o o
o opyae Teitaopa rosysaen, 7o
5,0+40)- 5, 0)= 408D ) o ) 0

3aech, u B aaabHeneM (') A4 BeKTOpOB O3HadaeT CKa/lsgpHOe IIpOM3BejeHMe, a AAs

= (a1 yoo .an ), orpeaeaseMast
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dopmyaoin ||a|| = i|ai|, a o(a) BeAl4MHa 00Jee BBICOKOIO IOpsAKa yeM a, T.e. o(a)/ a—0

npu a —>0.

YunreiBast Toxkaectsa (7) u (8), us popmyasl mpupartrenns (9) 6ysem nMeTb
5,(0+20)-5,0)= 22D 1 50,00 1600 00)s
(10)

W (t)ax(t)dt - j j[f(m (1)) F (2.t x(t) u(t) e [dt + o, lax(, ))

BBeaem 0bo3HaueHNs1
t

0 00 0= 2D 1 000 [0 ) oo

AHIE v ]=H(E XU 0))- HE XU ),
H, [t v [= H, (txE)u®)p(0)
AHJE v = H (XU 0) ) H (X))

YauTeiBas BBeJA€HHBbIEe 00O3HaueHMsT U IIPpMMEHSII (bOpMyjly Teimopa I10C/1€ HEKOTOPDBIX

npeodpasopanuii 13 (10) moayumm

S,(u+Au)-S IA H[tz//,dt+jy/, Ax(t )dt — _[H [t.w, Jax(t)dt -
0 0 0 (11)

—T g et o)) o e o

) t

Ecan npearioaoxuTs, 9410 ¥/ (t) YAOBAETBOpsIeT COOTHOIIICHNIO

Vi (t)z_Hx[t’l//i] (12)

TO popMyaa npupaiienns (10) mpumer Bug

S(u+au)-s IA H [ty ot + o, (Jax(t)))-
o (13)

i, ]AX(t)dt—]loz(]|Ax(t)||)dt, <)

) f

HeOGXOAI/IMOG ycaosue OIITIMaabHOCTU.

IToayuennsle ¢opmyant npupamenns (13) mossoaser copmyamposaTth U AOKa3aTbh
HeoOXOAMMOE yCAOBME ONTMMaAbHOCTU. IlycTh 4 IIpomM3BOABHOE HaTypaAbHOE 4YICAO,

0. [to ), :l,_,u,(t0 <0,<60,<..<60,< tl) - IIPOM3BOABHbIE TOYKM HEIPEPHIBHOCTI

AOIIyCTUMOIO YIIPaBA€HIIs u(t), |j >0, jzﬂt - TpousBoAbHbIe unmcaa, V; €U, J=]71 -
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06 00no1i 3adaqe YnpasreHus UHIMEZPAALHLIMU YPASHEHUAMU C NOJBUKHBIM NPAGLIM KOHUOM MpaeKmopun

[IPOM3BOABbHBIE BeKTOphl, &>0 - NpPOU3BOABHOE AOCTATOYHO MAAO€ YMUCAO, TaKOe YTO
o, +l <t a &J(tl,g 0;,1;,v ) -MroApdyaTtasi Bapyarsl yrpaBAeHs u(t) orpezeAasiemMast IO
dopmyae

aj(t;g’g_l v, ): Vj—U(t),telHj;9j+|jg)

1y, 14
e 0, teft;t,\o,;6,+1,¢) (4

CrnennaapHoe IpupaliieHne AOITyCTMOIO YIPaBAeHIs u(t) orpeaeAnm 1o ¢popmyae

U

=N ault;z,6,1,v, ) (15)
=1
CyMmMupoBaHue UT0AbYAThIX Bapuanuii (14) onpeaeaseTcs Tak ke Kak 1 B pabote [5].
Uepes AX, (t ) 0003HauUMM CIlellalbHOe IpupalieHne TpaeKTOpuUm X(t ) oTBevarolee
npuparenuio (15) ynpasaenns u(t )
VI3 oleHKM yCTaHOBAEHHBI HaIIpUMeD B [6] caeayert, 4To

|ax, (t ) < Le, telt,t,) (16)

Ucnoarsyst popmyast (15) n (16), n3 ¢opmyast npuparienns (13) moaydaem, uto mnpu

ied(u)
S,(u+Au)-S,(u)= —gilevj H[6, v J+o.(e) 17)

C nomompio crienmaabHO popmyanl Tpupartenns (17) gokaspiBaeTcs

Teopema 1. Jdasg onTMMaabHOCTM AOITYCTMIMOIO YIIPaBAEHVLA u(t) B paccMaTpuBaeMO

3aJade HeoOXOAMMO, YTOOBI 4451 A10D0TO HaTypaAbHOIO YlcAa [/ HepaBeHCTBa

mmZI A, H[@ wi|<0 (18)

IeJ n
BBITIOAHSLAOCH A5 BCeX |j >0, 0, e[to ,tl), v, eV, j:Ht

ITo cxeme Hammpumep 13 padoOT [5] A0Ka3bIBAIOTCsA, UTO I1OCA€A0BaTeABHOCTh HEOOXOAVIMBIX
ycaoBuit ontuMaabHocT (18) siBAsieTcsl caeACTBIEM CAeAYIOLIETO YTBep>KASHA.

Teopema 2. Jas onTMMaabHOCTH AONYCTMMOTO YIIPaBACHMNS u(t) HEOOXOAMMO, 4TOOBI
HepaBeHCTBO

m-+1

min H| A, Hlg, <0

BBIIIOAHAA0CH A45 Beex |; >0, 6 ety t,), vieU, j=1m+1.

/0OKa3aTeAbCTBO TEOPEMBI 2 BEALTCS C pacCy>KACHVAMY aHAAOIMYHBIMU pacCy>KAeHnsaM u3 [5,7].
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XULASO
Toqdim edilmis moqalodo biitin R" fozasinda ikinci tertib xiisusi toromeli operator-diferensial tonliklorin
korrekt hall olunmasi dyranilmisdir. Bu maqsadle avvalca tenliyin bas hissesine uygun tenlik arasdirilmisdir. Bas
hissays uygun operatorun WZ2 (R"; H) fozast ila LZ(Rn; H) fozasi arasinda izomorfizm yaratdig isbat edilmisdir.

Arahq téroms operatorlarmin normalar1 giymatlondirilmisdir. Son neticede verilmis tonliyin korrekt hall olunmasi
ti¢tin amsallarla ifade olunan kafi sertlar tapilmigdir.

Acar sozlar: Hilbert fozasi, operator-diferensial tonlik, maxsusi adadlar.

