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ABSTARCT

In the paper we introduce an operator valued functions with the values from the space of linear bounded
operators acting in some Hilbert space, determined is some domain of a complex plane, possessing some properties
of the resolavent of the selfadjoint operator. By means of the generalized resolvent we construct some operator and
prove and prove its self-adjointness. Using the properties of the resolvent of the newly constructed self-adjoints
operator, the norm of the generalized resolvent is estimated from above. The obtained results are used for proving self-
adjointness of some singular differential operators that play important role in quantum mechanics . Note that these self -
adjoint operators correspond to self-adjoint extensions of symmetric differential operators with nonzero defect indeed
that describe real physical processes.
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1.Introduction

Denote by s(A) a spectrum of the self-adjoint operator A, acting in Hilbert space H .
We have the following

Conjecture 1.1(see [1, p.9]). For any comlex number/ and for any elements from the
domain of definitionD(A) of the operatoA the following inequality is valid

dist(/, s (A)u] ¢ |(A- /E)]. @.2)
whereE - is a urit operator, |{-is the norm in Hilbert spacél and
dist(/, s(A)) = i )/ - .

This conjecture plays an important role in spectral theory of self -adjoint operator for two
reasons. Frist of all, this conjecture allows to localize the spectrum of the selfadjoint
operator, secondly, by means of the quasimode one can find approximate eigenvalues of this

operator. Recall that the normed element u, (i.e. |u,| =1) from the domain of def inition of
the operator A is said to be a quasimode if |[(A- /E)u,| ¢ e, where e is a positive number.
From inequality (1.1) it follows that if u, is a quasimode of the complex number / , then

dist(/,s(A) ¢ e,
i.e. the number / isin the e vicinity of the spectrum A.

Note that theory of quasimode plays an important part when studying surface
superconductivity in super -conductive materials of Il kind (see, [1-4]). The greatest lower
bound of the spectrum of the magnetic Sihrodinger operator can be estimated by means of
quasimode (see., [58]).

If we put g = (A- /E)u, then from (1.1) we get:

IR gl ¢ o

1
dist(/, s (A))
Hence we have

IR ¢ m

where the number / belongs to the resolvent set 7(A), R, =(A- /E) " is the resolvent of

, (1.2)

the self t adjont operator A. It is known that the resolvent R, of the self-adjoint operator A,
in addition to property (1.2) has the following properties as well.

1) For any number / and /m from the resolvent set r(A) the following Hilbert relation
(see., [9,p. 136)) is valid:

R,-R =(m /)RR .

2) For any number / from the resolvent set r(A) the following equality (see ., [9,p. 138])
is valid:
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(R/ )* =R,

/
where / is a comples number adjointto / |, (R, ) is an operator adjointto R, .

The goal of the paper is to introduce an operator-valued function ( we call it a generalized
resolvent with the values from the space of linear bounded operators acting in some Hilbetr
space, determined in some domain of the complex plane, proceeding from properties 1) and 2) of
the resolvent of the self-adjoint operator. By means of the generalized resolvent to construct a
family of operators determined in a complex plane, to prove independence of their domain of
definition of the argument, to estimate the norm of the generalized resolvent and to use the
obtained results for proving self -adjointness of some singular differential operators that play an
important part in guantum mechanics.

2. Formulation and proof of the main result.

By L(H) we denote a space of linear bounded operdors acting in Hilbert space H .

Definition 2.1.The operator-valued function f(z) determined in some domain W of the
complex plane C, with the values from the space L(H) satisfying the conditions:

i) for arbitrary elements z and z, from the domain W

f(z)- f(z)=(z- 2)f(z)f(2):
ii) for some value z=z,I W the operator f(z,) has an inverse operator f *(z,)
(generally speaking, unbounded);
i) there exists a complex number m from the domain W such that 771 W and

f*(m) = £(7), is called a generalized resolvent.

Theorem 2.2.Let f (z) be a generalized resolvent determined is some ddihaina complex plane.
Then the followings arealid:

a) at each pointz of the domailWthere exists an inverse operatbil(z);
b) the domain of definition of the operatakéz) = f “*(z) + zE is independent o ;
) the family of operatorsA(z) is independent of ;
d) the operatorA® A(Z) is closed and its domain of definitisreverywhere dense H ;
€) the operatorA is selfadjoint ;
f) the following inequality is valid

1

|f(z) ¢ distl/,s(A)

Proof . The existence of theinverse operator f *(z,) follows from condition ii). Let z be
an arbitrary element from W, that differs from Zz,. Show that from the equality f(z)h =0 it
follows h=0. From condition i) we have

t(z)h- f(2h=(z- 2)f(z)i(2h. @2
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As condition i) yields that the operator, f(z) and f(zo) are permulational, then from (2.1)
it follows that f (z0 )h =0. According to condition ii) hence it follows that h =0. Consequently,
for any element z from the domain W there exists an inverse ogerator f '1(2).

We now prove that the domain of definition D(A(z)) of the family of operators

Az)=f2)+zE (zi W)

is independent of z. Let z, and z, be aritrary complex numbers from the domain W, and
gl D(A(zi)) Then these exists an element/ from space H such that g = f(zl)/' . From
condition i) we have

g=f(z) =tz +(z- 2)i@)]|=f(z). @2
where y =/ +(z - 2,)f(z) . From (2.2)it follows that gi D(A(z,)). So , we proved that any
element entering into the set D(A(zi)) , enters into the set D(A(z2 )) as well, i.e.

D(A(z))E D(Az,)). @3)

From equivalence of the numbers z, and z, it follows that the inverse imbedding is valid as
well

D(Az))E D(Az,)). (24)

From comparison of (2.3) and (2.4) we get

D(A(z))=D(Az,)).

i.e. the domain of definition of the family of operators A(z) is independent of .

For proving statement ¢) we use the formula

f(z)- f(z)=(z- 2)f(z)f(z),
where z and z, are arbitrary complex numbers from the domain W. From this relation we
get:

f(z)- £4z)=(z- z) .25
According to the definition of the operator A(z) from equality (2.5) we have
Nz,)- Nz)=1"(z,)+2E- | *(z)+2E]=
=f -1(22)' f -1(21)"'(22 - 21)E =0.

Hence, taking into account arbitrariness of the numbers z and z,, we get statement C). We
denote the general value of the family of operators A(z) by A. We prove d). From statement
c) it follows that A= A(n) =f '1(/7)+ Mme, where mis a complex number that participates in
condition iii ). Denote by D(A) as usual, the domain of definition of the operator A, by

R(f (n)) the range of values of the operator f (/7) , by [R(f (n))]A - an orthogonal supplement to
R(f (n)) Show that the kernel
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Ker(f*(m)={hi H: f (mh=0}
of the operator f (1) consists only of the element 0. Assume that hi Ker{f"(/7}). Then

condition iii) yields that hi Ker(f (/_7)) From statement a) it follows that Ker(f (/_7)):{0}
Consequently, Ker(f ’ (/7)) = {0} From the equality

[R( (m)]" =Ker(t" ()

It follows that the range of value of the operato r f(n) is everywhere dense in H . Hence

and from the equality A= f '1(/7)+ e it follows that the range of values of the operator A is

everywhere dense in H . Since f(n) is closed and f (1) exists, then f *(r7) is also closed.
Consequently, the operator A is closed as well. By the same token, statemenid) is proved.

Prove statement €). Let the complex number m satisfy the condition iii). Using
statement c) and the known facts from functional analysis, we get the equality

K = A (=1 ] =[]+ () =
[t (A + 7 =[ 1 (] + 76 = ()= .
By the same token we proved statement €) .

Using the definition of the operators Al A(z) = f'l(z)+ zE and R, = (A- ZE)'l and
applying estimation (1.2), we get the proof of statement f) of the theorem.

The Theorem is proved.

3. Applications

Example . The case when the potential is concentrated on the plane .

