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ABSTARCT  

In the paper we introduce an operator valued functions with the values from the space of linear bounded 

operators acting in some Hilbert space, determined is some domain of a complex plane, possessing some properties 

of the resolavent of the self-adjoint operator. By means of the generalized resolvent we construct some operator and 

prove and prove its self-adjointness. Using the properties of the resolvent of the newly constructed self-adjoints 

operator, the norm of the generalized resolvent is estimated from above. The obtained results are used for proving self-

adjointness of some singular differential operators that play important role in quantum mechanics . Note that these self -

adjoint operators correspond to self-adjoint extensions of symmetric differential operators with nonzero defect indeed 

that describe real physical processes.  
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1.Introduction  

Denote by ()As  a spectrum of the self-adjoint operator A , acting in Hilbert space H . 

We have the following   

Conjecture  1.1(see. [1, p.9]). For any complex number l and for any elements from the 

domain of definition ()AD  of the operator A  the following inequality is valid  

 ()( ) ( )uEAuAdist lsl -¢, , (1.1) 

where E - is a unit operator, Ö-is the norm in Hilbert space H  and  

()( )
()

mlsl
sm

-=
Í A

Adist inf, . 

This conjecture plays an important role in spectral theory of self -adjoint operator for two 

reasons. Frist of all, this conjecture allows to localize the spectrum of the self-adjoint 

operator, secondly, by means of the quasimode one can find approximate eigenvalues of this 

operator. Recall that the normed element eu  (i.e. 1=eu ) from the domain of def inition of 

the operator A  is said to be a quasimode if ( ) el e ¢- uEA , where e is a positive number. 

From inequality (1.1) it follows that if eu  is a quasimode of the complex number l, then  

()( )esl ¢Adist , , 

i.e. the number l is in the e vicinity of the spectrum A . 

Note that theory of quasimode plays an important part when studying surface 

superconductivity in super -conductive materials of II kind (see, [1-4]). The greatest lower 

bound of the spectrum of the magnetic Sihrodinger operator can be estimated by means of 

quasimode (see., [5-8]).  

 If we put ( )uEAg l-= , then from (1.1) we get: 

()( )
g

Adist
gR

sl
l

,

1
¢ . 

Hence we have  

 
()( )Adist

R
sl

l
,

1
¢  , (1.2) 

where the number l belongs to the resolvent set ()Ar , ( )1-
-= EAR ll  is the resolvent of 

the self ɬadjont operator A . It is known that the resolvent lR  of the self-adjoint operator A , 

in addition to property (1.2) has the following properties as well.  

1) For any number l and m from the resolvent set ()Ar  the following Hilbert relation 

(see., [9,p. 136]) is valid: 

( ) lmlm lm RRRR -=- . 

2) For any number l from the resolvent set ()Ar  the following equality (see ., [9,p. 138]) 

is valid:  
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( )
ll RR =

*
, 

where lis a comples number adjoint to l, ( )*lR  is an operator adjoint to lR . 

The goal of the paper is to introduce an operator-valued function ( we call it a generalized 

resolvent with the values from the space of linear bounded operators acting in some Hilbetr 

space, determined in some domain of the complex plane, proceeding from properties 1) and 2) of 

the resolvent of the self-adjoint operator. By means of the generalized resolvent to construct a 

family of operators determined in a complex plane, to prove independence of their domain of 

definition of the argument, to estimate the norm of the generalized resolvent and to use the 

obtained results for proving self -adjointness of some singular differential operators that play an 

important part in quantum mechanics.  

 2.  Formulation and proof of the main result.  

By ()HL  we denote a space of linear bounded operators acting in Hilbert space H . 

Definition  2.1. The operator-valued function ()zf  determined in some domain W of the 

complex plane C , with the values from the space ()HL  satisfying the conditions:  

)i  for arbitrary elements 
1z  and 

2z  from the domain W  

() ()( )()()121212 zfzfzzzfzf -=- ; 

)ii  for some value WÍ= 0zz  the operator ()0zf  has an inverse operator ()0

1 zf -  

(generally speaking, unbounded); 

)iii  there exists a complex number m from the domain W such that WÍm  and 

() ()mm ff =* , is called a generalized resolvent. 

Theorem 2.2. Let ()zf  be a generalized resolvent determined is some domain W of a complex plane. 

Then the followings are valid: 

)a  at each point z  of the domain Wthere exists an inverse operator ()zf 1- ; 

)b  the domain of definition of the operators () () zEzfzA += -1  is independent of z ; 

)c  the family of operators ()zA  is independent of z ; 

)d the operator ()zAA¹  is closed and its domain of definition is everywhere dense in H ; 

)e  the operator A  is self-adjoint ; 

)f  the following inequality is valid 

()
()( )Adist

zf
sl,

1
¢  . 

Proof . The existence of the inverse operator ()0

1 zf -  follows from condition )ii . Let z  be 

an arbitrary element from W, that differs from 0z . Show that from the equality () 0=hzf  it 

foll ows 0=h . From condition )i  we have  

() () ( )()()hzfzfzzhzfhzf 000 -=- . (2.1) 
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As condition )i  yields that the operator, ()zf  and ()0zf  are permulational, then from (2.1) 

it follows that () 00 =hzf . According to condition )ii hence it follows that 0=h . Consequently, 

for any element z  from the domain W there exists an inverse operator ()zf 1- . 

 We now prove that the domain of definition ()( )zAD  of the family of operators  

() () ( )WÍ+= - zzEzfzA 1  

is independent of z . Let 
1z  and 

2z  be arbitrary complex numbers from the domain W, and 

()( )1zADgÍ . Then these exists an element j from space H  such that ()j1zfg= . From 

condition )i  we have  

 () () ( )()[ ] ()yjjj 212121 zfzfzzzfzfg =-+== , (2.2) 

where ( )()jjy 121 zfzz -+= . From (2.2)it follows that ()( )2zADgÍ . So , we proved that any 

element entering into the set ()( )1zAD , enters into the set ()( )2zAD  as well, i.e. 

 ()( ) ()( )21 zADzAD Ë . (2.3) 

From equivalence of the numbers 
1z  and 

2z  it follows that the inverse imbedding is valid as 

well  

 ()( ) ()( )21 zADzAD Ë . (2.4) 

From comparison of (2.3) and (2.4) we get 

()( ) ()( )21 zADzAD = , 

i.e. the domain of definition of the family of operators ()zA  is independent of z . 

For proving statement )c  we use the formula  

() ()( )()()121212 zfzfzzzfzf -=- , 

where 
1z  and 

2z  are arbitrary complex numbers from the domain W. From this relation we 

get : 

 () ()( )ɽzzzfzf 122

1

1

1 -=- -- . (2.5) 

According to the definition of the operator ()zA , from equality (2.5) we have  

() () () ()[ ]=+-+=- -- EzzfEzzfzAzA 11

1

22

1

12  

() ()( ) 0121

1

2

1 =-+-= -- Ezzzfzf . 

Hence, taking into account arbitrariness of the numbers 1z  and 
2z , we get statement )c . We 

denote the general value of the family of operators ()zA  by A . We prove )d . From statement 

)c  it follows that () () EfAA mmm +== -1 , where m is a complex number that participates in 

condition )iii . Denote by ()AD  as usual, the domain of definition of the operator A , by 

()( )mfR  the range of values of the operator ()mf  , by ()( )[ ]^mfR - an orthogonal supplement to 

()( )mfR . Show that the kernel  
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()( ) (){ }0: =Í= ** hfHhfKer mm  

of the operator ()m*f  consists only of the element 0 . Assume that ()( )m*Í fKerh . Then 

condition )iii  yields that ()( )mfKerhÍ . From statement )a  it follows that ()( ){}0=mfKer . 