O PA3SPEIINMOCTH OAHOI'O KAACCA OITEPATOPHO-ANPDPEPEHIINIA IBHOI'O
YPABHEHWSI C YACTHBIMMU ITPOV3BOAHBIMN BO BCEM ITPOCTPAHCTBE

PE3IOME
B aanHoi crathe mccaesyeTcss KOppeKTHas Pa3pelmiMOCTh OAHOTO KJacca OIlepaTOpHO-AuddepeHIalbHbIX
ypaBHEHMIT BTOPOTO TIOPSIAKA C YaCTHBIMIU TIPOM3BOAHBIMY BO BceM ripoctpanctse R . Aas oroit rean cnavasa Aoka-
3bIBaeTCs TeopeMa 00 13oMopguaMe ollepaTopa I1aBHO 4acTy YpaBHEHN U3 IIPOCTPAHCTBO sz (Rn; H) Ha I1poc-
TpaHCTBa LZ(R" H ) HaiizeHa o11eHKM OIlepaTOpOB IPOMEeKYTOUHBIX IIPOM3BOAHBIX, MCIIOAb3YsI KOTOPBIX IOAy4YeHbI
AOCTaTOYHEIE YCAOBIL AA51 KOPPEKTHON paspeIiMOCT! ypaBHeHIs], BRIpaskeHHbIe KOO PUIeHTaMI YpaBHeHIs.

Karouesbie caoBa: rmanbepToBO ITPOCTPAHCTBO, OIlepaTOpHO-AuddepeHIIaibHbIe ypaBHeHue, cOOCTBeHHbIe
3HAYeHIIL.

ON CORRECT SOLVABILITY ONE CLASS PARTIAL OPERATOR-DIFFERENTIAL
EQUATION SECOND ORDER IN WHOLE SPACE

ABSTRACT
In this paper the correctly solvability one class of operator-differential equation of second order with partial
derivative in whole space R" is investigated. For this is begining theorem about izomorphisme of head part of
equation from space W, (Rn; H) to space LZ(Rn; H) is proved. The estimates betwenn derivatives of operators is

finding. For this is used sufficiently conditions for correctly solvability of equation which determined with coefficients
of equations.

Keywords: Hilbert space, operator-differential equation, eigenvalues.

Tutaq ki, H -separabel Hilbert fozasi, C iss bu fezada toyin edilmis 6z-0ziins qosma
miisbat-miisyyen operatordur. Malumdur ki, C*(p>0) operatorunun teyinolunma oblasti H 5

(, y)Hp =(Cpx,Cyp) skalyar hasiline nazeran Hilbert fozasi tagkil edir. Burada p=0olduqda
H, = H oldugu gebul edilir.
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LZ(R:”; H) ilo giymotlori H fozasma daxil olan, sanki biitiin xeR", x=(%,X,,..., X,) {iclin
toyin olunmus f(x,X,,..., X,) vektor-funksiyalarindan ibarat Hilbert fozasim isaro edok. Bu

fozada elementin normasi

. bl
o= J1F k) 0100
kimi toyin edilir.

D(R"; H ) ilo R" fazasainda toyin edilmis, kompakt dastyiciya malik olan sonsuz diferensial-

lanan vektor-funksiyalar ¢oxlugunu isars edak. Bu ¢oxlugda elementin normasini

%
” ”_[ZH k ”C u LQRH)]
L(R"H)

kimi toyin edak. Bu normaya gore D (R”; H ) xatti goxlugunun gqapanmasin WZZ(R”; H ) kimi isara
edak.

H fozasinda asagidaki operator-differensial tonliys baxaq:

~Ya, aZu(X)+ZHjR aulx )+Tu( )+C2u(x)= f(x), xeR" (1)

a o ox, m " OX,

Burada f(x)= f(x,X,,..., X,) v u(x)=u(x,X,,..., X,) qiymatleri sanki biitiin x e R" ii¢iin H
fozasma daxil olan vektor-funksiyalardir.

Tonliyin emsallarinin asagida gosterilon sertleri 6dadiyini forz edirik.

1). Istenilon k =1,2...n {iciin a, >0;

2). C — H fazasinda toyin edilmis 6z-0ziine qosma miisbat miiayyen operatordur.
3). R, CcC'=Q o k=12,.n operatorlar1 H fazasinda mehdud operatorlardir.

4). T-C? =F operatoru H fozasinda mohdud operatordur.

Torif 1. Sgor f (x)e L, (R”; H) tigiin els u (X)esz(Rn; H) funksiyasi varsa ki, (1) tenliyini
R" fazasinda sanki har yerds ddasin, onda u(x) funksiyasina (1) tenliyinin requlyar halli deyilir.

Torif 2. Ogor istenilon f(x)e I_Z(R”;H) {icin (1) tenliyinin requlyar u(x)eW2(R ( ) halli

varsa vo bu hall {iglin

Ju

H)S C" f”LQ(R H)

w; (R,
giymatlondirmasi dogru iss, onda (1) tenliyine korrekt hall oluna bilen tenlik deyilir.

Taqdim olunan isda (1) tonliyinin korrekt hall oluna bilan olmasi {iglin tenliyin amsallar1 ils
ifade olunan Kkafi sortlor tapilmisdir. Qeyd edoak ki, a, =1, n=2 olduqgda (1) tenliyi [5] isinda
baxilmisdir. a, =1, n=2, C - normal operator oldugu halda oxsar moasalo [6-8] maqalalerinda

Oyrenilmisdir. Xiisusi toremoli yiiksak tortibli operator-differensial tenliklorin birgiymatli,
normal ve fredholm menada hall olunan olmasi mesalsleri [1-3] maqalslerinds baxilmisdir.
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tonliyinin hallolunma masalasini aragdiraq.
Asagidaki teorem dogrudur:

Teorem 1. Tutaq ki, a,>0 ve C - 6z-0ziins qogsma miisbat-miisyyean operatordur. Onda (2)

tonliyi korrekt holl olunandir.

Isbat. f(x)= f(x,%,,..., X,) funksiyasin Furye gevirmasini f~(§) f~(§1,.§2,..., &) ils isara
edak.

u (x)=u (X, X,y X, )= 1 fa(e)e<de (3)

1

qobul edok, burada 0 (&)= (Zn:ak c_?z +C2J F(é) , (X E)=X &%, & ot X, &

Gostors bilarik ki, (3) diisturu ilo toyin olunan U (x) funksiyasi R"-da sanki hor yerds (1)
tonliyini 6dayir. Gostorak ki, u (x)eW? (R”; H ) . Bunun tigiin avvalce.
&%u (x)

2
k

& (el (Rn ; H) vo C (&)el, (R“ ; H) oldugunu gostormak kifayetdir.

el, (R”;H ), C?u(x) e L, (R”;H) oldugunu gostorok. Planserel teoremins gore

Asagidaki barabarsizlik dogrudur:

EGIE E Ot RG]

2(R"H) (4)
<sup

&eR"

& (Za §f+c2jl

| 1@

L(R"H)

Digar torafden C operatorunun spektral ayrilis diisturuna gors istenilon & € R"{igiin alariq:

<

é{§m$+ﬁjl

& (Fagvo)-su

uea(c)

< sup

uealc)

g (g a5 k=120
Onda (4) barabarsizliyinden alariq ki,
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||§;J(§)”L2(R”;H) < ak_l d

_a‘k "f(X)” ,(R™;H) (5)
basqa sdzlo, &4 (£)el, (R” ; H) , k=1,2...n alargq.