Applying the successive approximations method it is easy to prove that for any function
J (x) from L, (R®) the equation

( 0 ) 1 e‘z (Xl'y1)2+(xz' YZ)2+Y§ ( )d d d
; X 1 1 Z)=- — N ji , ’ +
T 40 F!:I\/(X1' y1)2 +(X2' y2)2+Y§ Y Yo Yo S
1 e zy(%- y1)2+(X2— y2)2
*—N Y (y,: ,:0; 2)dy,dy,
4p Rz\/(x1 - 3/1)2 + (Xz - yz)2

for sufficiently large real z has a unique solution from L, (Rs). Hence it follows that there exists
a sufficiently large positive M such that the integral operator f (z) with the kernel

e 2 (x- ¥ P+ v2 P g

GiX;; X, %55 2) =
i) Yoo ) + 0 - v 4

in the domain W= C\[- M, +D) of the complex plane satisfies the theorem conditions. This
means that the operator A acting by the rules
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Ay (x)=- Dy (x)+dlx =0) (x)

with domain of definition
D(A)={ ()1 L(R})&EC(R®): - by (x)+ad(x, =0y ()1 L,(R®)}

is a selfadjoint operator in space L, (Rg). (Here x= (xl; X5, xs)l' R®, D is a Laplace operator
,dx,=0)PUW#DUEEZ Uwi UOE UD OO wkGOE NoteihetEhe dpératdd GiisO T 1 wx OF
one of the selfadjoint extensions of the symmetric operator B acting by the rules

By (x) =-Dy (x) with domain of definition

D(B)={y (X)i L,(R*): ¥ (x:%:0)=0, - Dy ()i L,(R*}
with deficiency index (m,8) (see., [10]).
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APPLICATION OF FINITE INTEQRAL TRANSFORMATION METHOD FOR ELLIPTIC AND HIPERBOL
EQUATIONS TO THE SOLUTION OF AMEXED PRO BLEM UITH NON -REQULYAR BOUNDARY CONDITIONS
ABSTARCT
In the paper we consider a mixed problem for elliptic and hyperbolic equations with irregular boundary
EOOEDUDOOUSW( OwUUET wEE UliyGu (x5 ot Lu[d 6wt kiBsE@Rkh 6 Y Bamarkin exPeidion O O w
formula on residue of the Green function of a spectral problem cloes not exist and for obtaining this expansion formula
some authors impose on the function y = f(x)I C*([a,b]) additional homoge neous restrictions (condition (e)) that
might not satisfy the solution of the considered mixed problem.

In the present paper, not imposing additional boundary restrictions of the form © on the solution of the mixed
problem, by means of the finite integral transformation method we obtain analytic representation of the solutions of the

IK

consider mixed problem.
Keywords: finite inteqgral transformation, non -requlyar boundary conditions.
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ABSTRACT

The paper considers modified Mathieu equations. In this case, we study the Mathieu operator on the entire axis,
as well as the Mathieu operators on the semiaxis with the Diric hlet and Neumann conditions at zero. It is proved that
the spectra of Mathieu operators on the half-axis consist of simple eigenvalues. Using the minimax principle, a priori
esimates are obtained for the eigenvalues of the Mathieu operators on the semi-axis and the onedimensional
Schrédinger operator with increasing potential. Using these a priori estimates, asymptotic formulas are obtained for the
eigenvalues of the Mathieu operators on the semiaxis. It is established that the spectrum of the Mathieu operator on the
entire axis consists of the union of the spectra of the Mathieu operators on the semiaxis. Based on this connection, the
asymptotic behavior of the eigenvalues of the Mathieu operator on the entire axis at infinity is found.

Keywords: Mathieu equation, Mathieu functions, Schrodinger equation, eigenvalues

, . #d%d* 2d8 w. +4-, 40w, 38%fw. / $13.14-4-w, " 7242dw” #" #H+"
2d,/3.3d* 2(w 00(-#
XU+ 2~

, OEPi POEUPAEWOOUOOUI w, EVaIl wU_, 60POO. UPDO, WEEREOOCET EcUB w! Uw.
O0go0_ UPOE_ w#bPUPROI wyY_ w-1 a0ESwI _ U0O. UPwhPO, waEUc OwOREEWYI UBDOOE
,EVal wOxi UEUQWOBWDOGOQUWEE] WdDPEBUUDwWOBEEA WD UEE VWi EPOODI EPUB U
PUUDI EE_ wi E_ U, OwaEUcOWOREEwW, EVal wOx]I UEVUOUOEUEcOe OwY, WEUUEOwx
_E_ EDAUDOGWExUPOUwWwEPa O, UG WEDWHL GwbulBERBWwAPaEBc 00, OEDUO. O, UE_ OL
, ECal wOxi UEUOUOEU¢c Do OOWERDOWDOUBOHBEL UPWUOEUWEOEDOOE I E1 Udw! L
Uxi OUUPOPOWAEUCOWOREEOc W, ECaT wOx1 UE U EOERIAUME @iw (hxal_, Giiuwi O audm@mi 6
OEQZ. w, UEUC¢OEEOWELUOLOWOREEwW, EVAT wOxi UEOOUUOUOwWO., sUUUPW, E_ EO,
AEVWYEAG il 00padPOw, EVATl wi UOOUPAEOGEU:¢ OwoUi EPOT 1 UwlU_ O60OPab

-

o ~ w w o w ’ € N A N
R T S R T I w, ' Cw."cc
T, ir o wt ][44 w6 w TT R [211] SOt awt w

18



O6 acumMnTOTMUKE COOBCTBEHHbBLIX 3HaAaYeHUWH MOAMAPULUPOBAHHOT O

~ - - 3 t ‘ y A~ ot ] ~ oW = ' LR y A~ ~ - ~ ~ 1w

14
@]
S
E—
E..

?
L
o

=

g
o
1S

" D A T T T wmt o w w

a J - A o (4 ~ o ~

- yii+(C]COSX)y=/y,- g <x<+ £ (1)

wy o - [4]"2% Wi PrYA ud A
w'oot L W/ OW, T T T T T
' w

e i sl R e I

o w" ST ow T — To,ow, Cag,a,d,,w, 7 T

o 5 T J ~ o ~ N o s w o

‘A T L "bo“,qmz,...ﬁwmw’ A[l]-“[é}]jfw, ¥ 1 R 1

5 a a N 5

‘~Q'Lu,{‘|-“i"“‘"’ Sw' ! "o ! 0

e it apk o, Ad e w
0 A (T S T

- yi+(gchyy =/y,- B <x<+ £, (2)
Sgm0-t L St tw/errrrouww, L T w0 Lbwsd

2
S TR H“—‘-‘(;j—-l-tméh)kﬁuj LT e, T w

X- °oOw. "~ w :""|-w“‘=:"[8]—”* W' 'w w -t S T

, -~ [,,wr012..0" - . .., HoO0wuw u,? "inlu qchx=q>0.
-o<x<+ o
ow” T S, w, T ot T fwin=0L2, T W, w”
n- adws _ """ " " w " w S . " 0w, L w6y, w T, w
ST T W s T T W
ot Bwt L Al T TR wt s w, T
T
mﬂ, i .3
2lnn
Wh AA A ~ I [4 r ~ OA w‘ ) , " 5
tgwl L ~ t lem’l—'_ ‘élo x wl ~ 1 - qu ~ t ~ 13 1 FE‘O“ N ~ 1 lu"‘J LN ~ R ~
SLoowh s T ww, T s T wepl Awrows Y T, Y w, T w
y(0)cosa + yi(0)sina =0, (4)
caw T T T tw, ek Fwe awses ] Owlgloww, Cowt o
o - A \l-E" AA 'l'u\ "o ~ l'u_ ) l'u‘ o N s T Luo : o o ~ o : “/En’n?ovilLZ’:-m l N o -7

. Coswt et Triw, b uts | T w., .7, wt A . .
(A~ g A SRR _UJe U.J‘L’Z(O,'l'é:_h‘“‘l :‘, ::“LU__ A. “_:...ww y -~

a4~ 5

l.y=-yi+a€'y (4)

19



A. XaHmamepgobBar «€£p M a

==

22uii+ 2ui- (22 +/72)J =0.