Consequently, ()( ){}0=*mfKer . From the equality  

()( )[ ] ()( )mm *^
= fKerfR  

It follows that the range of value of the operato r ()mf  is everywhere dense in H . Hence 

and from the equality () EfA mm+= -1  it follows that the range of values of the operator A  is 

everywhere dense in H . Since ()mf  is closed and ()m1-f  exists, then ()m1-f  is also closed. 

Consequently, the operator A  is closed as well. By the same token, statement )d  is proved.  

 Prove statement )e . Let the complex number m satisfy the condition )iii . Using 

statement )c and the known facts from functional analysis, we get the equality  

() ()[ ] ()[ ] ( )=+=+==
**-*-** EfEfAA mmmmm 11  

()[ ] ()[ ] () AAEfEf ==+=+
--* mmmmm
11

. 

By the same token we proved statement )e .  

 Using the definition of the operators () () zEzfzAA +=¹ -1  and ( )1-
-= zEARz  and 

applying estimation (1.2), we get the proof of statement )f  of the theorem. 

The Theorem is proved.  

3.  Applications  

Example . The case when the potential is concentrated on the plane .  

Applying the successive approximations method it is easy to prove that for any function 

()xj  from ( )32 RL  the equation  

( )
( ) ( )

( ) ( )
( ) +

+-+-
-= ñ

+-+--

321321
2

3

2

22

2

11

21 ;;
4

1
;0;;

3

2
3

2
22

2
11

dydydyyyy
yyxyx

e
zxx

R

yyxyxz

j
p

y  

( ) ( )

( ) ( )
( ) 2121

2

22

2

11

;0;;
4

1

2

2
22

2
11

dydyzyy
yxyx

e

R

yxyxz

y
pñ -+-

+
-+--

 

for sufficiently large real z  has a unique solution from ( )32 RL . Hence it follows that there exists 

a sufficiently large positive  M  such that the integral operator ()zf  with the kernel  

( )
( ) ( )

( ) ( ) 2

3

2

22

2

11

321

2
3

2
22

2
11

;;;
xyxyx

e
zxxxG

xyxyxz

+-+-
=

+-+--

 

in the domain [ )¤+-=W ,\ MC  of the complex plane satisfies the theorem conditions. This 

means that the operator A  acting by the rules  
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() () ( )()xxxxA ydyy 03 =+D-=  

with domain of definition  

() () ( ) ( ) () ( )() ( ){ }3

23

33

2 0: RLxxxRCRLxAD Í=+D-ÆÍ= ydyy  

is a self-adjoint operator in space ( )32 RL . ( Here ( ) 3

321 ;; Rxxxx Í= , D is a Laplace operator 

, ( )03 =xd  ÐÚɯ#ÐÙÈÊɀÚɯÍÜÕÊÛÐÖÕɯÊÖÕÊÌÕÛÙÈÛÌËɯÖÕɯÛÏÌɯ×ÓÈÕÌɯ03 =x ). Note that the operator A  is 

one of the self-adjoint extensions of the symmetric operator B  acting by the rules 

() ()xxB yy D-=  with domain of definition  

() () ( ) ( ) () ( ){ }3

221

3

2 ,00;;: RLxxxRLxBD ÍD-=Í= yyy  

with deficiency index ( )¤¤,  (see., [10]). 
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ʨɯ̓˰˲̖̑˸ɯ̓˰̔̔̎˰̖̓̄˳˰˸̖̬̔ɯ̔̎˸̤˰̏̏˰̬ɯ̂˰˷˰̡˰ɯ˷̬̍ɯ̡̩̖̍̍̄̒̄˸̞̔̈̄ɯ̄ɯ˴̄̒˸̓˲̡̑̍̄˸̞̔̈̄ɯ̗̓˰˳̏˸̏̄̅ɯ̔ɯ̏˸-

̓˸˴̧̗̬̍̓̏̎̄ɯ˴̓˰̡̧̏̄̏̎̄ɯ̗̔̍̑˳̬̄̎̄ȭɯʨɯ̖˰̞̈̄ɯ̡̗̔̍˰̬̞ɯ˷̬̍ɯɋ̒̓̑̄̂˳̨̑̍̏̑̅Ɍɯ̝̗̠̏̈̄̄ɯ],[),( baxxfy Í=  

̈̍˰̡̔̔̄˸̔̈˰̬ɯ ̝̗̑̓̎̍˰ɯ ̓˰̂̍̑˼˸̬̏̄ɯ ʧ̓̄̈˴̝̑˰ɬ̍ ˰̎˰̓̈̄̏˰ɯ ̒̑ɯ ˳̧̡˸̖˰̎ɯ ̝̗̠̏̈̄̄ɯ ʩ̓̄̏˰ɯ ̔̒˸̖̈̓˰̨̍̏̑̅ɯ

̂˰˷˰̡̄ɯ̖̗̖̖̑̔̔˳̗˸̖ɯ̄ɯ˷̬̍ɯ̡̗̒̑̍˸̬̏̄ɯ̩̖̑̅ɯ̝̗̑̓̎̍̑̅ɯ̓˰̂̍̑˼˸̬̏̄ɯ̏˸̧̖̈̑̑̓˸ɯ˰˳̧̖̑̓ɯ̏˰ɯ̝̗̠̏̈̄̄ɯ)(xfy=

̏˰̍˰˴˰̫̖ɯ˷̖̑̒̑̍̏̄˸̨̧̍̏˸ɯ̑˷̏̑̓̑˷̧̏˸ɯ˴̓˰̡̧̏̄̏˸ɯ̑˴̓˰̡̏̄˸̬̏̄ɯȹ̗̔̍̑˳̬̄ɯȹ̔ȺȺȮɯ̧̖̈̑̑̓̎ɯ̎̑˼˸̖ɯ̄ɯ̏˸ɯ̗˷̑˳-

̍˸̖˳̨̬̖̑̓ɯ̓˸̤˸̏̄˸ɯ̓˰̔̔̎˰̖̓̄˳˰˸̎̑̅ɯ̔̎˸̤˰̏̏̑̅ɯ̂˰˷˰̡̄ȭ 

ʨɯ̏˰̖̬̥̔̑˸̅ɯ̓˰˲̖̑˸ɯ̏˰ɯ̓˸̤˸̏̄˸ɯ̔̎˸̤˰̏̏̑̅ɯ̂˰˷˰̡̄Ȯɯ̏˸ɯ̏˰̍˰˴˰̬ɯ˷̖̑̒̑̍̏̄˸̨̧̍̏˸ɯ̑˷̏̑̓̑˷̧̏˸ɯ˴̓˰̏̄-

̡̧̏˸ɯ̑˴̓˰̡̏̄˸̬̏̄ɯ˳̄˷˰ɯȹ̔ȺȮɯ̔ɯ̨̥̫̒̑̎̑ɯ̎˸̖̑˷˰ɯ̈̑̏˸̡̏̑˴̑ɯ̖̄̏˸˴̓˰̨̍̏̑˴̑ɯ̒̓˸̑˲̓˰̂̑˳˰̬̏̄ɯ̡̗̒̑̍˰˸̖̬̔ɯ˰̏˰-