Digoar torafden

(kilak £y CZT f (&) <

L(R";H)

||CZG(§)|||_Z(R“;H) - ‘ C2

(0 L = (6)
<sup [C| Xag gk +C 'Hf(f) L(r" M)
§eRn

Spektral ayrilis diisturundan istifads etmakls istonilon £ € R" igiin alariq:

naticads (6) barabarsizliyindan

-1 n _1
(kz_lakff+czj < sup ,uz(kZ?k.sz+,u2J <1,

peo(c)

||CZJ(

_||f

L(R";H) )

alirig. Son naticoda (5) vo (7) barabarsizliklarindan u (X) e W, (R” 'H ) Vo

L(R":H)

||u L, (Rn?H)

+|c? u (x)

L(R";H)

W2 R%;H

z | £ u

)+ ||C G ( ||L2(R";H) < (a? +1)||f

L(R";H) L(rR":H)

oldugunu aliriq. Bu barabarsizlik (1) tenliyinin korrekt hall oluna bilsn olmasin gosterir. Teorem
isbat olundu.

Indi ise araliq toreme operatorlar1 adlanan ifadslerin normasimin giymatlen-dirilmasi
haqqinda asagidaki teoremi isbat edok:

Teorem 2. Tutaq ki, u (x)eW? (R”; H ) Bu halda asagidaki barabarsizliklor

dogrudur:
Hca”(x) <C, LO(iJu k=12..n
0 X, L(rR"H) ox L(R":H)
|c?u(x)], ) < Co| Lo (iJ u
o oX L(R";H)

burada C, =a.*, C,=1, k=1,2,...n.

Isbati. Tutaq ki, u (x)eW, (R“; H ) L, (ai Ju =f isare etsok alariq:
X
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()= (Za@) f(&)ede

(7[ 2 pr\ k=1

Plangerel teoremina gore yaza bilerik:

au(x) ~
Hca_x | £CTE, o1~
k '—z(Rn?H)
n 1.
- fk-C-(Za@Wj F() < ®
k=1 L (rR":H)
n = Iy
_ 2 2 .
spfscfgas ] [l
Istonilon & € R" iciin agagidaki berabarsizlik dogrudur:
n 1 4 N
gk.c.(zakcfhczj =Sup (& (Zakéfwzj <
=t o aeolo) =
2 AR 7% % 2 2y
SSUP)@# (.67 +4°) ‘S SUP) ac-af &ulas +u)<
/_IEO'C HET C
,% % ) 2 \1
<a, SUF()) a fk/u(aké:k TH ) <
ueo(c
—% 1 2 2 2 2\t 1 7%
<a . “sup —(akégk TH )(aké:k Tu ) <oac,
ueo(e)| 2 2
Naticods
ou 1 5
C <=az|f] .. .09
S I
alariq.
Digor torafden alariq:
n 1.
) _ 2~ _ 2 2 2
ety ()], . =|C7T) Lz(w;H)—‘C (Zaavc) fo e
n - I
2 2 2 —
=Sup|© (Saec) H'“f(‘f) L) -
-sup| c*(£a 5+ 1 (O
£eR -

C operatorunun spektral ayrilisindan istifads etsak istenilon & € R" {igiin alariq:

Onda (10) barabarsizliyinden alariq:

n -1 N -1
CZ(kZlak §f+cz) =sup | #* (kzlak §f+y2j <1

ueo(c)
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"C2 u (X) ||L2(R“;H) = " f

Lz(R"?H).

ogor f(x)=L0(§)u(x) oldugunu nazere alsaq teoremin hokmiiniin dogru oldugunu

alarig. Teorem isbat olundu.
Indi isa (1) tenliyinin korrekt hall oluna bilmasi hagginda teoremi isbat edak.

Teorem 3. Forz edok ki, girisdo gostorilon 1). - 4). sortlori odenilir, belo ki, Q, vo F

operatorlari {igiin
1o 1
9=> 2a’ Q[+ F[<1
k=1

sorti 6danilir.
Bu halda (1) tenliyi korrekt hall olunandir.
Isbat. (1) tenliyini asagidaki sokilds gostorok:

L{%}uﬂ.{%}u:f(x), xeR"
burada f (x)eL,(R";H), u(x)aw?(R";H).

Teorem 1-don almir ki, Lo(ai] operatoru WZZ(R";H) fozasim Lz(R" ; H) fozasina
X

izomorf inikas etdirir.

Ogor L, ( %] u=w(x) isars etsak, bels ki, @(x )eL, (R” ' H ), asagidaki tenliyi ala bilorik:

000+ 2 £ ot -1
Bu tenliyi L, (R";H ) fozasinda

(oo

operator tonliyi soklinde gosters bilarik.

L, (aij operatorunun izomorfizminden istifade edarek istenilon (x)e I_Z(Rn ; H) tiglin
X

alariq:
5 5 P n au n ou
L| < < =L | = =| R ——+F <2|RCTC o
1((%] 0 [axj >l L(R7H) 1(5XJU(X) L(R7H) kzzl k8Xk+ - LZ(R":H)<kZ:1H k H X, Lz(R”:H)+
) n 0 -
et etul = 2l e s R L | S

Araliq toroma operatorlarmin normalarmin giymsatlondirilmasi haqqinda Teorem 2-den
istifada etsak, alariq:
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+

0 4 0
| =(3) ()
(%)
oX L(R™H)

1 o 1
(3 a0 1 fotx)

Q-5

Szn: LO(%JU
) L(R"H)

0
L, |—|u
°[6xj

LZ(R";H):q” w(x)”Lz(R"iH)'

L(R":H

1n,£
HF (337 1a+1F ]

L(R";H)

Teoremin sortine gore (<1 oldugundan E+L (%) Ly (aﬁ] operatorunun L, (R” ; H)
X

fozasinda kesilmaz tors operatorunun oldugunu aliriq.

cofen()e(E]] o

I SEREIE

oldugunu alariq. Buradan ise

Noticado

yaxud

Ju

WZZ(R";H)SconSt” f ||L2(R”;H)

oldugunu alariq. Bu ise (1) tenliyinin korrekt hall oluna bilmasini gosterir.
Teorem 3 isbat olundu.

Sonda maqalads hall edilon masslanin qoyulusuna ve masslenin halli zaman gosterdiyi
komaye gore elmi rohbarim professor H.I.Aslanova 6z derin minnatdarligin bildirirem.
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ABSTRACT

The research relevance is determined by the fact that at the moment many cloud services have been formed and
gained popularity, and the issue of security of personal data stored and processed on services of this type requires a
comprehensive and detailed study. The research aims to analyse and evaluate the security of using cloud technologies
in general, and the security systems of cloud services Azure and Microsoft 365 in particular, and then describe the
problems encountered in evaluating the security of these services. The following general scientific methods were used
to conduct the study: analysis, comparison, induction, and generalisation. The study obtained data on general cloud
security vulnerabilities, security elements and issues of two specific cloud services Azure and Microsoft 365, including
their security or regulatory embedded applications, and external and internal security threats. The study also identified
and described the problems related to the security assessment of the investigated cloud services. The study analysed
and summarised information related to the security systems of information systems such as cloud services, focused on
existing or potential threats and presented an analysis of the emerging challenges in their assessment. The information
obtained from the study can be applied to improve the security of cloud technologies, assess the security of various
cloud services, and consider the challenges associated with such an assessment.

Keywords: System vulnerability, internal and external threats, Personal data, Information processing and storage,
Internet traffic tracking and regulation.