AR w, | we w0, L oW (Z,
Aswn T )

- W _ : "_UJ‘ ,“ "__/:(z)_u,UAM"“LM' -
w - w
~ ~ OLU ~

] @—wlﬁfGOw “ Wt w,

Ina™tm,
R M - ag“dx= 'y m - tdx=
0 a (7)
K

G)z2/1-u uln(1+«/17)+ln(1— Vi-u)to,
o, WA Aw

Ina? m,

81

- ae'dx=minm, +O
§ ﬁn—

20

w- ' , L w U7 wKAOWN T, w, @+ 8 x: CHuE; 7
RLU“:"\’UJ [B]WM"::‘UJ:~_“!‘°.““WLU"'~
L sws e mEnanizn SRTEE
H, 6 w>, .m» 0(111£L+1naex“ @>0.
v B twt T T T W N w -
- yitag'y=/y,0¢ x<+ c (5)
Tw” B :Nl‘0:““A_LU'1AO:’"A_UJ,, . V-OUJ
vlv ~ w; h ..—_v u'l
X
f(X/): 2|f%\/_28’
- Kye)- o o -"“DS“AVLw,“"_'vuw:MMAowwagam*:
1Au“ - w

Low_ - w,
Ow' '~ w x1,0¢x<+u}10u1 ©o{xy ) w

WA

P’



06

acummMnTOoOT UK E cCo6CTBEHHDGBbIX 3HayYeHUR

21

MOAUWKULUPOBAHHOT O

oo SLow,o S wt T Tl w' wet AOwt T,
min m=mli+oln- =.
A0 Tw mw mf—|$[1+en]0w Twm T owt T . Tow’
toTwt T T g o)t asw s T s T T Ow ok, eda), wL, T
6 O0w_ " ow T H T Tt T W, T w
P
m Inn’n @ (8
W Ow‘dI'ab:%‘vamaz:qOLu .7 Ow, . w
H, ¢HECH,
Tl w,owt T w T - 12 A we - W, we' " 06
m(a)¢ £ ¢ m(a,)
1T N TT ' w weWA w Ow, .~ w
E~" n o
Inn
o w ek d T et w0
Hoy=-yi+qe'y,y(0)=0" W y=-yi+qe'y,yi0)=00w™ " =~ " tw " " _-w,
Cwe e fsws Wt (@) (N, m=012. L w
) THLL W T s T T T dwsw' T wN A w '
L
/,(0) nn'" n’.(lO)
ol
/o(N) nn'" "
Cwot T w0 @low  w T S o e Wl w L
T je/)ow o CT T w, ow,
o < x1 . o A
X oz L)
1 )=2%8/2qe2Q eV 4 (- 1) ¢, &[2ge? 0 , (11)
(08 R T
4/ +12 4/ +1% 4/ +3?
CO:l'C1= ;- '02:( +8)2(2! + )
(4 +22)ar +3)as +5°) aq?
- 8%3 3’
_ (@ 2 +3;Z(j]/ +52far +77) 24]‘3‘2(4/ +13)...



A. XaHmamepgobBar «€£p M a

JTduwtsw' T whhiAw T T w0 S W F(Ar T DT uw
o Lo ddws L L wt s 0w, T wt T Hg T, wt
R e Y TP (TR
T w, LGk T w0 Lt T wo kst W W L
T Wttt T Dot oWt T LT HIR WG Lt et T ww
D(/):Q'(X,/),j(- X,/)>Ou,lx<l,~l,\/'>EFJUVi- uvéw' . w T w, T T T S L, LW

S wel Aw i wOw T weDWs-s@)io/)sw L w L - Owt
oo T H W L wt T s T T wHg T R B AT T wt
/,,=1,(D)/,,=/,(Nn=012.0w ~ wephyAw ~ ", " wept AGw dww ",

v vy vz
1. V. Abramowitz , I.N.Stegun | (eds.), Handbook of mathematical functionE0th edit., Applied Mathematical
series, 55, National BW 1 EUwOl w2 UEOEEUEUOwWBEUT DOT 00O0O0Ow#OYI Uw/ UEOPEEUE

L0 T Bw,C Bowted wdzdwWT |, wp™ Owd AQES wWw T w' ¢t _ows L7, ) Quu?, 8 OwlNK
CBbw?, L TOoW . ow owt T T 2 Bl WRNK T w?

N.S.Grigoreva, Uniform asymptotic expansions of solutions of the Mathieu equation and the modified Mathieu
equationJournal of Soviet Mathematics, vol.11, Issue 5, pp. 706721,1979.

4.  C. Hunter and B. Guerrieri, The eigenvalues of ME and their branch pqigsidies in Appl. Math. vol. 64, 113-

141, 1981.
L.Ruby, Applications of the MFAmM. J. Phys., vol. 64, pp. 3944, 1996.
Owdw" UL T @i, wTowt T T T et s T T -
Fdw,,, " duw dw w7 8 w2278, 200w, "~ " wk Ow T " 1 whl QOwWESI |t
7. 808 SwE ST 0wt T T w T T w, TR T w?, gt oW T W
oLy, T s o Ow” -86,201Eu? L, f LT T L ROW it A
OB w7 wlO'w? b T L wODWS DwN WL B
P& Wt ET T JwOw, T wtowT o wt T T W S wg et -
ST L oWl T UTw Gy Fw, L wt MW, w, C T BTwT wiy -t &R wO 0L
hu w3t 41,12018.
10. 6. 6w '~ _yIo T oW T wt T wt T Ty T oW, S tw, T w e
.77 7T wolOQw”o GuhuNt Yo
11. E. C.,Titchmarsh, On the asymtotic distribution of eigenvalues asymptoti®he Quarterly Journal of
Mathematics, vol. 5, huO wx %2dd, 1954.
12028V _wOwfdw T w O, i T w2 T ow? 5 OwhK Gwds |

13. SFournais, B. Helffer , Spectral Methodai Surface Superconductivit.Progress in Nonlinear Differential
Equations and Their Application8irkhauser, 2010.

22


https://link.springer.com/journal/10958

JOURNAL OF BAKU ENGINEERING UNIVERSITY - MATHEMATICS AND COMPUTER SCIENCE
2019. Volume3, Numberl Page23-35

YOK 517.934.
Co>f o >WE?  Sw T >tes . W>A B2 dg C > B wts!
A>Ve W' dgws we " T T AW S>tedze s rw > >mM>wtew”  dg” 7
TP T AW AVdtet R wcw>WC >wow! dgW dze A L
>SA'8?2dzg ° O >M>w Avdatet R ¢ 8.

.82 Bwvdg U odgd R
YT Low T T w e wdg

Emailkamilbmansimog@ymail.com

d ¢ > dz 6~

e oo wt T T oWt o we T e o wt L, we T
T e T T I
IA’V,., 65’\ J UJ! J _UJ“ l|-J trT ST B w,l’A “-_6

RPN .. OW L © o
ST 0w, T T s T T T 0wt T T T e, T T e T
) N T T w Y G X 11 B, a . D 1T . a -t w7 -

THE SECOND ORDER NECESSARY OPTIMALITY CONDITIONS AND INVESTIGATION SINGULAR
IN CLASSICAL SENCE CONTROLS IN ONE OPTIMAL CONTROL PROBLEMS

ABSTRACT

The article considers one nonlinear optimal control problem of systems with distributed parameters with
two groups of control parameters. Assuming the openness of the control domains, an analogue of the Euler equa
tion is provide and the necessary secondorder optimality condition is established. The case of classically since
controls is studied.