̡̖̍̄̄˸̔̈̑˸ɯ̒̓˸˷̖̔˰˳̍˸̏̄˸ɯ̓˸̤˸̬̏̄ɯ̓˰̔̔̎˰̖̓̄˳˰˸̎̑̅ɯ̔̎˸̤˰̏̏̑̅ɯ̂˰˷˰̡̄ȭ 

ʺ̡̫̍˸˳̧˸ɯ̔̍̑˳˰ȯ ̈̑̏˸̡̏̑˸ɯ̖̄̏˸˴̓˰̨̍̏̑˸ɯ̒̓˸̑˲̓˰̂̑˳˰̏̄˸Ȯɯ̏˸ɯ̓˸˴̧̗̬̍̓̏˸ɯ˴̓˰̡̧̏̄̏˸ɯ̗̔̍̑˳̬̄ȭ 

2.-+4ɯd-3$01 +ɯI$5d1,˜ɯ,$3.#4-4-ɯ$++d/3d*ɯ5˜ɯ'd/$1!.+d*ɯ3˜-+d*+˜1ɯ²I²-ɯ                   

0$81d-1$04+8 1ɯ2˜1'˜#ɯ©˜13+dɯ0 1(©(0ɯ,˜2˜+˜-d-ɯ'˜++d-˜ɯ3˜3!d0d 

7²+ 2˜ 

,̪ØÈÓ̪Ë̪ɯÌÓÓÐ×ÛÐÒɯÝ̪ɯÏÐ×ÌÙÉÖÓÐÒɯÛ̪ÕÓÐÒÓ̪ÙɯĹñĹÕɯØÌàÙÐ-ÙÌØÜÓàÈÙɯÚ̪ÙÏ̪Ëɯı̪ÙÛÓÐɯØÈÙċıċØɯÔ̪Ú̪Ó̪à̪ɯÉÈßċÓċÙȭɯ!ÌÓ̪ɯ

ÏÈÓËÈɯɁÐßÛÐàÈÙÐɂɯ ],[),( baxxfy Í=  ÍÜÕÒÚÐàÈÚċɯĹñĹÕɯÜàĀÜÕɯÚ×ÌÒÛÙÈÓɯÔ̪Ú̪Ó̪ÕÐÕɯ&ÙÐÕɯÍÜÕÒÚÐàÈÚċÕċÕɯñċßċØÓÈÙċɯ

ĹáÙ̪ɯ!ÙÐÒÏÖÍɯɬ3ÈÔÈÙÒÐÕÐÕɯÒÓÈÚÚÐÒÈàÙċÓċıɯËĹÚÛÜÙÜɯġáɯÎĹÊĹÕË̪ɯØÈÓÔċÙȭ 

!̪áÐɯÔĹ̪ÓÓÐÍÓ̪ÙÉÜɯÈàÙċÓċıɯËĹÚÛÜÙÜÕÜɯÈÓÔÈØɯĹñĹÕɯ)(xfy= funksiyaÚċÕċÕɯÚ̪ÙÏ̪ËɯØÐàÔ̪ÛÓ̪ÙÐÕÐÕɯĹá̪ÙÐÕ̪ɯ

ÉÐÙÊÐÕÚɯÔ̪ÏËÜËÐàà̪ÛÓ̪ÙɯØÖàÜÙÓÈÙɯÒÐȮɯȹȹÊȺ-ı̪ÙÛÓ̪ÙÐȺȮɯÉÈßċÓÈÕɯØÈÙċıċØɯÔ̪Ú̪Ó̪ÕÐÕɯÏ̪ÓÓÐɯÉÜɯı̪ÙÛÓ̪ÙÐɯġË̪Ô̪à̪Ë̪ɯÉÐÓ̪Ùȭ 

dıË̪ɯ ØÈÙċıċØɯ Ô̪Ú̪Ó̪ÕÐÕɯ Ï̪ÓÓÐÕÐÕɯ Ú̪ÙÏ̪Ëɯ ØÐàÔ̪ÛÓ̪ÙÐÕÐÕɯ ĹáÙ̪ÙÐÕ̪ɯ ̪ÓÈÝ̪ɯ ȹÊȺɯ ı̪ÒÐÓÓÐɯ ÉÐÙÊÐÕÚɯ Ô̪ÏËÜËÐàà̪ÛÓ̪Ùɯ

qoymaËÈÕɯÚÖÕÓÜɯÐÕÛÌØÙÈÓɯñÌÝÐÙÔ̪ɯÔÌÛÖËÜÕÜÕɯÛ̪ÛÉÐØÐɯÐÓ̪ɯÉÈßċÓÈÕɯØÈÙċıċØɯÔ̪Ú̪Ó̪ÕÐÕɯÏ̪ÓÓÐÕÐÕɯÈÕÓÈÛÐÒɯÐÍÈË̪ÚÐɯÈÓċÕċÙȭ 

 ñÈÙɯÚġáÓ̪Ùȯ ÚÖÕÓÜɯÐÕÛÌØÙÈÓɯñÌÝÐÙÔ̪ȮɯØÌàÙÐ-ÙÌØÜÓàÈÙɯÚ̪ÙÏ̪Ëɯı̪ÙÛÓ̪ÙÐȭɯ 

APPLICATION OF FINITE INTEQRAL TRANSFORMATION METHOD FOR ELLIPTIC AND HIPERBOL IK 

EQUATIONS TO THE SOLUTION OF A MEXED PRO BLEM ÜITH NON -REQULYAR BOUNDARY CONDITIONS  

ABSTARCT  

In the paper we consider a mixed problem for elliptic and hyperbolic equations with irregular boundary 

ÊÖÕËÐÛÐÖÕÚȭɯ(ÕɯÚÜÊÏɯÊÈÚÌÚɯÍÖÙɯÈÕɯɁÈÙÉÐÛÙÈÙàɂɯÍÜÕÊÛÐÖÕɯ],[),( baxxfy Í=  the classic Brikhoff ɬTamarkin expansion 

formula on residue of the Green function of a spectral problem cloes not exist and for obtaining this expansion formula 

some authors impose on the function ]),([)( baCxfy kÍ=  additional homoge neous restrictions (condition (e)) that 

might not satisfy the solution of the considered mixed problem.  

In the present paper, not imposing additional boundary restrictions of the form © on the solution of the mixed 

problem, by means of the finite integral transformation method we obtain analytic representation of the solutions of the 

consider mixed problem.  

Keywords: finite inteqral transformation, non -requlyar boundary conditions.  
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˄̓̄ɯ̓˸̤˸̏̄̄ɯ̔̎˸̤˰̧̞̏̏ɯ̂˰˷˰̡ɯ˷̬̍ɯ˷̝̝̄˸̓˸̠̏̄˰̨̧̞̍̏ɯ̗̓˰˳̏˸̏̄̅ɯ˳ɯ̡˰̧̖̞̔̏ɯ̒̓̑-

̄̂˳̑˷̧̞̏ɯ̔ɯ̏˸̓˸˴̧̗̬̍̓̏̎̄ɯ˴̓˰̡̧̏̄̏̎̄ɯ̗̔̍̑˳̬̄̎̄ɯȹɯ̧̖̞̈̑̑̓ɯ̏˰̧̂˳˰˸̎ɯ̗̔̍̑˳̬̄̎̄ɯȹʥ)), 

˳ɯȻƚȼɯ̒̓̄ɯ˴̄̒˸̓˲̡̑̍̄˸̔̈̑̎ɯ̡̗̔̍˰˸ɯ̝̑̓̎˰̨̍̏̑ɯ̒̓̄̎˸̬̬̏ɯ̖̄̏˸˴̓˰̨̍̏̑˸ɯ̒̓˸̑˲̓˰̂̑˳˰̏̄˸ɯ

ʿ˰̒̍˰̔˰ɯ ̈ɯ ̔̎˸̤˰̗̫̏̏ɯ ̂˰˷˰̡̗ɯ ̡̗̒̑̍˰˸̖̬̔ɯ ̖̔̑̑˳˸̖̖̔˳̗̫̥˰̬ɯ ̔̒˸̖̈̓˰̨̍̏˰̬ɯ ̂˰˷˰̡˰ȭɯ ʨɯ