BULUD XIDMOTI TOHLUKOSSIZLIYI PROBLEMI RISKININ QIYMOTLONDIRILMOSI:
AZURE VO MICROSOFT 365 NUMUN®OSI

XULASO

Tadqiqatin aktualligi onunla miisyyen edilir ki, hazirda bir ¢ox bulud xidmatleri formalasib ve populyarhq
qazarub ve bu tip xidmatlards saxlanilan ve emal olunan saxsi malumatlarin tehliikasizliyi masalasi hartarafli ve atrafli
arasdirma teleb edir. Tadgigatin magsadi timumilikde bulud texnologiyalarindan ve xiisusilo Azure ve Microsoft 365
bulud xidmatlarinin tehliikesizlik sistemlerinden istifadenin tahliikesizliyini tohlil etmok ve qiymatlondirmak ve sonra
bu xidmatlarin tahliikssizliyini giymatlendirerken yaranan problemlari tosvir etmakdir. Tedqiqatin aparilmas iigiin
asagidaki iimumi elmi metodlardan istifade edilmisdir: tohlil, miiqayiss, induksiya ve iimumilasdirms. Todqiqat
timumi bulud tohliikesizliyi zaifliklari, tohliikasizlik elementlori vo iki xiisusi bulud xidmeti, Azure vo Microsoft 365
tiglin problemlar, o climleden onlarin daxili tehliikesizlik ve ya uygunluq programlari, hamginin xarici ve daxili
tohliikesizlik tehdidlari hagqinda melumat alds edib. Tedgiqat hamgcinin tedqiq olunan bulud xidmeatlarinin
tohliikesizliyinin qiymatlendirilmasi ils bagl problemlasri miisyyen edib ve tesvir edib. Tadqiqat bulud xidmatlari kimi
informasiya sisteminin tohliikesizlik sistemlari ilo bagli melumatlar: tohlil edir ve imumilesdirir, méveud ve ya
potensial tohliikelora digqget yetirir ve onlarin giymetlendirilmesinds yaranan problemlsrin tehlilini taqdim edir.
Tadqiqat naticesinda alds edilon malumat bulud texnologiyalarinin tahliikesizliyini yaxsilagdirmaq, miixtelif bulud
xidmatlarinin tehliikasizliyini qiymstlandirmek ve bu ciir qiymatlandirms ile bagli problemleri nazarden kecirmoak
uglin istifads edils biler.

Agar sézlar: Sistem zaifliyi, daxili ve xarici tohdidler, Fordi malumatlar, Tnformasiyamn emali vo saxlanmasi,
Internet trafikinin monitoringi ve tonzimlonmasi.
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OILIEHKA PUCKA ITPOB/EMBI BE3OITACHOCTV OB/1IAYHOW CAYKBbI:
ITPMEP AZURE 1 MICROSOFT 365

PE3IOME

AKTyaABHOCTD JICCA€AOBAaHNS OIpejeAseTcsl TeM, 4TO Ha JaHHBII MOMEHT cpOpMMPOBAaANICh ¥ 3aBOEBaAN
IOy ASIPHOCTh MHOTVIE OOJauHBIE CEPBICHI, a BOIPOC OE30ITaCHOCTM IePCOHAABHBIX AAHHBIX, XPAHAIIUXCSI U
oOpabaTbIBaeMbIX Ha CEpBIICaX TAKOTO THUIIA, TPeOyeT BCECTOPOHHEIO U AeTaAbHOTO M3yveHwns. Lleapio mccaeaosaHms
SIBASIETCST @aHAAM3 U OlleHKa 0e30ITacHOCTY UCITOAb30BaHIS 00AaYHBIX TEXHOAOTUII B 11€A0M U CUCTEM 0e30IaCHOCTI
obaaunbIX cepBrcoB Azure v Microsoft 365 B wacTHOCTI, a 3aTeM OIMCaHMe ITPO0/AeM, BOSHUKAIOIIVIX IIPY OLIeHKe
Ge3oImacHOCTI STHX CepBMCOB. /A IpoBeAeHMs MCCAeA0BaHV OBLAM JCIIOAB30BaHBI CAeAyIoIye OOIreHayJHbIe
METOABL: aHAAU3, CPaBHEHIe, MHAYKUMs 1 o0oDieHne. B xoae mccaeaoBaHms ObLAM ITOAYIEHBI JaHHbIE 00 OOIIMX
VSI3BUMOCTSIX 00AaqHOIT Ge30I1aCHOCTH, DAeMeHTax Oe30IacHOCTH 11 IIpob.aeMax ABYX KOHKPETHBIX 001auHbIX CEPBICOB
Azure u Microsoft 365, BKAIOYas X BCTpOEHHbIE ITPUAOKEHNA A4 obecriedeHNs1 6@3011acCHOCTI MAY HOPMAaTUBHBIX
TpeGoBaHNIL, a TAK)Ke BHELIIHE VI BHYTpEeHHMe yrpo3bl Oe30IacHOCTI. B XoAe mccaes0BaHst Tak)Ke ObLAV BBISBAEHBI 1
omycaHbl ITPODAEMBI, CBA3aHHBIE C OIIEHKOM Oe30ITacHOCTHM JccAesyeMBIX ODAadHBIX CepBMCOB. B mccaesoBanvm
IIpoaHaAM3MpOBaHa 1 00oOIeHa MH(pOpPMaLs, KacaloLasics CUCTeM Oe30MacHOCTM MH(POPMAIIMOHHBIX CHCTEM,
TaKMX KaK OOJayHbIe CepBMCHI, COCpPeAOTOYeHa Ha CYIECTBYIONIUX VAWM TOTeHIIMaABHBIX yTPO3aX M ITpeACTaBAeH
aHaAM3 BOSHUKAIOIIVX ITpobaeM Ipu ux oneHke. VHpopmanys, moaydeHHas B pe3yAbTaTe MCCAeAOBAHIUSA, MOXKET
OBITh IIpUMeHeHa AAsl IIOBBIIIEHNs 0e30IacHOCTM OOAadHBIX TEeXHOAOIMI, OLIEHKM Oe30IacHOCTM pa3ANIHBIX
00./1a4HBIX CePBYICOB VI PAaCCMOTPEHIS ITP00.1eM, CBS3aHHBIX C TAKOJ OIIEHKOIL.

Katouesvte cro6a: YA3BUMOCTD CUICTEMBI, BHYTPEHHIE U BHEIIIHYe YTpo3kbl, IlepconaasHsie ganHbre, O6paboTKa 1
XpaneHne nadpopmanyy, OTcaesxuBaHue I peryAupoBaHue NHTepHeT-TpaduKa.

Introduction. Cloud computing technology has been spreading all over the world for quite
a long time, including large corporations whose activities are related to data processing, storage,
and transmission. According to some scientists such as D. Grispos, W.B. Glisson and T. Storer [1],
the business world has been increasingly adopting cloud computing. They cite in their research
that according to Ernst and Young's 2011 Global Information Security Survey, 36% of
respondents have used cloud computing services, up from 23% in 2010. It further states that 25
per cent of respondents are considering using cloud services shortly. Researchers also cite AMD's
Global Cloud Computing Study, which found that in 2013, 37% of surveyed firms worldwide
deployed applications or stored data in cloud environments, indicating a trend that took shape
more than 10 years ago. Cloud computing services are also being used by governments around
the world in an attempt to cut costs and improve the efficiency of their agencies. It was predicted
that the US federal government would save $10 billion in IT costs by moving government
services to cloud computing. Yet, after so many years, the issue of cloud service security has not
lost its relevance. A decade has passed and most of the problems have been fixed, but there are
still issues to consider.