Keywords: necessary optimality condition, admissible control, analogue of the Euler equation, functional
variation , secondorder necessary optimality condition, singular control in the classical sense, multi -point necessary
optimality condition.

l'dlw. / 3d, +wd# 17$3, "w, "2 ++IDwHATR.-/wdd-F dw3” 13d! w9" 141
© 13+ " 1ws " w*+ 22d*w, " - # w, " 7242dwd# 1" +71d- w3 #0d
72+ 2~

.. PEO. E. wbOPw@UUx wPEEU_ | EPEPwx E URYIVDBDOEDWDEE@E®ERE Uy i FIWE @
EERCOCUBWAEEU_ 1 U0, u@EBEOWE B¢ OwEw$ DQOOOEV60PaDODPOWEOEOOZUWD U
POPOEPWU, UUPEwWA, UUUPwI . U0O, UwEOEe B6O¢ 1 EcUBdw* OEUUPOwWO, OEEE WO, |
fi EUwlhg ald) ubbwdx UPOEOOc Bwr . U0UPOwadowyYil UPO_ Oukd a®de ) DOBOOQIDU

E_ U E_ Obwa. UUUPwWOXxUPOEOOeBwI _ UUPOWOOEUUPOWO., OEEEwWU. Owd_, 4aEU_

hJ6 w tG . - . - W - - Lu - UJ 11 ~ t ‘/\N ~t A‘ . .- Lu“ uj ~y e A- N —: 6 uJ_ ~ : ‘ 3 - L . . ASN ) -
) A ~A Tt LUA > l a ' N B UJA C 5 o A . N ! ~ w! o N : "r AU"I_, K .A Io T o 5 T u
“Z&X) = flxzt X)), X D=T5 X =[] [ x]» (1)

(t,,x)=y(x), xi X, (2)
% = g(x y(x)v(x)), XI X, (3)

y(x)=y°- (4)

N

23



w. M. Pacynsapge

oty ny T W, Y R W, L L T 0w L, 6, Xt T Ow
LT Tt w, Tt <ty <X ]‘(tZXuDL(g(xy, ))‘ N ¢ E U U V) O
N TR ’T?XBR‘“?»R'(WRNR‘*) St twtw, Lt T w0
) () ) e o

St W, wir (g)? LTl Wit ww s KW
‘ o Lot WxI X),o wewttte T, ot T we-Towe
TOwTIT I wow L UERTMEROW: T wilow,
ut)i UER", ti T, (5)

v(x)i VERY, xi X.(6)

AT w w C QKWK Ow' ~ U wghuk w_ " -
T (b)) T T STTR 1T T XD wt oW T L w

AL ot 0w, W T w L LT w, T T e)” T w
LW T wr@K ATt WA | (0% wi(x).

AU JYG(xZ) T L LT, wT wt P RXERYS g YT
W/ Wy WG/ bz, WG/ 2

Cow T WKAW T WA LT w0

)~ . ~ . - - =
5 ) w& ’ O

~ w P l'u",“_ A L“N‘Aw‘_‘Aw;,“"-_ﬂ“
4
H(u.v) =/ (y(x))+ i, zlt,, x))dx- (7)
fo
oo, 0w’ ST ow T B w Toww, - w "
- w' T T )

WL T )T oW W L e () w

e ., " . - Chgw’ "7 0T wt T wh T LT T

~ ) ~ 4 4 ., ) -— AI (4 h 5 T ’ ' ~ 0\\ :\\ u'le- ~ ~ wthAowm{- Aw
\A\,\Lu‘ ‘Aw"“..__..\\'\.n..w..h’:.‘OAC:JUJw{?.._ﬂ.w“__wh

CoLwto Tt T wAT T T Y gt OKgote L T T

’ . o o - - wcpa u,l ' ) [ , oo " qu "

24



Heo6xoauWMbe YyCNnOBUS ONTUMAaNbHOCTMW BTOPOTOo nNopsagkKa M UCCNepnoE

CMbiCNne ynpaBleHUSDNE UMBHIGHOT D yN@aBneHNs

T wwfy "

(= (R)+ D). 201 9= 76+ Dt X, 50 = (9 + Do)

(@) =u° )+ Dut),v(x
ST L T w T e, ow ) T
A H(t,“x,z,u;y"),M(x,y,v, p"):
H{t,x zuy °)=y “f(t,x zu), M(xy,v, p°)= p?g(x y,V).
Coryolum), po(x) T L Tt T T g
AT Wt T wt T et T
Lt two ot ek ve () @) D L w
D (u,v?) =] (v(x))- 7 (v (o)) + XHG(X, 2(t,.x))- G(x, 27, x))ax+
002l - o )0l o Y X ol e+
e M 8)
5 ) A2 oy

- A e 500,90 57 () M (k.7 (e () 7 (e

e Ht,x, z(t x),U(t),y"(t,x))- H(t,x, z"(t,x),u"(t),y"(t,x))]dxdt,
e ow usrtad W), L
b ;ELX) 1o 26y (X)), ©)
¥ (t.x)=-G,(x 2°(t, X)), (10)
) e (v (078, @
p°()=-7,(y"(x))- (12)
St Y eNAOw phuhuAw . L L L ow -
R R
Yoo, hiopwt T wt T T T T w T
w ‘.. T T dw
A w, "Wt ww, T wt T

BN

w",Aor::l-oA!“w
DI (u",v"): - Xlﬁ\ll\;(x, y° (x),v° (%), p"(x))dx- l;’;1?14 (t,x, 2°(t,x),u’(t)y °(, x))dxdt +

. yilx)FL gz )y 3 E‘PZi(tp i 2 ) (X;: () g, x)-
- Xri‘i\/'J(Xy y°(x).v° (), p° (x))dx- [%;;ﬁ (t,x, 2 (t, x),u° (t)y ° (t, X)) Dut)dxdt -
- % xi;{Dyi(X) M yy(x, y’° (x) v”(x), p° (x))Dy(x) + 2Dvi(x)3

5 M, (¢ ¥ (30 (), D (R)DyX)+ DvM (. y2 (9.2 (), pe (e

25

ST wwl DT

g 5
o : h B v-wA -
w” o w,
~ w wl
w i,
T ow- w

PRITAQ W' wipUWA W "~



w. M. Pacynsapge

-1 Azt ) HL % 2 (6 )0 () 26, ) Dt X) +
+ 2Duit) H, {t, x, 22 (t, x),u®(t)y °(t, x)) Dzl x) + (13)
# DUift)H %, 276 X007 (0 2 X))Du(D)]dxat+ o, (Dy())+
+ 1, Dett ) Jax- s Iy + IV a1t ) + 100 et
Xo ) to Xo
tGLU'_',UJA‘"’h‘A“_UJA,'A":_LU,"AO':“_VLU'
v e W e
ébu(t;e) = eat(t), ti T, 14
iDv(x €)= edi(x), xi X, 15
_eur Wt w w0 di)i R LT ar())iTRY:
xI X¢o -~ T U R 1V I 1 | I N
CLotw, T LT w LT KB
" (Odtwe)Dy(xe)” . " T L, T T w S’ ’(z"(tjx),yf(x:))“ -
T 1V L w

. wrR Ok Aw, L T w
w "t L w T cpKAW W RA w0, Ow o, -

~ ~ w N o ~ N 0 s w o0 : : w ) ‘

CUeER). L
(Dz(t, x; €), Dy(x; €)) = (ectt, x; €) + oe; t, x), ed(x; €) + o, x)) (16)
CL@E0.y00" T w26y ) Q.

Prwt T w T Y T T we, L T T b, w,
a,(t,x) = f,{t, x, 2°(t, x),u° (t))elt, ) + £, {t, x, 2°(t, ), u° t))att), (17)
afty, x)= (), (18)

x) =g, (% y* (v (3))¥(x)+ 0, (6 y° (). v () a(x), (19)
&(x,)=0. (20)
) . . cplwep KA w, " T s wt

w' E Sw,o_owt T T T T W

DI e(u",v“): I (u" +edl,v’ +a(/)— I (u",v"):

=- egﬁvl \j(X, y° (x),ve (x), p"(x))a(/(x)dx- tlﬁxﬁ—ld (t, x, 2°(t, x),ue (t)y °(t, x))dxdtg+

to %o g

+ %1 #(x) (7 () ab(x)+ Xl”rpti(tp X)G,,(x, 2° (t,, X)) lt, X)-

Xo

- Xf;[aS/i(X)M yy(x, y° (x),v°(x), p"(x))ay(x)+ 2ari(x)3

26

e



Heo6xoauWMbe YyCNnOBUS ONTUMAaNbHOCTMW BTOPOTOo nNopsagkKa M UCCNepnoE
CMbiCNe ynpaB/NeHUSDNE UMAHIGIHOT DA YN aBNEeHNSN

M, (7 (v (). ° (la()+ )M, x, v ? ()ete(x)]ax-
rf{azlt x)H (t X, Z2° )u"(t),y”(t,x))ak(t,x)+

+2d.l|() (x,z"(t,x),u"(t),y"(t,x))aZ(t,x)+ (21)
+a(Ji(t)Huu(t,x,z"(t,x),u"(t),y"(t,x))dj(t)]dxdt+o(ez).
CLw T T T T w T D T wl iAW Wt ow, O
owt L, WA Wt L wt T T O,
d*S(u,v; i, ab) = - XIiﬂi\/IJ(x, y° (x)v (x), p° () db(x) cx-

- AH X 22 (6 x)u )y o x)au(t)dtdx,

to %o

oSl )= ) v ) x) + Pttt X)G,(x 2, ), ) -

- xHa&/i(x) M yy(x, y° (x),v(x), p"(x))ay(x) +2ari(x)?
= M,y %,y (v (x), p ()b (x) + abi(x)M, (x, y7 (x).v2 (%), p° (X)) x-
rf[aht x)H t x,2°(t, x),u° (t),y”(t,x))az(t,x)+

+2alii(t)H uz(t,xz( Ju? )y (t,x))alt

+ai(t)Hy, (6. x 22 (6, ) u (t)y( ) t]dxdt.