̖˰̞̈̄ɯ̡̗̔̍˰̬̞ɯ˷̬̍ɯɋ̒̓̑̄̂˳̨̑̍̏̑̅Ɍɯ̝̗̠̏̈̄̄ɯ],[),( baxxfy Í= ̈̍˰̡̔̔̄˸̔̈˰̬ɯ̝̗̑̓̎̍˰ɯ

̓˰̂̍̑˼˸̬̏̄ɯʧ̓̄̈˴̝̑˰ɯȻƖȼ- ˈ˰̎˰̓̈̄̏˰ɯȻƗȼ-ˁ˰̅̎˰̓̈˰ɯȻƘȼ-˅˰̗̔̍̑˳˰ɯȻƙȼɯ̒̑˳̧̡˸̖̑̎ɯȻƕȼɯ̝̗̏̈-

̠̄̄ɯ ʩ̓̄̏˰ɯ ̔̒˸̖̈̓˰̨̍̏̑̅ɯ ̂˰˷˰̡̄Ȯɯ ˳̑̑˲̥˸ɯ ˴̑˳̬̑̓Ȯɯ ̖̗̖̖̑̔̔˳̗˸̖ȭɯ ʨɯ Ȼƚȼɯ ̏˰ɯ ̝̗̠̏̈̄̄ɯ

]),([)( baCxfy kÍ=  ˷̑˲˰˳̬̬̍ɯ˷̖̑̒̑̍̏̄˸̨̧̍̏˸ɯ̑˷̏̑̓̑˷̧̏˸ɯ˴̓˰̡̧̏̄̏˸ɯ̑˴̓˰̡̏̄˸̬̏̄ɯ˳̄˷˰ 

( ) )),((,,...,1,0)()()( )()(

0

ʩʫʩʣʦʚʠʷmlbfaffE s

ls

s

ls
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s
l ==+¹ä
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( lsa , lsb -̏˸̧̖̈̑̑̓˸ɯ̡̄̔̍˰Ȱk,m-̏˰̖̗̓˰̨̧̍̏˸ɯ̡̄̔̍˰Ⱥɯ˷̬̍ɯ)(xf  ̡̗̒̑̍˰˸̖̬̔ɯ̈̍˰̡̔̔̄˸̔-̈˰̬ɯ

̝̗̑̓̎̍˰ɯ̓˰̂̍̑˼˸̬̏̄ɯʧ̓̄̈˴̝̑˰ɯ- ˈ˰̎˰̓̈̄̏˰ɯ̄ɯ̨̨̗̬̄̔̒̑̍̂̔ɯ̩̖̑̅ɯ̝̗̑̓̎̍̑̅ɯ̓˸̤˰˸̖̬̔ɯ

̓˰̔̔̎˰̖̓̄˳˰˸̎˰̬ɯ̔̎˸̤˰̏̏˰̬ɯ̂˰˷˰̡˰ȭɯʬ̬̍ɯ̒̓̄̎˸̖̏̄̎̑̔̄ɯ̩̖̑̅ɯ̞̔˸̎˰̡̖̄˸̔̈̄ɯ˰̒̓̄̑̓̏̑ɯ

˷̑̍˼̏̑ɯ˲̧̨̖ɯ̒̓˸˷̒̑̍̑˼˸̏̑Ȯɯ̡̖̑ɯ̄̔̈̑̎̑˸ɯ̓˸̤˸̏̄˸ɯ),( txu ˳ɯ̫̍˲̑̅ɯ̎̑̎˸̖̏ɯ˳̓˸̎˸̏̄ɯ,t  

˷̑̍˼̏̑ɯ̗˷̑˳̍˸̖˳̨̬̖̑̓ɯu ̂˰˷˰̧̏̏̎ɯ̏˸̓˸˴̧̗̬̍̓̏̎ɯ˴̓˰̡̧̏̄̏̎ɯ̗̔̍̑˳̬̄̎ɯȹʥȺɯ̄ɯ˷̑̒̑̍̏̄-

̖˸̨̍̏̑ɯ̒̓̄ɯ̫̍˲̑̎ɯ0>t  ̒̑ɯ̞ ˷̑̍˼̏̑ɯ̗˷̑˳̍˸̖˳̨̬̖̑̓ɯ̑˷̏̑̓̑˷̧̏̎ɯ˴̓˰̡̧̏̄̏̎ɯ̗̔̍̑˳̬̄̎ɯ

ȹ̔Ⱥȭɯʥɯ˸̔̍̄ɯ̒̓̄ɯ̖̒̑̔˰̏̑˳̈˸ɯ̔̎˸̤˰̏̏̑̅ ̂˰˷˰̡̄ɯ˰̒̓̄̑̓̏̑ɯ̒̓˸˷̒̑̍˰˴˰̨̖Ȯɯ̡̖̑ɯ̓˸̤˸̏̄˸ɯ

),( txu  ̓˰̔̔̎˰̖̓̄˳˰˸̎̑̅ɯ̔̎˸̤˰̏̏̑̅ɯ̂˰˷˰̡̄ɯ̗˷̑˳̍˸̖˳̬̑̓˸̖ɯ̄ɯ̏˸̓˸˴̧̗̬̍̓̏̎ɯ˴̓˰̡̧̏̄̏̎ɯ

̗̔̍̑˳̬̄̎ɯȹʥȺɯ̄ɯ˳ɯ̫̍˲̑̅ɯ̎̑̎˸̖̏ɯ˳̓˸̎˸̏̄ɯ0>t ̒̑ɯ ],[ baxÍ  ̗˷̑˳̍˸̖˳̬̑̓˸̖ɯ̑˷̏̑̓̑˷̧̏̎ɯ

˴̓˰̡̧̏̄̏̎ɯ̗̔̍̑˳̬̄̎ɯȹ̔ȺȮɯ̖̑ɯ̖˰̈˰̬ɯ̖̒̑̔˰̏̑˳̈˰ɯ̔̎˸̤˰̏̏̑̅ɯ̂˰˷˰̡̄ɯ̏˸̈̑̓̓˸̖̈̏̑ȭ 

ʨɯ̏˰̖̬̥̔̑˸̅ɯ̓˰˲̖̑˸ɯ̏˰ɯ̓˸̤˸̏̄˸ɯ̔̎˸̤˰̏̏̑̅ɯ̂˰˷˰̡̄ɯ̏˸ɯ̏˰̍̑˴˰̬ɯ˷̖̑̒̑̍̏̄˸̨̧̍̏˸ɯ̑˷-

̏̑̓̑˷̧̏˸ɯ˴̓˰̡̧̏̄̏˸ɯ̑˴̓˰̡̏̄˸̬̏̄ɯ˳̄˷˰ɯȹ̔ȺȮɯ̔ɯ̨̥̫̒̑̎̑ɯ̎˸̖̑˷˰ɯ̈̑̏˸̡̏̑˴̑ɯ̖̄̏˸˴̓˰̨̍̏̑˴̑ 