The topic of cloud services in Azerbaijan is relevant, which is confirmed by recent studies of
T. A. Askerova [2] on the benefits of using cloud technologies in educational institutions, as well
as the study of I. Seidova and D. Karatova [3] on firewalls of different types, including cloud
firewalls. In these studies, among other things, cloud services are noted to represent a new level
of data organisation, with the help of which geographical and social barriers are overcome.
Despite this, an aspect of the problems of evaluating their security remains understudied, which
is the main motivation for scientific research and filling this gap in theoretical information. The
Institute of Information Technologies of the National Academy of Sciences of Azerbaijan plays a
leading role in research in the field of information technologies. The Institute researches the
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problems of information security, intellectual analysis of the electronic state, and security of
cloud technologies. Among the achievements it should be noted that models and methods of
designing distributed systems of information processing in computer networks, and algorithms
of security of distributed virtual computing environments such as cloud services have been
developed [4]. According to the data given in the study of G. Ch. Nabibekova, K. G.
Dashdamirova [5] on the formation of the information society in Azerbaijan, now the Institute
continues research in the field of the Fourth Industrial Revolution (Industry 4.0).

According to research conducted in 2022 under the auspices of the United Nations
Development Programme, the field of cloud services is not only of interest to the scientific
community but has also received significant support from the Azerbaijani government. At the
initiative of the government, data from all government organisations is being migrated to a
centralised government cloud service to ensure better management and security, and to reduce
costs. Starting with government organisations with small to medium-sized operations, there is a
gradual transition to the nationwide cloud. Once the transition is successful, the next phase of the
programme will include larger government organisations. "Azintelecom Cloud" [6] is
Azerbaijan's nationwide cloud with a high level of trust, as it already hosts government-critical
data. It is also worth noting that the State Agency for Special Communication and Information
Security acts as a domain name registrar for the government, and maintains DNS servers
(Domain Name System) of the ".gov.az." domain zone, which is official for all government
organisations [7].

Cloud computing or "Cloud" technology opens new horizons for information technology.
Remote data storage, information processing on cloud servers, ubiquitous accessibility with
Internet access - all these are positive aspects of a new, rather young technology that provides
opportunities and conveniences for users. The purpose of this study is to analyse cloud security
and to address the challenges associated with the issue of security assessment of disparate and
globally distributed cloud service systems.

Materials and methods. General scientific methods such as analysis, induction, comparison,
and generalisation were used to conduct the study of cloud service security. The study examined
general issues related to the security systems of cloud technologies and cloud services, such as
the reliability of these systems, security against unauthorised interference in the operation of the
service, security against access to user data or service data by outsiders or intruders, and security
of data storage, processing, and transmission. Further, the security systems, their components,
and vulnerabilities, of cloud services such as Microsoft Azure and Microsoft (Office) 365 were
examined separately and in more detail. After the study, the cloud services were compared and
evaluated on several factors. Subsequently, conclusions were drawn on the problems
encountered in conducting the security assessment of the cloud services.

The analysis, a general logical method, was applied to separate information about cloud
technologies, a rather broad area of information technology, from data directly related to the
security systems of cloud services such as Azure and Microsoft 365. In the course of the analysis,
research materials such as reports on the practical application of cloud services [7] were used,
which were studied in detail, and based on the obtained data it was possible to separately and, in
more detail, consider the use of cloud services and their implementation in the state structures of
Azerbaijan.
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Induction, a general logical method, was applied to investigate and systematise all the
information provided by the various materials and data collected about cloud services in general,
and specifically about Azure and Microsoft 365 cloud services, to provide a conclusion about the
security systems of cloud services and the typical problems of security assessment in this type of
systems. Induction was also applied to describe the general opinion of the researchers and the
positions expressed in their robots regarding the cloud technologies themselves and cloud
services such as Azure and Microsoft 365 and the security of their use.

The comparison method was used to focus on the key vulnerabilities of cloud security
systems and cloud services. The security systems of Azure and Microsoft 365 cloud services were
examined in detail and contrasted against each other on several factors such as the security of
data storage, the lack of vulnerabilities in individual elements of the system and its overall
security. Subsequently, based on data obtained through other methods such as analysis and
induction, an appropriate table was compiled to compare and evaluate them more accurately.

Generalisation, a theoretical method, was used during the writing of the conclusions of the
study, which also included data on the problems of evaluating the security of cloud services that
were encountered during the study. Generalisation was also used to describe the general state of
the field of cloud technologies and cloud security systems and to describe the positions
expressed by researchers in other papers.

Results. Advances in cloud technology and increasing globalisation have led to rising
customer expectations regarding the availability and efficiency of information services provided
by large companies. The management teams of such organisations are increasingly interested in
how cloud computing can best meet these needs and also minimise or eliminate the high upfront
costs associated with technical support. Cloud technologies are also tasked with improving
performance, guaranteeing a higher return on investment, providing dynamic training, and
providing pay-as-you-go services [8].

Cloud computing has simplified some IT processes and raised new security concerns. Since
different types of data in cloud services are scattered across the network and stored in different
cloud services, many unique vulnerabilities can be exploited by attackers. Table 1 shows the
three cloud security sectors where vulnerabilities occur most frequently [9].

Table 1. Challenging cloud security sectors

Network Data storage User safety
Attack prevention Metadata Identification

Firewall Data storage Authentication
Data security audit Data management Authorization

Network vulnerability given that cloud computing is based on processing information on
remote servers, serious security issues arise. Networks face numerous security challenges in the
real world. Using the services and protections provided by standard and cloud technologies,
network administrators must comply with the relevant security standards. Unfortunately,
vulnerabilities in network protocols, various types of attacks: DDoS (Distributed Denial of Service)
and MITM (Man In The Middle; a middleman attack), attacks on web services, SLA (Service Level
Agreement) and DNS [10]; pose a serious threat to services and data stores. The simplest means of
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preventing attacks are firewalls. It is also worth noting that cloud firewalls as a service are
comparable to traditional firewalls. The natural advantage of a cloud firewall is its independence
from the physical location of the server. The service works on any network because it is hosted in
the cloud. Data security audits present a different way of preventing attacks by checking
different elements of the cloud service system. They are conducted for end users, servers, and
routers of cyberspace in the cloud.

Data Warehouse Vulnerability. The growing popularity of cloud computing has led to
significant development of metadata. Metadata can contain a variety of information: what was
done, where it was done, the format of the data, and other forms of information. From a security
perspective, metadata should be encrypted because it can contain personal and sensitive
information. Unwanted access to sensitive data can be restricted by using a VPN (Virtual Private
Network). A digital archive hosted in the cloud contains information related to a specific element
of the cloud service or the personal data of the user. The physical storage of data takes place on
numerous servers, each managed and maintained by a different web hosting company. To store
data in a secure and accessible manner, distributed computing systems are becoming
increasingly necessary to power complex disparate information systems. Problems with data
management have led directly to concerns about the security of systems in general, including
services whose activities are directly related to the storage, access, and privacy of information.