B u'IA!“Ao“A‘ALu’:A,IL\ N A :t'.A‘Awo
CWOt kOt ¢ Aw' " ' i~ Ohw',“““u,i:w“ (u(u)N"()) W ow. §
ST wpA AW L 4T T w T L oW w, :“va ou- 6
AVt (% ¥2 (.2 (%), P2 (x))ex(x)lx+
" (22)
ty X
+ A x 22 (6 X))y °(t x)a(t)dtdx = 0,
to Xo

) v ())blx) + Pt 4G x, 2 (6 Xt x)-

X

- 0N, v (00 (. )+ 20
M, (% y? (x)v (%), ° () (x) + ()M, (x, y° (), v° (%), p° (x))ate(x)]ax-
rf[at.t x)H (t x,2°(t, x),u° (t),y"(t,x))at(t,x)+

+ 2ai(t)H (txz(t x),u°(t)y °(t, X)) tft, x)+ (23)

+dJi(t)Huu(t,x 2°(t, x)u(t)y °(t. )it ]dxdt2 0,

27



w. M. Pacynsapge

Cwa(dl Ruxi X, au(t)i RO, ti T,

X

M, [y (v () () () + )M, by (v (), p° ()l

28

Cw, T T T wt T oY YT wepl  AQwepl F Aw, L L L L L T
" ! ' St ot wt T T T W, T T w' "7
, T T e et e T T T TN T W wr
Y o
b 0w dzg oL w T Y Tww owaompl | Aw™ """~ w
ST T ‘Ldu(t)j’a(/(X)_”_uJ, Ouw, w, " w " '
(o). vo(x). 22 (t.x). y* (x))
X
FMi(x, y* () (), p°(x))dx =0, (24)
Xo
X
ﬁ‘]—lli(t,x, z"(t,x),u"(t),y"(t,x))dtdx=0. (25)
to %o
AT wt T T T Ut L wopl KAOQwo!l K Aw,C 7 ) _ow
-7 AL WG, w, w-A Awl o wighiKw, Lt w, T T W LT
St wt o, 8wt L wL L w” (u"(t)V"(X))uJ" w, T ”
"A~AJ:w“:“)'”~"'”owJ‘”>’wo,"‘"‘v" LUIAA ) -
M, [,y (). v (), p°(x)) =0, (26)
- wxl (x0ad,
H. (q, x,2°(g,x),u’(q)y °(g, x))dx: 0.(27)
Xo
Cwgl fto,t u
tot oYt _weel P AQwepl AKwW "7 i w, o ST w
B )
Kow® -~ N w B _ow” B w,  ~ 77 7w
It T w 5 w” , (A, ro w, w
> . T I 6w wo oL Cow, waopl t AO0u
Tw ' S, we ., - WwohuA w
50 w” . T h "0, T w, T S w , w,
8 owA”~ 7 wh T W : wS " w ) to Cow,
Tlwt T T w" Swt , w . T B
N VY Trtwltw, . w0 L LT woel P ABwRt
d,l(t):OOUAX[(XJ)Ib OOw, ~ w S wepl AW Sw, " _o0
A%V (v ()% + el X),. 0, 2° (1, X))l )
X0
- AibM,, (x.y? (v (), p° (e () + 20ti(x):



Heo6xoauMbe ycnoBusSs ONTMUMAanNbHOCTM BTOPOTFro nopsaAgka U WCCNepoOE
CMbiCNne ynpaBleHUSDNE UMBHIGHOT D yN@aBneHNs

tX

- At X)H, %, 27 (6 X),u° () ° (8 X)) azlt, X)dxdt 2 0. (28)
th Xo
dzw, ' .. T T w, wopl' YAW T T S whphAAw, T |0

&, (6.5)= [t x, 2 (63, u° (0) (e, ). (29)
a(t,, x) = a¥(x), (30)
a(x)= g, (x y° (x).v* (x))a¥(x) + g, (x y* (x).v(x)) (). (31)

#(x)=0. (32)
Vil L, byl ANK T
a(t, x) = F(t,t,, x)a¥(x), (33)
LRt x) T we L, T w
F (t,t‘,x): fz(t,x, zo(t,x),uo(t‘)),
F(t.t,x)=E,
(E-(m3n): "7, w7 KB
cooo P w W ®v ) . w, w
. w (32) w" wopt A w

Flxs) w, ', . .

F.(x8)=g,(s y°(s)v(s)¥(x)+ g, (s y°(s)v*())

F()(A,x):E |
AUJ,J:‘A"LU":_‘"AOI:“_VLUCerKAUJ_ALUCerJrAUJ_"

t{t,X)= 7 (t.t, )F (% 9)a, (5 y* (v () cbls)ds. (35)

st o owt s s T et K AW, T LT

“Gx

Pt )G 2 )dz(tlx ARty (b () s
> Filtto 1) ( At oy ()v())av(?)d?}dx=

i(m)g@(myy (m).v° (m)

(36)

1
X 3<
g%:

}? i(xmFilt.t. )G, Z(X-z”(t1,><))F(t1,to,><)F(x,?)d?ggv(?,y"(?),v"(?))d/(?)d?,

max(m,?)

29



w. M. Pacynsapge

tX

f‘f‘pZi(t, X) H Zz(t, X,z° (t, x), u’ (t) y° (t, x))aZ(t, x)dxdt = (37)
— FRRFF Lt 9F (o, vy b e .02 9.0 B .
to X% Co +
3%:(tl,to,x)F(x,?)gv(’?,y"(? (2))en( d’>0dxdt—
G e

- Fpim) gi (m v (m)ve (m)
3 f (ﬁ: i(x, m)Fi(t,to,x)HZZ(t,x, 2°(t,x),u(t)y "(t,x))F(t,to,x)F (x,?)dxdt§3

3 9,(2,y°(?)v* (3))a(?) dmdt2.
dZUJ_“AI‘A,VUJ":~t‘AOI:“_:l.UCp{'KAl.U‘AI

x|;'p(/i(x) M., (x, y* (%), v (x), p° (X))t (x) dx=

Xo

. 5 (40)
) r~\g«ﬁf"’i(m) M., (m y° (m),v* (m), p° (m)F (m, X)dmggi'(x’ y* (e () t(x) e

30



Heo6xoauWMbe YycrnoBMUS ONTUMAaNbHOCTMW BTOPOTOo nopsaAgkKa

CMbiCNne ynpaBleHUSDNE UMBHIGHOT D yN@aBneHNs

M mccnepoet

N =-F'0q,m) , (Y’ ()F (%, 1) -

XHF‘(tl,to, X)F'(x,MG,,(x, Z°(t,, X))F (X, F (t,,t,, x)]dx+
max(m,l) (41)

+t|1’]36m:1|71: (t,,to, X)F (X, m)H ,(t, X, Z°(t, ), u’(t),y °(t, ¥))F (x,1)F (t,,t, x)dxujt+
to Brax(m))