̒̓˸̑˲̓˰̂̑˳˰̬̏̄ɯ̓˸̤˰˸̖̬̔ɯ̔̎˸̤˰̏̏˰̬ɯ̂˰˷˰̡˸ɯ̔ɯ̏˸̓˸˴̧̗̬̍̓̏̎̄ɯ˴̓˰̡̧̏̄̏̎̄ɯ̗̔̍̑˳̬̄̎̄ȭ 

ʬ̬̍ɯ̖̒̓̑̔˰̧̖ɯ̂˰̒̄̔̄Ȯɯ̑˲̗̔˼˷˸̏̄̅ɯ̄ɯ˷̖̗̖̑̔̒̏̑̔̄ɯ̤̞̄̓̑̈̄ɯ̗̈̓˴ɯ̡̖̄˰̖˸̍˸̅ɯ̔̈˰̂˰̏-

̧̏˸ɯ̑˲̦̬̬̔̏˸̎ɯ̏˰ɯ̔̍˸˷̗̫̥̞̄ɯ̎̑˷˸̨̧̞̍̏ɯ̔̎˸̤˰̧̞̏̏ɯ̂˰˷˰̡˰̞ɯ˷̬̍ɯ̡̩̖̍̍̄̒̄˸̞̔̈̄ɯ̄ɯ

˴̄̒˸̓˲̡̑̍̄˸̞̔̈̄ɯ̗̓˰˳̏˸̏̄̅ɯ̔ɯ̏˸̓˸˴̧̗̬̍̓̏̎̄ɯ˴̓˰̡̧̏̄̏̎̄ɯ̗̔̍̑˳̬̄̎̄ȭ 

˄̖̑̔˰̏̑˳̈˰ɯ̂˰˷˰̡̄ȭɯˁ˰̖̅̄ɯ̓˸̤˸̏̄˸ɯ̡̩̖̍̍̄̒̄˸̔̈̑˴̑ɯ̗̓˰˳̏˸̬̏̄ 
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̎̄̏̄̎˰̈̔˰ɯ̡̗̒̑̍˸̧̏ɯ˰̧̒̓̄̑̓̏˸ɯ̠̑˸̏̈̄ɯ̖̖̑̏̑̔̄˸̨̍̏ ̑ɯ̔̑˲̖̔˳˸̧̞̏̏ɯ̂̏˰̡˸̏̄̅ɯ̑̒˸̓˰̖̑̓̑˳ɯˀ˰̨̖˸ɯ̏˰ɯ̗̒̑̍̑̔̄ɯ̄ɯ

̑˷̏̑̎˸̓̏̑˴̑ɯ̑̒˸̓˰̖̑̓˰ɯ˖̓˸˷̄̏˴˸̓˰ɯ̔ɯ̓˰̖̗̥̔̄̎ɯ̖̒̑˸̠̏̄˰̍̑̎ȭɯˆɯ̨̥̫̒̑̎̑ɯ̩̖̞̄ɯ˰̧̞̒̓̄̑̓̏ɯ̠̑˸̏̑̈ɯ̡̗̒̑̍˸̧̏ɯ

˰̡̖̖̔̄̎̒̑̄˸̔̈̄˸ɯ̧̝̗̑̓̎̍ɯ˷̬̍ɯ̔̑˲̖̔˳˸̧̞̏̏ɯ̂̏˰̡˸̏̄̅ɯ̑̒˸̓˰̖̑̓̑˳ɯˀ˰̨̖˸ɯ̏˰ɯ̗̒̑̍̑̔̄ȭɯˋ̖̔˰̏̑˳̍˸̏̑Ȯɯ̡̖̑ɯ̔̒˸̖̈̓ɯ

̑̒˸̓˰̖̑̓˰ɯˀ˰̨̖˸ɯ̏˰ɯ˳̔˸̅ɯ̑̔̄ɯ̖̖̔̑̔̑̄ɯ̄̂ɯ̑˲̦˸˷̄̏˸̬̏̄ɯ̔̒˸̖̈̓̑˳ɯ̑̒˸̓˰̖̑̓̑˳ɯˀ˰̨̖˸ɯ̏˰ɯ̗̒̑̍̑̔̄ȭɯˁ˰ɯ̑̔̏̑˳˰̏̄̄ɯ

̩̖̑̅ɯ̔˳̬̂̄ɯ̏˰̅˷˸̏˰ɯ˰̖̖̔̄̎̒̑̄̈˰ɯ̔̑˲̖̔˳˸̧̞̏̏ɯ̂̏˰̡˸̏̄̅ɯ̑̒˸̓˰̖̑̓˰ɯˀ˰̨̖˸ɯ̏˰ɯ˳̔˸̅ɯ̑̔̄ɯ̏˰ɯ˲˸̔̈̑̏˸̡̖̏̑̔̄ȭɯ 

ʺ̡̫̍˸˳̧˸ɯ̔̍̑˳˰ȯ ̗̓˰˳̏˸̏̄˸ɯˀ˰̨̖˸Ȯɯ̝̗̠̏̈̄̄ɯˀ˰̨̖˸Ȯɯ̗̓˰˳̏˸̏̄˸ɯ˖̓˸˷̄̏˴˸̓˰Ȯɯ̔̑˲̖̔˳˸̧̏̏˸ɯ̂̏˰̡˸̬̏̄ȭ 

ABOUT ASYMPTOTICS OF THE EIGENVALUES OF THE MODIFIED M ATHIEU OPERATOR  

ABSTRACT  

The paper considers modified Mathieu equations. In this case, we study the Mathieu operator on the entire axis, 

as well as the Mathieu operators on the semiaxis with the Dirichlet and Neumann conditions at zero. It is proved that 

the spectra of Mathieu operators on the half-axis consist of simple eigenvalues. Using the minimax principle, a priori 

estimates are obtained for the eigenvalues of the Mathieu operators on the semi-axis and the one-dimensional 

Schrödinger operator with increasing potential. Using these a priori estimates, asymptotic formulas are obtained for the 

eigenvalues of the Mathieu  operators on the semi-axis. It is established that the spectrum of the Mathieu operator on the 

entire axis consists of the union of the spectra of the Mathieu operators on the semi-axis. Based on this connection, the 

asymptotic behavior of the eigenvalues of the Mathieu operator on the entire axis at infinity is found.  

 Keywords: Mathieu equation, Mathieu functions, Schrodinger equation, eigenvalues  
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,ÖËÐÍÐÒÈÚÐàÈɯÖÓÜÕÔÜıɯ,ÈÛàÌɯÛ̪ÕÓÐÒÓ̪ÙÐÕ̪ɯÉÈßċÓÔċıËċÙȭɯ!ÜɯáÈÔÈÕɯÉĹÛĹÕɯÖßËÈɯ,ÈÛàÌɯÖ×ÌÙÈÛÖÙÜȮɯÏ̪ÔñÐÕÐÕɯÚċÍċÙɯ

ÕġØÛ̪ÚÐÕË̪ɯ#ÐÙÐßÓÌɯÝ̪ɯ-ÌàÔÈÕɯı̪ÙÛÓ̪ÙÐɯÐÓ̪ɯàÈÙċÔɯÖßËÈɯÝÌÙÐÓÔÐıɯ,ÈÛàÌɯÖ×ÌÙÈÛÖÙÓÈÙċɯÈÙÈıËċÙċÓċÙȭɯ8ÈÙċÔɯÖßËÈɯÛ̪àÐÕɯÖÓÜÕÔÜıɯ