User data vulnerability. There is a significant security risk associated with cloud service
providers tracking data sent by users while it is being processed and stored. The cloud service
security system can recognise and validate data automatically, grant access to new users and
monitor connections. The process of user interaction with the cloud service security system can
be divided into three stages: identification, authentication, and authorisation.

Identification. Identity - the recognition of a user by the security system of a cloud service by
their identifier. Identity access management systems must take all necessary precautions to
ensure the security of user credentials during recording and storage and to prevent unwanted
access to these credentials. The identity management system of an individual cloud service
serves as a catalogue of the users who use its services and provides extensive capabilities for
classifying them and identifying questionable and insecure connections.

Authentication. Authentication is the verification of a user's identity. Automated cloud
service security protocols can perform partial or full authentication. A basic authentication
method in the context of cloud computing prevents access to a cloud service without confirming
the identity of the user. Such confirmation can be a nickname, password, email address, or
mobile phone number. The advanced verification method involves requesting various additional
actions to authenticate the user: confirmation by calling a mobile number, sending an email and
other more complex methods. These methods fall into two main categories, namely physical
authentication (using a hardware key) and digital authentication (using a digital signature).

Authorisation. The authorisation is the user's admission to the cloud service, the final stage
of user interaction with the cloud service security system. At this point, the provided information
and connection security are checked, after which authorised, users have access to the
management and use of available resources and services of the cloud service, to user data stored
in the cloud storage.
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Thus, having studied the common security issues of cloud services and having identified
three sectors to focus on, the security systems of Azure and Microsoft 365 cloud services were
examined. Since both services are owned by Microsoft, they have similar security issues, and it
will be advisable to first highlight the identified characteristic security aspects of each cloud
service and then address the vulnerabilities that are common to these security systems.

Microsoft Azure. The Azure cloud service is a cloud computing platform managed by
Microsoft that provides access, management and development of applications and services
through international data centres. This cloud computing platform codenamed Project Red Dog
was introduced at the Professional Developers Conference in October 2008. In February 2010, it
was officially introduced as Windows Azure and the name was changed to Microsoft Azure on
25 March 2014. SaaS (Software as a Service), PaaS (Platform as a Service) and laaS (Infrastructure as a
Service) are just some of the features that Microsoft Azure provides. In addition to applications
and systems from Microsoft and others, Azure also supports a wide range of programming
languages, tools, and platforms. In the following, the data obtained in the course of the research
about the security system of Microsoft Azure cloud service [11] will be discussed.

Access Control. Single sign-on and multi-factor authentication capabilities are available
using Azure Active Directory. This Azure Active Directory supports the technology stack, which
is a set of technologies required to build software that can interoperate with Microsoft products.
With the features of this directory, organisations can administer user accounts, including external
users, customers, and partners. Azure Active Directory can also create isolated user roles based
on the separation of access rights and responsibilities.

Security and data management. Azure Security Centre provides cloud users with the
resources and tools they need to protect their accounts, monitor them, and communicate
securely. Azure Defender helps scan and assess vulnerabilities in the cloud environment. Azure
also provides tracking of changes to the cloud by the user, to prevent unauthorised access and
encryption of the cloud disk, storage service, client-side, and server-side. Microsoft Azure cloud
service does not offer any tools to help cloud users share their data in the cloud.

Microsoft (Office) 365. Microsoft Corporation owns the Microsoft 365 product line, which
consists of cloud services, productivity software, and team collaboration tools. It includes online
tools such as Outlook.com, OneDrive and Microsoft Teams, as well as software packages
previously sold under the Microsoft Office brand. These include Word, Excel, PowerPoint, and
Outlook for Microsoft Windows, macOS, mobile devices and the web, as well as enterprise
products and services such as Exchange Server, SharePoint, and Yammer. The Microsoft 365 line-
up includes subscription-based licensing for desktop and mobile apps, hosted email, and
intranet services, as well as subscription plans that cover all of these elements. The following will
discuss the study's findings about the security of the Microsoft 365 cloud service [12].

For Microsoft 365, as the product that more clearly inherits Microsoft's security policy issues,
there are inherent problems in the following issues: unauthorised access, credential attacks, data
leakage and loss, email security, and file sharing security.

Unauthorised access and credential attacks. Employee access to Microsoft Office
applications is a basic idea that many companies adhere to, but unrestricted access compromises
cybersecurity. Giving employees access to more information than they need can inadvertently
give hackers access to a lot of personal information. However, hackers aren't the only danger.
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Former employees can continue to use the programs unless their rights are removed, as the
Office 365 suite is in the cloud and can be accessed from anywhere. Microsoft Office 365 login
credentials can also create a situation for a serious data breach. Since the Office 365 suite is
popular among users, hackers are prioritising Microsoft Office as a target for phishing attacks.
Attackers can gain access to a user's OneDrive files, SharePoint folders and Microsoft 365
mailbox by obtaining login credentials.

Email and file sharing security. Many attacks use an organisation's email system as the first
point of access. When a user opens an attachment or clicks a link in an email containing malware,
then spam and other malicious emails begin to target the company's network. An employee only
needs to click once to completely bring down their company's network. Although Microsoft 365
comes with built-in malware protection, having additional protection points increases overall
security. Microsoft also creates collaborative and productive technologies. Collaboration requires
file sharing, but it also involves commercial risk and should be treated as such. File sharing is
made possible by Microsoft SharePoint, OneDrive, Microsoft Teams, and Microsoft 365 Groups
technologies. While all of these solutions are used for internal sharing, some support external file
sharing. Internal sharing alone accounts for 60 per cent of business file sharing. Therefore, even
though files can be shared externally, the main security issue with Microsoft 365 is probably
internal. Sharing the wrong files with the wrong people, or even matching files with the wrong
people, can cause security problems.

Data leakage and loss. Businesses can store a lot of data in the cloud with Microsoft Office
365 and other similar solutions, and they also have easy access to that data. Users can easily
communicate with each other thanks to Microsoft Office tools including OneDrive, SharePoint,
Teams, and Outlook. However, the ease of data access can sometimes lead to data leaks,
intentional or unintentional, which can be detrimental to the firm. Many factors such as user
error, cyber-attacks through an organisation's network or even a third-party system can cause
data loss.

Thus, after reviewing the security systems of Azure and Microsoft 365 cloud services, a
comparative table can be drawn up (Table 2) and the security issues common to them, as
Microsoft products, can be highlighted:

— the insufficient quality level of inbuilt intrusion detection systems;
— access to many applications through a single account;

— presence of poor-quality updates.

Table 2. Comparison of Azure and Microsoft 365 cloud security systems

Evaluation factors Microsoft Azure Microsoft (Office) 365
Data storage security 7/10 5/10
Absence  of  vulnerabilites in 8/10 6/10
individual elements of the system
Overall security 7/10 7/10

After conducting a detailed study of the security systems of cloud services, Microsoft Azure
and Microsoft (Office) 365 services, it is possible to move on to consider the problems
encountered during the research and evaluation process.
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The main challenge for the study was the low availability of information. Most of the
information about cloud security systems that is available for review is presented in such a way
that the data provided to users does not jeopardise the security systems. It is only possible to get
a general overview of these systems, and potential threats can be judged based on the sectors in
the defence where vulnerabilities are most likely to occur and the shortcomings of cloud service
updates. Much of the information in the public domain is limited to a statement about the
existence of a security system or a warning of a potential or existing threat, the details of which
are not specified for security reasons. Security studies that are conducted for such services could
provide more detailed information, but access to this data is also restricted. The remaining
independent investigations are rarely clearer, and their reflections are questioned in terms of the
veracity and credibility of the claims provided. Thus, information about the real state of security
systems of cloud services is concealed by corporations and the companies that own them to
secure these systems.