+ F OmH, (% Y (0, (%), PP (X)F (x,1)dx

max(m,l)

L L aow T K Y Awdoud A - T T s wm T T T

w. w )

~ ° ° ~

X %

Arrviim)ai(m v (m)ve (m)N(m 2 g, (2. y° () v* () ad(?)tzdm+

+2 Xi’rgf'fx/(m) M W(m, y° (m),ve (m), p° (m))F (m, x)dnlgjg\; (x, y°(x),v° (x))a(/(x)dx +

* Xl;P"i(X)MW(X, y? (x)v* (x), p° (x))at(x)dx ¢ 0. (42)
Cow L Duft), 00 @)t Oduw T L L w

x|;’pzi(tl,x)GH(x,z"(tl,x))aZ(t x)dx- t;’;;[azn )H,,{t % 2 (t, x),u® (t)y ° (t, X))t ) +
T LA R RO T (%) =

+an(t)Huu(t,x,z( x),u° (t) ° (¢, x))ata(t)|cxdit 2 0.

dew, * ., 7 T L ow, wypl’Y AW T " wohuh Aw o

a#{x)=g, (x y*()v°( Q). (44

#(x,)=0, (45)

a,(t,x)= f (t x, 2°(t, x),u"(t))at(t,x)+ fu(t,x, z"(t,x),u"(t))dj(t), (46)
(to,x) 0. (47)

ST LW T T e, T

)= (.2 T (0%, 22 (6?0 ) il )t . (48)

st Wt T T wpK WA W

.- WKt KO

K"

Pt )G, 2 )l )= PRI )t x 2 (it (49)

3G,,(% 2°(t, X)) F ., 5, %) fi(s. %, 2°(s, %), u° (3))ai(s) dsdlz ix,

31

S wepKhAw

waopl t

T wepeKt Aw



w. M. Pacynsapge

AR (L)1, (00 2 0? ( lte)a 8 Haoltx 22 (e () (1)
toxogto -

, %:(t, st (S' %, 2°(s,X), ua(s))au(s)dsgdxdt = Ilﬁx;;"p(li(l‘) fJ(l‘ %, 2° (2, %) ue (¢ ))3
& b2 to Xoto

L S T

[ mex(e,s y

3 1, (5% 27(5, ), u°(8))atu(s) dsdlt dix

¢ oY w

AR 0 260 D ()t et = )

:trrprwl”xiéjh" (0L % 220 X)u () o (X))t SF(f,t,x) f . x 2L 1)) aut)t.
tox()@t u

o, - _ - w T, T T L w

K(t,x%8) =-F'(t,%,t)G,, (X 2°(t,,X))F (t,,S,X) +

+ (6 H (6%, 20 (%), u’ (t).y °(t X)) F(t, s, X)dt.

max(f,s)
S T W, T, YT T sEee) ), w T
' L wepeKt Awr T, 0w, w, T 0
Xt
AU fale % 22, ) ue (¢ ))K (2, 9) T, (s, %, 2° (s, x),u° (s))alu(s) dsdz dx-+
to Xoto
tx gh (%]
+APRRRUIC ) Hoal 3 22 (X ue (e )y 2 (e X)) F (et x)de e
toxogo Y]
X
3 f, (t, x Z°(t, x),u"(t))au(t)dxdt + ﬁ?‘pui(t)Huu(t, x,2°(t, x),u’(t)y °(t, x))au(t)dxdt ¢O.
to Xo
I R AP W
gl LT Lt e () (x))° Ww, " -, ¢ WA

@KW L ow e e ey ) e

X %

1) Fpim)gi(m y* (m)v (m))N(m g, (2 v (v (2)et(?)dzdms+

+ Z%ﬂi(m)Mw(m, y? (m),ve (m), p° (m))F (m, x)dmggv (%, y°(x),v* (x) et () dx-+

32



Heo6xoauWMbe YyCNnOBUS ONTUMAaNbHOCTMW BTOPOTOo nNopsagkKa M UCCNepnoE

CMbiCNne ynpaBleHUSDNE UMBHIGHOT D yN@aBneHNs

+ M y* (v (), () () axe 0, (52)

Xo
Cw gl R xT X,

2) t|17;~;’p(li(l‘ )il x 22 (c . X)) K (x.2,9) 1, (5, %, 2° (s, X),u°(5))at(s) dsdlz dx+ (53)
2R 27 () (e X))
to% 8o ¢
3 f, (t, x,2°(t, x),u"(t))a(1(t)dtdx+ t;”;i’pri(t)Huu(t, x, 2°(t, x),u’ (t)y °(t, x))au(t)dxdt ¢0.

C wa{)i Rtl T.

i it o wpkl AQwpkt Aw, Lt wT s T T T
L 7Y N 1 1V L w_ "t T w,
) _w Y wgt QwA ¢ wowr . w , . ow u
) Wi b oduC ) o w " T Tt
) . Ow, .~ w . .w
viM,, [, y? (%), v (x), p°(x))v ¢ 0 (54)
ex [4]
uiéﬁ—|uu(q, x,2°(g,x),u’(q)y ° (g, x))dxgu ¢ 0(55)
B !
L B R g ) ul R ;
STttt wt T Y Y T T Wk KAOwek k Aw, Ut .
i
STw, T U 0wt T wt s wt T T o T w e, tBws
STw Y Lw, ST w, L, T L L . wZWOWNE B
. R @ 1T T ST ow S T Wty
wLu"",J:“'vw“"cﬁvw“:‘)'”~""Tw,""o'_w"‘
S T TT IR I - R 11 ,(u"(t),y"'(x))"“u'A‘”ujo1" w" T w
UL ittt iU AAOW wufumi, g [tut,) t duiu utu &
VIR, Xl [xoq) L7
uigﬁ-ffH Waxz(g XZ, w(g)y °(g.)) dx‘gu _0, (56)
& Hu ¥
2 o o o

33



w. M. Pacynsapge

“w,, L wopkt AQwpk A AW S w0 T T T e, S T e
Wl AW Wt T T Tt
ST
" "W w K" - Twh T T w.ow =
t " Ow, . w T w' "7 " .

Uigﬁfd(q, x2°(g. 90 (@)K (x.3.9) (. x.2°(g. ) u° (g))+ (58)

+H,(ax 2@ (@)y (@), (g 2 (@9 (@)|ddu e o,
_ . wgl gt i R,
vilgi b, y2 00 ve ()N (e, x) g e, y2 (). v2 () + M [, y2 (), v (), p2 (x))v € 0. (59)

Cwxl {x,m),vi R

St Y YT D wpk WAOQwWK NAwW, L L Lt L we s " T ow,
w” N 1V A U YT dw
kKow?™ " «~ ", o, TTRN. . w _w
Shwt Sw, N o‘(u"(u)Iv*’(T())(')“ T, P Ow, w , T w
w, w (7)., , - wophk
S w o efar e,
a1, ()= & dilt.e ,2,u,), (60
i=1
g@(/() aa(/(xex’Pv)o (61)
c i=1
oot oowr B L/ VK VU IR TV B VT ’ -2 O M VTN © RV T TT N B
"""" T T oup T R(va@)wa [t,, t Q= Lm(x [xox1 lm(><0¢xl¢...¢xm<xl)),

_eu;, ti [qi!qi+?ie)’
1o, ti [t,t\g. g +2 e) ©2)

)= &% xI [, x +2e), 8 s
“ho, i [rouxJ\[x, x +2, 8 8%

STtw T, T s w T W, T LT T ot AQwopt

AT W, W, T T T T wopt YAwW ot iKAw, we
A A A\\_—w; y - ~ ~_. w w s ~:\\_w
Sl Wk aw” - o0 WS, T wl S w w
. weapd A w” " " Ow, " w_ ' o_ow ., T w )

34



Heo6xoauMbe ycnoBusSs ONTMUMAanNbHOCTM BTOPOTFro nopsaAgka U WCCNepoOE
CMbiCNne ynpaBleHUSDNE UMBHIGHOT D yN@aBneHNs

Xlém

PR 2 2, i il x (g, )0 (@ ))K (g9, ) (g x 22 (g xhulg, o, +

-y (64)

+a 2,uiH (g% 2 (a9 (a)y (@)

€ ot a2

3@, fu(qi,x, 2°(g . x),u° (g ))ui +28 7, F(qi,qj,x) fu(qj,x, z”(qj,x),u"(qj ))vj %dxd: 0,

e j=1

a m o]

= iaj-_l?i ?; Vi 0i .y (v (x ))N()q,xj)gv(xj,y"(xj ),v"(xj ))Vi * 3

& o)

oy +8 2viM, b,y () v (), po () g (63)

® = . 0

e L 7] 0

2 & 0,06,y 00V 0N +28 2, F b, o b, v b v b v, ge 0.