,ÈÛàÌɯÖ×ÌÙÈÛÖÙÓÈÙċÕċÕɯÚ×ÌÒÛÙÓ̪ÙÐÕÐÕɯÚÈË̪ɯÔ̪ßÚÜÚÐɯ̪Ë̪ËÓ̪ÙË̪ÕɯÐÉÈÙ̪ÛɯÖÓËÜĀÜɯÐÚÉÈÛɯÌËÐÓÔÐıËÐÙȭɯ,ÐÕÐÔÈßɯ×ÙÐÕÚÐ×ÐÕË̪Õɯ

ÐÚÛÐÍÈË̪ɯÌË̪Ù̪ÒɯàÈÙċÔɯÖßËÈɯ,ÈÛàÌɯÖ×ÌÙÈÛÖÙÓÈÙċÕċÕɯÝ̪ɯÈÙÛÈÕɯ×ÖÛÌÕÚÐÈÓċɯÖÓÈÕɯÉÐÙɯġÓñĹÓĹɯ©ÙÌËÐÕÎÌÙɯÖ×ÌÙÈÛÖÙÜÕÜÕɯÔ̪ßÚÜÚÐɯ

̪Ë̪ËÓ̪ÙÐɯĹñĹÕɯÈ×ÙÐÖÙɯØÐàÔ̪ÛÓ̪ÕËÐÙÔ̪Ó̪ÙɯÛÈ×ċÓÔċıËċÙȭɯ!ÜɯÊĹÙɯÈ×ÙÐÖÙɯØÐàÔ̪ÛÓ̪ÕËÐÙÔ̪Ó̪ÙË̪ÕɯÐÚÛÐÍÈË̪ɯÌË̪Ù̪ÒɯàÈÙċÔɯÖßËÈɯ

,ÈÛàÌɯÖ×ÌÙÈÛÖÙÓÈÙċÕċÕɯÔ̪ßÚÜÚÐɯ̪Ë̪ËÓ̪ÙÐɯĹñĹÕɯÈÚÐÔ×ÛÖÛÐÒɯËĹÚÛÜÙÓÈÙɯÈÓċÕÔċıËıÙȭɯ!ĹÛĹÕɯÖßËÈÒċɯ,ÈÛàÌɯÖ×ÌÙÈÛÖÙÜÕÜÕɯ

Ú×ÌÒÛÙÐÕÐÕɯàÈÙċÔɯÖßËÈÒċɯ,ÈÛàÌɯÖ×ÌÙÈÛÖÙÓÈÙċÕċÕɯÚ×ÌÒÛÙÓ̪ÙÐÕÐÕɯÉÐÙÓ̪ıÔ̪ÚÐÕË̪ÕɯÐÉÈÙ̪Û ÖÓËÜĀÜɯÔĹ̪àà̪ÕɯÌËÐÓÔÐıËÐÙȭɯ!Üɯ

̪ÓÈØ̪ɯ̪ÚÈÚċÕËÈȮɯÉĹÛĹÕɯÖßËÈɯ,ÈÛàÌɯÖ×ÌÙÈÛÖÙÜÕÜÕɯÔ̪ßÚÜÚÐɯ̪Ë̪ËÓ̪ÙÐÕÐÕɯÚÖÕÚÜáÓÜØËÈÒċɯÈÚÐÔ×ÛÖÛÐÒÈÚċɯÛÈ×ċÓÔċıËċÙȭ 

 ñÈÙɯÚġáÓ̪Ùȯ ,ÈÛàÌɯÛ̪ÕÓÐàÐȮɯ,ÈÛàÌɯÍÜÕÒÚÐàÈÓÈÙċȮɯ©ÙÌËÐÕÎÌÙɯÛ̪ÕÓÐàÐȮɯÔ̪ßÚÜÚÐɯ̪Ë̪ËÓ̪Ùȭ 

 

ʨ˳˸˷˸̏̄˸ɯ̄ɯ̑̔̏̑˳̏̑̅ɯ̓˸̨̗̖̂̍˰̖ 

ʬ̝̝̄˸̓˸̠̏̄˰̨̧̍̏˸ɯ̗̓˰˳̏˸̬̏̄ɯˀ˰̨̖˸ɯ̡˰̖̔̑ɯ˳̑̂̏̄̈˰̫̖ɯ̒̓̄ɯ̓˸̤˸̏̄̄ɯ̏˰̡̧̗̞̏ɯ̄ɯ

̄̏˼˸̏˸̧̞̓̏ɯ̒̓̑˲̍˸̎ɯȹ̔̎ȭɯ[][]41- Ⱥȭɯˁ˰̄˲̑̍˸˸ɯ̖̄̏˸̓˸̧̔̏̎ɯ̒̓̄̎˸̓̑̎ɯ̬˳̬̍˸̖̬̔[]2  ̂˰˷˰̡˰ɯ
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̑ɯ̈̑̍˸˲˰̬̞̏̄ɯ̡̩̖̍̍̄̒̄˸̔̈̑̅ɯ̎˸̎˲̓˰̧̏ȭɯˋ̓˰˳̏˸̬̏̄ɯˀ˰̨̖˸ɯ˳̑̂̏̄̈˰̫̖ɯ̖˰̈˼˸ɯ̒̓̄ɯ̡̗̄̂˸-

̏̄̄ɯ̓˰̖̔̒̓̑̔̓˰̏˸̬̏̄ɯ̩̍˸̖̈̓̑̎˰˴̧̖̞̏̄̏ɯ˳̑̍̏ɯ˳ɯ̡̩̖̍̍̄̒̄˸̔̈̑̎ɯ̠̄̍̄̏˷̓˸Ȯɯ̒̓̄ɯ̓˰̔̔-

̖̎̑̓˸̏̄̄ɯ̒̑˳˸̧̞̖̞̓̏̑̔̏ɯ˳̑̍̏ɯ˼̄˷̖̈̑̔̄ɯ˳ɯ̗̔̑̔˷˸Ȯɯ̄̎˸̫̥˸̎ɯ̝̗̑̓̎ɯ̡̩̖̍̍̄̒̄˸̔̈̑˴̑ɯ

̠̄̍̄̏˷̓˰Ȯɯ̄ɯ̒̓̄ɯ̓˸̤˸̏̄̄ɯ̬̓˷˰ɯ˷̗̓˴ ̞̄ɯ˳̑̒̓̑̔̑˳ɯȹ̔̎ȭɯ[][]75 - ).  

ʺ˰̡̏̑̏̄˸̔̈̑˸ɯ̗̓˰˳̏˸̏̄˸ɯˀ˰̨̖˸ɯ̄̎˸˸̖ɯ˳̄˷ɯ 

 ( ) +¤<<¤-=+¡¡- xyyxqy ,cos l , (1) 

˴˷˸ɯq̄ɯl- ̏˸̧̖̈̑̑̓˸ɯ̒˰̓˰̎˸̧̖̓ȭɯʬ̬̍ɯ̗̓˰˳̏˸̬̏̄ɯȹƕȺɯ˷˸̖˰̨̍̏̑ɯ̡̗̄̂˸̧̏[][]41-  ̓˸̤˸̬̏̄Ȯɯ

̖̑˳˸̡˰̫̥̄˸ɯ ̔̑˲̖̔˳˸̧̏̏̎ɯ ̂̏˰̡˸̬̏̄̎ɯ ̒˰̓˰̎˸̖̓˰lȮɯ ̧̖̈̑̑̓̎ɯ ̖̔̑̑˳˸̖̖̔˳̗̫̖ɯ ̡˸̖̏ ̧˸ɯ