Discussion. Data obtained from the study of cloud security. This study was able to identify
three sectors of cloud security where security issues are encountered. These sectors were:
network, data storage and user security. The network vulnerabilities were emphasised in aspects
such as attack prevention, firewall usage, and data security auditing. In data warehouse
vulnerabilities, the focus was on issues such as metadata security, data storage security, and data
management. In user data vulnerabilities, the key steps of the user's cloud service security
walkthrough were addressed such as identification, authentication, and authorisation.

In the reviewed literature, different views have been presented on the allocation of certain
cloud service security sectors. A joint study of a cloud computing environment and its security
conducted by M. F. Mushtaq, U. Akram, I. Khan, S.N. Khan, A. Shahzad, and A. Ullah [13],
presents the distribution into such sectors: data storage, infrastructure, software, network.
Another study on cloud computing security issues, which was conducted by L. Ertaul, S. Singhal
and G. Saldamli [14], took a slightly different approach and emphasised information security,
network security and general security issues. Furthermore, N. H. Hussein and A. Khalid [15], in
their research on the topic of cloud security problems and their solutions, relied on key aspects of
cloud infrastructure for their security consideration such as IaaS, PaaS and SaaS. Thus, there are
various approaches in the academic community to consider cloud security, which can be roughly
categorised into three perspectives:

— cloud service security sectors;
— security of the individual components of the cloud service;

— cloud service architecture.

Data was obtained as a result of studying the security system of Microsoft Azure cloud
service. It was possible to identify two parts of the security system of this cloud service during
the study. These are security elements that provide access control, security and data
management. Azure Active Directory is responsible for access management. In turn, Azure
Security Centre and Azure Defender are responsible for security and data management.

Other researchers, such as R. L. Enriquez [16] in a study on managing the state of cloud
security in Azure, mentioned other tools for regulating the security system of this cloud service:
Azure Activity Monitoring, Azure Activity Log, Azure Information Protection, Azure Key Store
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and Azure Security Policy. It is also emphasised that this inbuilt security should not be neglected,
despite its non-ideal reliability, it provides quite a serious protection against attackers. Another
study conducted by V. P. Desai, K. S. Oza, P. P. Shinde, and P. G. Naik [17] describes key aspects
of Microsoft Azure cloud service and provides a more detailed description of Azure security
behaviour and additional regulatory tools. Thus, hosted web applications are protected thanks to
the Azure network security group: restrictive mechanisms for controlling incoming and outgoing
traffic do not allow users to unauthorisedly penetrate the environment of web application
services. This is also accomplished by the Azure Web Application Firewall and Azure
Application Gateway, which are designed to route and filter traffic. Additionally, hidden access
controls, service endpoints and private endpoints are used to handle traffic for ubiquitous
activity monitoring and inbound traffic management. Thus, there is a more detailed and detailed
description of the Microsoft Azure cloud service and its key elements in the scientific
community, and specifically in the works devoted more specifically to the Microsoft Azure cloud
service and its key elements.

The data obtained during the study about the security issues of Microsoft (Office) 365 cloud
service were analysed and combined into three semantic modules presented in the table (Table 3).

Table 3. Microsoft (Office) 365 security issues

Unauthorised access' and attacks on Email and file-sharing security Data leaks and loss
credentials
Unlimited access for employees Malicious emails Ease of data acquisition
Hacker attacks Shared data usage User errors
Former employees Internal security issues Cybersecurity

In the reviewed literature, other problems of the security system of Microsoft (Office) 365
cloud service were also presented. Thus, ]. Jurreit, P. Fehrenbach, and F. Kaspar [18] studied the
vulnerabilities of the Microsoft (Office) 365 security system. This study pointed out flaws in
Microsoft's implementation of SAML (Security Assertion Markup Language). This markup
language contains multiple vulnerabilities that, when implemented in the security system of the
Microsoft (Office) 365 cloud service, were not fully covered by other elements of the security
system of this cloud service. By copying a user's email to another Office 365 subscription and
changing the user's credentials, a vulnerability that can be exploited to log into someone else's
account is created. In another study on the topic of systematic wealth management using Al and
Microsoft (Office) 365 by P. Sharma and B. Dash [19], the benefits of using Microsoft (Office) 365
cloud service were discussed on the contrary. Thus, it was stated that the management of firms
can protect and consolidate organisational data related to their customers or suppliers. Microsoft
365 utilises a dynamic security strategy to create firewalls and a secure system for internal data
sharing. By combining external sources such as email, account databases and marketing
materials, the cloud service unifies supply chain data. Thus, there are different views in the
research community on the security of Microsoft (Office) 365 cloud service, with some
researchers pointing out the existing or potential security weaknesses of this cloud service, while
others at the same time emphasise the benefits of using this cloud service.

Researchers' opinion on the insecurity of cloud technologies. Traditionally, some researchers
support the view that cloud technologies are insecure enough for mass use and their further
expansion will lead to a cybersecurity crisis. This position is defended in particular by such
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figures as S. Mansfield-Devine [20]. Mansfield-Devine [20], in his work on the questionable
security of cloud technologies, a joint study by G. Kulkarni, J. Kulkarni, J. Kulkarni, and J.
Kulkarni [20]. Kulkarni, J]. Gambhir, T. Patil and A. Dongare [21], focus on the vulnerabilities that
arise in the process of expansion of cloud technologies.

Opinion of researchers on the advantages of cloud technologies. On the other hand, some
researchers have a radically opposite position, reviewing the advantages of cloud technology
implementation in the field of education, government, and others. Thus, G. A. Mamedova, L. A.
Zeynalova and R. T. Melikova [22], in their joint study on big data technology in e-education
with examples of the use of these technologies in the cloud environment. Another work
presented by E. M. Onyema, N. C. Eucheria, U. A. Nneka, R. K. Afriyie and O. U. Nwoye [23],
examined the positive aspects of cloud technology adoption in learning. In a study conducted by
M. Rajesh [24], the benefits of increased adoption of cloud technology in higher education
institutions were emphasised.

Conclusions. Thus, this study examined the security systems of cloud services, their key
elements and vulnerabilities in general, and the security systems of cloud services such as
Microsoft Azure and Microsoft (Office) 365 in particular. Considering the security of cloud
services in general, three problematic sectors of cloud security were identified. These sectors are
network, data storage and user security. When analysing materials related to specific cloud
services in more detail, it was possible to find information about their security systems and the
vulnerabilities associated with them. Thus, the main security elements of Microsoft Azure are
Azure Active Directory, Azure Security Centre and Azure Defender, and the main security issues
of Microsoft (Office) 365 are represented by unauthorised access to confidential information,
attacks on user credentials, email and file sharing security issues, information leaks and data loss.