¢ € = a =
T T R iR 22 0 g [t ), (b eg ¢ e g, <t),

(61 [x0). (% €x €€ X, <)), T =1m.

CIoo Y 0 wopt KAwoet KAAKwW, T D wt S .
ST T oW T wt T et ot e T T Wt T T
T I S A IR R IR RPN
T wmowm oot W, wt T T s wt T T wey, T T we
(58)-pk NAS we ™ w™ " ow o ow .o w, T st wt T
' IL\\Al\_u'IAtA>>TuJoUJ..IA"-J:t"’\”wl">!l:l'u,l,AoI:“-
S V1 e 1 N 1V T T w T w

e v v
1. 27 7 s wthedr e ow L twt L, wwdwh ) LT Fw T E W W, T
""" 8 huNt N8t hd w' 8wt W

2. W ST T wdg8 e dw? T, W wdzb dzb w' R w8, W W )
o, -~ "~ "~ aBUNt kK + 6° O hu

3. A T B W W T, T W, T T W e, whyNWe Wl wttE

4. COw'wive T L L wE, 8P lwurw, ) @ 8t L tw, f Lt T 81 Y8 KA

5. fp,, . " _wvd " s G ‘88w P8 w, T 8T YBBl kit w B

6. W St d, 6w, Lt wm w8, T W T T w6, Y'Y kST ka6

oML wvB W T WS T LT W T
) - BHUNMBYE W KBw Bt t Kk

8. M '~ . Yrw, v dw w7 oW - " Tw,ow oL, s wtowt T
C W~ "~9 T _ 0 Yo hAMMA Kk Ow hy o

35



JOURNAL OF BAKU ENGINEERING UNIVERSITY - MATHEMATICS AND COMPUTER SCIENCE
2019. Volume3, Numberl Pages36-48

YOAK 517.977.52
>w? C>M>" > a7 rwta>f>WE? T w7 >tek .
SATE?2dgt T > s w>" > Qwtsw” T dg” T AT > w
CTAVdzte RSB W wtcw> W © >Wqur]de¢*5‘¢>WuJJ dzW dz.
h /\VdZtG( nCE v wm" " R? dz?_w,lﬁdu/frﬂ“v"dz
S RW? dgf >tedzwted dzd

T LT T T Tl L Y T ot T O

~

vusale vusale 16@gmail.cdmmilbmansimo@gmail.com

Az ¢ > dz b -

v ot T, Coowt T w-’ T, oow’ R UV I Qui'” FTwd "t S
LT T T w ot T T oTw L TS W W ), T T
ST ST T, T T T dw > T R T Lo
" o w
S B ¢ R 17 F N @ VU L 1Y © X VR O ||
v._ 2 N OL'U ‘ A' " J' :A'o"‘_:l:u”_lv"(lu'}“ - L"U,‘M N ) J :J T LU“ 2T > v - ~_ T U.,I, T o_ : l'un ‘

ON THE MULTIPOINT NECESSARY OPTIMALITY CONDITIONS FOR THE SINGULAR IN
CLASSICAL SENCE, CONTROLS ON THE ONE BOUNDARY OPTIMAL CONTROL
PROBLEMS QOURSAT - DARBOUX SYSTEMS

ABSTRACT

One boundary-value optimal control problem of Goursat -Darboux systems under the assumption that the control
area is open is considered. An analogue of the Euler equation is provied and the necessary seconerder optimality
conditions are derived. The case of degeneration of an analogue of the LegendreClebsch condition separately is
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THE NECESSARY CONDITION OF OPTIMALITY IN THE MINIMAX PROBLEM FOR
ONE BOUNDARY P ROBLEM OF GURSAT - DARBOUX SYSTEM CONTROL

SUMMARY

One boundary-value problem of controlling Goursat -Darboux systems with a maximum quality functional
is considered. The necessary optimality condition in the form of maximin is obtained.

Keywords: Goursat-Darboux system, necessary optimality condition, boundary control problem, maximin
principle.
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NECESSARY AND SUFFISIENT OPTIMALITY CONDITIONS FOR THE ONE CONTR OL PROBLEM FROM
GOURSAT -DARBOUX SYSTEMS

ABSTRACT

In the paper, consider one optimal control problem the chance structures described system hyperbolic equations
Goursat boundary conditions and multipoint functional. Necessary and sufficient optimality cond  itions are provider.

Keywords: of the L.S. Pontryagins maximum principle, necessary and sufficient optimality condition, convex
functional, increment formula, multipoint functional, Lebesgue point.
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ABSTRACT

In some aspects a holomorphic antrHermitian manifolds are similar to Kahler manifolds, i.e. there exists a one -to-
one correspondence between algebraic antiKahler manifolds and anti -Hermitian manifolds with a ho lomorphic
Riemannian metric. In this paper we consider manifolds with an algebraic structure which is an isomorphic
representation of the dual algebra. The main aim of the present article is to study the holomorphic pure Riemannian
metrics according to the dual algebraic structure in the tangent bundle. We proved that a real modelling of dual -
holomorphic Riemannian metric is a deformed complete lift of Riemannian metric from manifold to its tangent bundle.
We also proved that the tangent bundle with a defor med complete lift of Riemannian metric and the natural dual
structure is a dual-holomorphic Riemannian manifold.
Keywords: Dual algebra; holomorphic function; pure metric; tangent bundle
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1. Introduction

Our goal is to study Riemannian holomorphic manifolds over dual algebras. The main
tool of this investigation is the operator introduced by Tachibana [6]. In the later years Yano
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and Ako [8] considered similar operators in the invariant form. Also Shirokov [5], Kruc hkovich
[1], Salimovand Aslanci [2] developed the theory of Tachibana operators associated with a
commutative structure.

1.1 We consider a 2dimensional dual algebra [ (€¢), &= 0 (e is nilpotent) with a standard
basis {e,e} ={1,6f and structural constants C{, ee,=C,g a, & ¢42, where
C,=C3 C}, 5C, G, C; C,=C,=0 are components of the (1,2)tensor
cC:o@e0(e-0().

Let Z = x* e be a variable in [J (€), where X* (@ =1,2) are real variables. Using a reat
valued C° -functions f?(x)=f 4, %), b 4,2, we introduce a dual function F =f’(x)e,
of variable Z1 7 (e). Let dZ=dxX ¢ and dF = df?e, be respectively the differentials of Z
and F (Z). We shall say that the function F = F(Z) is a dual-holomorphic function if there

exists a new dual function F (Z) such that dF = F (Z)dZ. The function F (Z) is called the
derivative of F(Z). It is well known that the dual function F =F(Z) is holomorphic if and
only if the following Scheffers condition hold [1,4]:

C,D=DCG, , (1)
here D = 2" is the Jacobian matrix of £7(x), ¢, = (cz) 290 d b denotes th
where g is the Jacobian matrix of f(x), c,=(c?,) = | , g an enotes the
¢ ¢
row and column numbers of matrix C,, respectively. The condition (1) reduces to the following
eguations:
X Ko

From here follows that the dual -holomorphic function F =F(Z) has the following
explicit form:

F(Z)=f(x) &(X'(x) HX),
df

where f(x")= f(x), f'(x) = and g = g(X) is any real C* -function.