( )qzcem , ̄ɯ̏˸̡˸̧̖̏˸ɯ( )qzsem ,  ̒˸̓̄̑˷̡̄˸̔̈̄˸ɯ̓˸̤˸̬̏̄ɯ̔ɯ̒˸̓̄̑˷̑̎ɯp̄ ɯp2 ȭɯˁ˰˲̑̓ɯ̔̑˲̔-

̖˳˸̧̞̏̏ɯ̂̏˰̡˸̏̄̅Ȯɯ̖̔̑̑˳˸̖̖̔˳̗̫̥̞̄ɯ̡˸̧̖̏̎ɯ̝̗̠̬̏̈̄̎ɯ̑˲̑̂̏˰̡˰˸̖̬̔ɯ̡˸̓˸̂ɯ,...,, 210 aaa , 

˰ɯ̏˸̡˸̧̖̏̎- ̡˸̓˸̂ɯ ,...,, 210 bbb ȭɯʨɯ̓˰˲̖̑˰̞ɯ[][]41-  ̡̗̄̂˸̏̑ɯ˰̡̖̖̔̄̎̒̑̄˸̔̈̑˸ɯ̒̑˳˸˷˸̏̄˸ɯ

̔̑˲̖̔˳˸̧̞̏̏ɯ̂̏˰̡˸̏̄̅ɯnn ba ,  ̒̓̄ɯ ¤­n .  

˅˰̖̔̔̎̑̓̄̎ɯ̎̑˷̝̠̄̄̄̓̑˳˰̏̏̑˸ɯ̗̓˰˳̏˸̏̄˸ɯˀ˰̨̖˸ɯ 

 
( ) +¤<<¤-=+¡¡- xyyqchxy ,l , (2) 

˴˷˸ɯ0>q - ̂˰˷˰̏̏̑˸ɯ̡̄̔̍̑Ȯɯ˰ɯl- ̔̒˸̖̈̓˰̨̧̍̏̅ɯ̒˰̓˰̎˸̖̓ȭɯʨɯ̖̒̓̑̔̓˰̖̏̔˳˸ɯ( )+¤¤- ,2L  

̓˰̖̔̔̎̑̓̄̎ɯ ̔˰̬̎̑̔̑̒̓˼˸̧̏̏̅ɯ ̑̒˸̓˰̖̑̓ɯqchx
dx

d
H +-=

2

2

ȭɯ ˈ˰̈ɯ ̈˰̈ɯ+¤­chx ̒̓̄ɯ

°¤­x Ȯɯ̖̑ɯ̔̒˸̖̈̓ɯ̑̒˸̓˰̖̑̓˰ɯH ̖̖̔̑̔̑̄[]8  ̄̂ɯ̧̖̞̒̓̑̔ɯ˳˸̥˸̖̔˳˸̧̞̏̏ɯ̔̑˲̖̔˳˸̧̞̏̏ɯ̂̏˰-

̡˸̏̄̅ɯ ,...2,1,0, =nnl Ȯ̔˴̗̥˰̫̥̞̬̄̔ɯ̈ɯ¤+ Ȯɯ̡̒̓̄˸̎ɯ 0inf >=²
+¤<<¤-

qqchx
x

nl .  

ʨɯ̏˰̖̬̥̔̑˸̅ɯ̓˰˲̖̑˸ɯ̡̗̄̂˸̏˰ɯ˰̖̖̔̄̎̒̑̄̈˰ɯ̔̑˲̖̔˳˸̧̞̏̏ɯ̂̏˰̡˸̏̄̅ɯ,...2,1,0, =nnl ̒̓̄ɯ

¤­n ȭɯˁ˰̨̔̈̑̍̈̑ɯ̏˰̎ɯ̄̂˳˸̖̔̏̑Ȯɯ̩̖˰ɯ̂˰˷˰̡˰ɯ̓˰̨̤̏˸ɯ̏˸ɯ̓˰̔̔̎˰̖̓̄˳˰̍ ˰̨̔ȭɯ 

ˆ̝̗̗̑̓̎̍̄̓˸̎ɯ̑̔̏̑˳̏̑̅ɯ̓˸̨̗̖̂̍˰̖ɯ˷˰̏̏̑̅ɯ̓˰˲ ̧̖̑ȭɯ 

ˈ˸̑̓˸̎˰ȭ ʬ̬̍ɯ̔̑˲̖̔˳˸̧̞̏̏ɯ̂̏˰̡˸̏̄̅ɯ,...2,1,0, =nnl  ̑̒˸̓˰̖̑̓˰ɯH ̄̎˸˸̖ɯ̎˸̖̔̑ɯ˰̔̄̎̒-

̡̖̖̑̄˸̔̈˰̬ɯ̝̗̑̓̎̍  ˰

 
¤­n

n

n
n ,

ln2
~
p

l  . (3) 

ʬ̑̈˰̂˰̖˸̨̖̍̔˳̑ɯ̖˸̑̓˸̧̎ 

ʨɯ̖̒̓̑̔̓˰̖̏̔˳˸ɯ( )+¤,02L  ̓˰̖̔̔̎̑̓̄̎ɯ̔˰̬̎̑̔̑̒̓˼˸̧̏̏̅ɯ̑̒˸̓˰̖̑̓ɯHĔȮɯ̒̑̓̑˼˷˸̏-

̧̏̅ɯ̍˸˳̑̅ɯ̡˰̨̖̫̔ɯ̗̓˰˳̏˸̬̏̄ɯȹƖȺɯ̄ɯ˴̓˰̡̧̏̄̏̎ɯ̗̔̍̑˳̄˸̎ɯ 

 () () 0sin0cos0 =¡+ aa yy , (4) 

˴˷˸ɯa- ˷˸̖̅̔˳̖̄˸̨̍̏̑˸ɯ̡̄̔̍̑ȭɯʶ̂ɯ̖̑˴̑Ȯɯ̡̖̑ɯ+¤­chx ̒̓̄ɯ+¤­x ˳̧̖˸̈˰˸̖[]8 Ȯɯ̡̖̑ɯ̔̒˸̖̈̓ 

̑̒˸̓˰̖̑̓˰ɯHĔ ̖̖̔̑̔̑̄ɯ̄̂ɯ̧̖̞̒̓̑̔ɯ˳˸̥˸̖̔˳˸̧̞̏̏ɯ̔̑˲̖̔˳˸̧̞̏̏ɯ̂̏˰̡˸̏̄̅ɯ,...2,1,0,Ĕ =nnl , 

̧̖̈̑̑̓˸ɯ̖̔̓˸̬̖̬̎̔ɯ̈ɯ¤+ ̒̓̄ɯ ¤­n ȭɯʨ˳̑˷̄̎ɯ̖˰̈˼˸ɯ̔˰̬̎̑̔̑̒̓˼˸̧̏̏̅ɯ̑̒˸̓˰̖̑̓ɯaH , 

̒̑̓̑˼˷˸̧̏̏̅ɯ˳ɯ̖̒̓̑̔̓˰̖̏̔˳˸ɯ( )+¤,02L  ˷̝̝̄˸̓˸̠̏̄˰̨̧̍̏̎ɯ˳̧̓˰˼˸̏̄˸ ̎ɯ 

 yaeyyl x

a +¡¡-=  (4) 
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̄ɯ˴̓˰̡̧̏̄̏̎ɯ̗̔̍̑˳̄˸̎ɯȹƘȺȮɯ˴˷˸ɯa - ̒̑̍̑˼̖̄˸̨̍̏̑˸ɯ̡̄̔̍̑ȭɯˈ˰̈ɯ̈˰̈ɯ+¤­xe  ̒̓̄ +¤­x , 

̖̑ɯ̔̒˸̖̈̓ɯ̑̒˸̓˰̖̑̓˰ɯaH  ˷̄̔̈̓ ˸̖˸̏[]8  ̄ɯ̄̎˸˸̖ɯ˸˷̖̄̏̔˳˸̗̫̏̏ɯ̒̓˸˷˸̨̗̫̍̏ɯ̡̖̗̑̈ɯ̏˰ɯ˲˸̔-

̈̑̏˸̡̖̏̑̔̄ȭɯ˃˲̑̂̏˰̡̄̎ɯ̡˸̓˸̂ɯ() ,...2,1,0, == nann mm  ̔̑˲̖̔˳˸̧̏̏˸ɯ̂̏˰̡˸̏ ̬̄ɯ̑̒˸̓˰̖̑̓˰ɯ

aH ȭɯ˃̡˸˳̄˷̏̑Ȯɯ̡̖̑ɯ 0inf
0

>=²
+¤<<

aaex

x
nm . 