The challenges encountered in evaluating the security systems of Microsoft Azure and
Microsoft (Office) 365 cloud services were also analysed. The main difficulty for the study was
the lack of availability of information, its outdatedness, inaccuracy, or generalisation.
Information about the security systems of cloud services is classified as confidential and such
that if made public, the system itself would be jeopardised. Thus, companies that own cloud
services have to balance a policy of openness and secrecy to achieve trust and understanding
with users who entrust their data to these companies.

This study was aimed at summarising the materials related to security in cloud technologies
and security systems of cloud services and attempting to conduct a security assessment of cloud
services such as Microsoft Azure and Microsoft (Office) 365. The study is also an attempt to fill
the gap in the theoretical material and to encourage the scientific community of Azerbaijan to
study the issues related to cloud technologies in more detail.
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ITPABUJIA JIA ABTOPOB

«Journal of Baku Engineering University» - MaremaTuku u WHOOPMATUKH MyOIHKYEeT OpUTHHAIBHEIE,
HayYHBIC CTAThU U3 00JIACTH UCCIICIOBAHMS aBTOPa U PaHee HE OITyOJIHKOBAHHBIE.

Cratbu TIPUHUMAIOTCS Ha AHTJINCKOM SI3BIKE.

PykomuicH TOIKHBI OBITh HaOpaHs! coryiacHo porpammbel Microsoft Word u oTripaBiieHs! Ha 37IEKTPOHHBIH
anpec (Journal@beu.edu.az). OtnpasisemMble CTaThH AOJXKHBI YIUTHIBATH CIICAYIOIIHE TPaBHJIA:

HazBanue ctatbu, uMs U paMUIIHs aBTOPOB
Mecto paboThI

DICKTPOHHBIN a/ipec

AHHOTAIMS 1 KJIFOYEBBIC CIIOBA

3ariaBue CTaThH IIHUIIETCS JIJIA KaXKJI0M aHHOTAaIMU 3arjaBHBIMU 6yKBaMI/I, JKUPHBIMU 6yKBaMI/I U pacrioJjiara-
€TCA TI0 LEHTPY. 3arnaBue u AHHOTAIluH JOJIKHBI OBITH TMPEACTABJICHBI HA TPEX SA3BIKAX.

AHHOTAIM, HAIICAaHHAS HA S3bIKE TPEACTaBICHHON CTaThH, NOJKHA coaepkaTh 100-150 cmoB, HaOpaHHBIX
uipudToM 9 punto. Kpome Toro, mpefcTaBisSiOTCs aHHOTAIMK HA BYX JAPYTHX BBINIC YKa3aHHBIX S3bIKAX,
MepPeBOJT KOTOPBIX COOTBETCTBYET COJIEPIKaHUIO opUruHaia. KitoueBble ciioBa JOJKHBL ObITh MPEACTABIEHBI
mocyie KaXKI0i aHHOTAIMK Ha ero S3bIKE U COAEPIKaTh He MEHEe 3-X CIIOB.

B crarbe momxub! ObTh yKa3anbl kol UOT u PACS.

IIpencraBneHHble CTaThbU AOJKHBI COAEPKATh:

Beenenue

MeTton ucciaemoBaHus

OO6cyxneHne pe3yIbTaToOB HCCICOBAHUS H BEIBOJOB.

Ecmu ccrmmarorcs Ha paboTy Ha pycCcKOM sI3BIKE, TOTJAa OPWUTWHANBHBIA S3BIK YKa3hIBacTCsA B CKOOKax, a
CCBUIKA JJACTCS TOJIBKO Ha JTATHHCKOM ai(aBUTE.

PuCyHKH, KapTHHKH, rpadUKH ¥ TAOIHIBI JOJDKHBI ObITH YETKO BBIMOJHEHBI U Pa3MEIeHBI BHYTPH CTATHH.
INoamucu K pUCyHKaM pa3MEIIIaloTCsl MO PUCYHKOM, KapTHHKON i rpadukom. Ha3BaHnue TaOIMIbI MHIIETCS
HaJ TaOJIULEH.

CChUIKH Ha HCTOYHHKH JAI0TCA B TEKCTE IU(POH B KBAIPATHBIX CKOOKAX U PACIIONAraloTcs B KOHIIE CTaThH
B TIOPSIZIKE IUTHPOBAHMUS B TeKCTe. ECIIM Ha OJIMH W TOT jKe MCTOYHUK CCBUTAIOTCS [(Ba U GoJjiee pas, Heo0Xo-
JIMMO YKa3aTh COOTBETCTBYIOIIYIO CTPAHHILY, COXPaHAS MOPSAKOBHIM HOMep nuTupoBanus. Hanpumep: [7,
crp.15]. bubmuorpaduueckoe OMMUCaHKUE CCHIITAEMOM JTUTEPATYPHI TOJKHO OBITH POBEIEHO C YUETOM THIIA
UCTOYHKKA (MOHOTpadust, yIeOHHK, HaydHas CTaThs U 1p.). [IpH CCBUTKE HA HAYYHYIO CTaThiO, MaTePHAIbl CHM-
No3uyMa, KOH(PEPEHIINH WK IPYTHX 3HAYNMBIX HAYYHBIX MEPOIPHATHH TOJKHBI OBITH YKa3aHbl Ha3BaHUE
CTaThH, JOKJIAJA WK TE3HUCA.

Hanpumep:

Cmampwsa: Demukhamedova S.D., Aliyeva I.N., Godjayev N.M. Spatial and electronic structure of monomeric
and dimeric complexes of carnosine with zinc, Journal of Structural Chemistry, Vol.51, No.5, p.824-832,
2010

Knucza: Christie on Geankoplis. Transport Processes and Separation Process Principles. Fourth Edition,
Prentice Hall, 2002

Kongpepenuua: Sadychov F.S, Fydin C,Ahmedov A.l. Appligation of Information-Communication Nechnologies

in Science and education. Il International Conference. “Higher Twist Effects In Photon-Proton Collision”,
Bak1,01-03 Noyabr, 2007, s5.384-391

CHycoK IMTHPOBAHHOM JIUTEpaTyphl HabupaeTcs mpudToM 9 punto.

10.

11.
12.

Pa3mepbl crpaHunbl: cBepxy 2.8 oM, cHu3y 2.8 cM, creBa 2.5 u cripaBa 2.5. Tekcr nedaraercs wpudrom Pala-
tino Linotype, pasmep mwpudra 11 punto, uHTepBan-oanHapHbii. [laparpadsl T0KHBI OBITH pa3leicHbI
paccTosiHuEM, COOTBETCTBYIOIUM MHTEpBaIy 6 punto.

[TonHb1i 00beM OPUTHHAIBLHOM CTaThH, KaK IPaBHIIO, HE JOJDKEH MPEeBHIIIaTh 15 cTpaHuil.

IIpencraBienue cTaThbu K NEYaTH NPOU3BOJUTCS B HUXKE YKA3aHHOM IMOPAJKE:

Kaxnast cTathst mochlmaeTcss He MEHEe JIBYM dKCIIepTaMm.

CraThs MOCHUTACTCS aBTOPY IS yUeTa 3aMeUaHuil SKCTIEPTOB.

CraTps, TIOCNE TOTO, KaK aBTOP yd4es 3aME4YaHHs KCIEPTOB, PEIAKIIMOHHON KOJJIETHell KypHama MOXET
OBITh PEKOMEH/IOBaHA K MICYATH.
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