By similar devices, we see that the duatholom orphic multi -variable function
F=F(Z,...2"),Z' =X X", i E...,nhas the form:
F(ZY,...,.Z")= f(¢,...%) e (X" f  gtx,....X)) (2)

M

X
A dual-holomorphic manifold [7] X, (U (€)) of dimension n is a Hausdorff space with a

where g = g(X, ..., X') is any real multi -variable C* -function, _f

fixed complete atlas compatible with a group of [1 (&) -holomorphic transformations of space
1"(e), where 0 "(e)=0( p3 O §is the space of n-tupes of dual numbers (Z', Z,...,2)
with Z=x 4y D(r % V¥ O, i 1L=,r. We shall identity ["(€)with ", when
necessary,by mapping (Z', Z,...,2)i 0" ) into (X,....X",¥",....,y' J [ * and therefore the
[1 (€) -holomorphic manifold X ([ (€)) is a real manifold M, of dimension 2n.
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1.2Let now M, be a differentiable manifold and T(M,) its tangent bundle, and p the
projection T(M,)- M. The tangent bundle T(M,) consist of pair (x,v), where xI M_ and
vi T(M,)) (T (M,) is a tangent vector space atxI M_). Let (U, x=(X,...,X")) be a coordi
nate chart in M. Then it induces local coordinates (x',...,x",X"™,...,xX" Jin p"*(U), where
X™,...,x’" represent the components of vi T,(M,) with respect to local frame {p}. In the
following we u se the notation i =i # forall i=1,..n.

If U, X =(x,....X"))is another coordinate chartin M_, then the induced coordinates
¢, .. X X, 8 in pr iU ), will be given by

ex' =xX'(X), i4,.n,

1| ) (3)
X =B T ox.m
ST

a i 0
£ 689& 0 o
s=%8ﬁ kX 62 E..2n
a .$ 2| o )
e TE i
¢ WX K X+

From here follows that there exist a tensor field of type (1,1)

&/ 080 0 €.y _ (4 idanti -
j (/2) ?;1 fj: Q(;E? 0 ¢ | =(d})-identity matrix of degr ee n ) (4)

with properties j>=0 and § = /S i.e. the transformation S:{p,} -{ |} preserving ;
is an admissible dual transformation. Thus T(M,) carries a natural dual structure ;j , which
is an integrable structure (W"j ). Therefore with each induced coordinates (X',X ) in
p(U)ET(M,), we associate the local dual coordinates X' =X +eX, & 6.Using (3) we
see that the local dual coordinates X' = X +eX transformed by

X" =X'(X) X X (X). (5

The equation (5) show that the quantities X' are dual-holomorphic fun ctions of
X'=X +eX (see (2) with g(x,...,¥'")= 0). Thus the tangent bundle T(M,) with a natural integ -
rable/ -structure is a real modelling of dual -holomorphic manifold X (0 (€)) (dimX,( (€))=n)

. In such modelling there exists a oneto-one correspondence between dual tensor fields on
X, (e))and pure tensor fields with respect to j -structure on T(M,)) (see [1]). Areal C* -

tensor field w of type (0,2)on T(M,) is called pure with respect to j -structure if

MIX, X)) = 0K, X))
It is well known that the dual tensor field on X, (U (€)) corresponding to a pure C° -

tensor field is not necessarily dual-holomorphic. This tensor field is dual -holomorphic on
X, (e) ifand only if F -operator associated with / and applied to a pure tensor field w

of type (0, 2) satisfies the following conditions [8]
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(F,m(Y, X, %) =N @X, X)) -X W X %)
H(J(L X)), X;) + X, (LX) €,

where L, is the Lie derivation with respectto Y.

2. Deformedcompletelifts of Riemannianmetrics

A tensor field § of type (0,2) on the tangent bundle T(M,) is called a pure tensor field
with respect to the dual structure ; if

au/ X,\N=d9 X /Y
for any vector fields X and Y on T(M,_). From here we see that, the condition of purity of
g may be expressed in terms of the local induced coordinates as follows:

gS J‘ sa: g a[;s'

Using (4), from the last condition we have

(@}

i ~

33, 69, ¥

o %

(o]}
|
—
n@l
& __
25H
=1
-0

A pure tensor field § of type (0,2) on tangent bundle T(M,)is called a dual-holomor -
phic with respectto / ,if F § =0, where F; is the Tachibana operator defined by [6]

(F,0)(X.Y, 9 = XN(AY J) -X6/Y ¥ H.,L) XX @®@Y,L)/»

Such tensor field is a real modelling of corresponding dual -holomorphic tensor field of
type (0,2) from X (U (€)). Itis well known that, if § is a Riemannian metric and D¢ its Levi-
Civita connection, then the condition F g =0 is equivalent to the condition pY =0[3],ie.
the triple (T(M,,), 8,/ )is a dual anti-Kéhler (or Kéhler -Norden) manifold.

The tensor field F ; § of type (0,3) has components
(FjG)abg:js ms 11/.55 ~917l ags(b ﬁsbl af_b@ b a
with respect to the natural frame {p} £ , KU} -

=0 reduces to

By virtue of (4) , after some calculations, the equation (F; §) ., ;

ungk - i@fk 0~ i’gn“ 0,
from which we have

ng:gjk()&,---,){]), gk =X ing m"'( %(,..., lS() (6)

a b
Using (3), (6) and g,. , = ”Xa‘ ”b g ,» We easily see thatgjk(xl,...,)@) and h, (x

[
components of any tensor fields g and h of type (0,2) on M, respectively.Thus a real dual-

X are

holomorphic tensor field § of type (0,2) on tangent bundle can be rewritten in the form

() &Xpg, M, g, O
g_(gbg) % ng ‘ Ok 8
g jk -



Holomorphic Manifolds with Deformed Lifts of Riemannian Metrics

where °g and “h are the complete and vertical lifts of tensor fields g = (9y) and h=(h,)
of type (0,2) from M, to tangent bundle T(M,), respectively [9]. Therefore we have

Theorem 1.Let T(M,) be a tangent bundle d¥1_, which is a real modelling of dulablo
morphic manifoldX, (L (€)). Then a real modelling of corresponding elualomorphic tensor field of
type (0,2) fom X_(J (€))is a deformed complete lift in the foffiig = °g +h, where®g and “h
are the complete and vertical lifts@= (g, ) and h=(h, ) from M to T(M,), respectively.

From Theorem 1, we have

Corollary. If h is any symmetric (0,2)ensor field onM , then the tensor field®g=“g +h
is a Riemannian metric o (M) .

3. Dual Kahler -Nordenmanifolds

A Riemannian metric g is a dual Norden metric with respect to the dual structure J
[3,4] if

9(IX, V)= o X JY

forany X,Yi A(M,,), i.e. g is purewithrespectto J. This kind of metrics havebeenalso-
studied under the name: B-metrics (see for example [7]). If (M,,,,J) is an almost dual mani-
fold with a Nordenmetric g, we say that(M,,,,J, g) is an almostNordenmanifold. If *BJ =0,
where 9D is theLevi-Civitaconnection of g, thenwe say that (M,,,J, Q) is a dual Kahler-
Norden.We assume that the manifold M, is the tangent bundle p:T(v,)- V, of a Rieman
nian manifold V, . If (ul,u2,3 ,u") are local coordinates on V,, then x' =u' A together

with the fibre coordinates X = y' T =n ,:--,2n form local coordinates on TV,).

It is well known that there exists a dual structure / on T(V,)which has components in
the form (4). In Section 2 we see that the deformed lift g+ Vh satisfies the following holo -
morphicity condition

C \%
F,("g+'h 8.
L . o Cg+VnQ ; (“g+Vh)
The last condition is equivalent to the condition b/ =0 (see [3]), where b

is the Levi-Civita connection ofthe metric “g+ “h, i.e. the dual holomorphic Noden manifold
(T(V.),/ ,“g+ "N is a dual Kahler-Norden manifold. Thus we have

Theorem 2.LetV, be a Riemannian manifold with metri, and letT (V,)) its tangent bundle.

Then the triple(T(V,),/ ,“ g+ " h) is a dual KahleNorden manifold, wheré g + “his the defo
med complete lift of metrig and;/ is a dual structure which naturally exists in tangent bundle.

Let now h= g. In this case we obtain well known metric |1 +1I =g Yg (see [9]). Thus
we have

Corollary 2. The triple (T(V,), / , | + 1) is a dual KahleNorden manifold.
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