 ˅˰̖̔̔̎̑̓̄̎ɯ̑˷̏̑̎˸̓̏̑˸ɯ̗̓˰˳̏˸̏̄˸ɯ˖̓˸˷̄̏˴˸̓˰ 

 +¤<¢=+¡¡- xyyaey x 0,l . (5) 

ˆɯ̏˸̒̑̔̓˸˷̖̔˳˸̏̏̑̅ɯ̒̓̑˳˸̓̈̑̅ɯ̗˲˸˼˷˰˸̬̎̔Ȯɯ̡̖̑ɯ̑˷̏̄̎ɯ̄̂ɯ̓˸̤˸̏̄̅ɯ̩̖̑˴̑ɯ̗̓˰˳̏˸-

̬̏̄ ̬˳̬̍˸̖̬̔ɯ̝̗̠̬̏̈̄ɯ 

( )
ö
ö

÷

õ
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̗̓˰˳̏˸̬̏̄ɯ 

( ) 0222 =+-¡+¡¡ uzuzuz n . 
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ˆ̖̑̒̑̔˰˳̬̬̍ɯ̩̖̑ɯ̖̤̔̑̑̏̑˸̏̄˸ɯ̔ɯȹƚȺȮɯ̡̗̒̑̍˰˸̎ 

()[ ] ¤­+= nonnn ,11ln pmm . 
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Ȯɯ̖̑ɯ̄̂ɯ̒̑̔̍˸˷̏˸˴̑ɯ̓˰˳˸̖̏̔˳˰ɯ̍˸˴̈̑ɯ˳̧-

˳˸̖̔̄ɯ̖̤̔̑̑̏̑˸̏̄˸() ¤­= non ,1e ȭɯˆ̍˸˷̑˳˰̖˸̨̍̏̑Ȯɯ˷̬̍ɯ̗̏̍˸̅ɯ̝̗̠̏̈̄̄ɯ( ) ( )aKf
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˃̡˸˳̄˷̏̑Ȯɯ̡̖̑ɯ̒̓̄ɯ̈˰˼˷̑̎ɯx  ̓˸̤˸̏̄˸ɯ( )lj ,x  ̬˳̬̍˸̖̬̔ɯ̠˸̍̑̅ɯ̝̗̠̏̈̄˸̅ɯ̖̑̏̑̔̄-

̖˸̨̍̏̑ɯlȭɯʨɯ̗̔̄̍ɯȹƕƕȺɯ̒̓̄ɯ̈˰˼˷̑̎ɯ̝̄̈̔̄̓̑˳˰̏̏̑̎ɯl ̝̗̠̬̏̈̄ɯ( )lj ,x  ̒̓̄̏˰˷̍˸˼̖̄ɯ

̒̓̑̔ ̖̓˰̖̏̔˳̗ɯ( )+¤,02L ȭɯ˃̖̫̔˷˰ɯ̔̍˸˷̗˸̖Ȯɯ̡̖̑ɯ̔̑˲̖̔˳˸̧̏̏˸ɯ̂̏˰̡˸̬̏̄ɯ̑̒˸̓˰̖̑̓̑˳
DH  ̄ɯ

NH  ̔̑˳̒˰˷˰̫̖ɯ̔ɯ̗̬̏̍̎̄ɯ̝̗̠̏̈̄̅ɯ( )lj ,0  ̄ɯ( )lj ,0¡  ̖̔̑̑˳˸̖̖̔˳˸̏̏̑ȭɯʺ̓̑̎˸ɯ̖̑˴̑Ȯɯ˳˳̄˷̗ɯ

̡˸̖̏ ̖̑̔̄ɯ̝̗̠̏̈̄̄ɯchx ̓˸̤˸̏̄˸̎ɯ̗̓˰˳̏˸̬̏̄ɯȹƖȺɯ̬˳̬̍˸̖̬̔ɯ̖˰̈˼˸ɯ( )lj ,x- ȭɯʺ˰̈ɯ̬˳̖̔˳̗˸̖ɯ

̄̂ɯ ̒̑̔̍˸˷̏˸˴̑Ȯɯ ̔̑˲̖̔˳˸̧̏̏˸ɯ ̂̏˰̡˸̬̏̄ɯ ̑̒˸̓˰̖̑̓˰ɯH  ̔̑˳̒˰˷˰̫̖ɯ ̔ɯ ̗̬̏̍̎̄ɯ ̝̗̠̏̈ ̄̄ɯ

() ( )( )ljljl ,,, xx -=D Ȯɯ˴˷˸ɯ vuvuvu ¡-¡=, ȭɯˈ˰̈ɯ̈˰̈ɯ˳̓̑̏̔̈̄˰̏ɯ˷˳̗̞ɯ̓˸̤˸̏̄̅ɯ̗̓˰˳̏-˸

̬̏̄ɯȹƖȺɯ̏˸ɯ̂˰˳̖̄̔̄ɯ̖̑ɯxȮɯ̖̑ɯ̡̗̒̑̍̄̎ɯ() ( )( )ljljl ,0,02 ¡-=D ȭɯˈ˰̈̄̎ɯ̑˲̓˰̂̑̎Ȯɯ̔̒˸̖̈̓ɯ̑̒˸-

̓˰̖̑̓˰ɯH  ̔̑˳̒˰˷˰̫̖ɯ ̔ɯ ̔̑˲̖̔˳˸̧̏̏̎̄ɯ ̂̏˰̡˸̬̏̄̎̄ɯ ̑̒˸̓˰̖̑̓̑˳
DH  ̄ɯ NH ȭɯ ˄̑̍˰˴˰̬ɯ

() () ,...2,1,0,, 122 === + nND nnnn llll Ȯɯ̄̂ɯȹƕƔȺɯ̡̗̒̑̍˰˸̎ɯȹƗȺȭɯˈ˸̎ɯ̔˰̧̎̎ɯ̖˸̑̓˸̎˰ɯ˷̑̈˰̂˰̏ ˰ȭɯ 

  ʿʶˈʭ˅ʥˈˋ˅ʥ 

1. V.
 
Abramowitz , I.N.Stegun I (eds.), Handbook of mathematical functions, 10th edit., Applied Mathematical 

series, 55, National BuÙÌÈÜɯÖÍɯ2ÛÈÕËÈÙËÚȮɯ6ÈÚÏÐÕÎÛÖÕȰɯ#ÖÝÌÙɯ/ÜÉÓÐÊÈÛÐÖÕÚȮɯ(ÕÊȭȮɯ-ÌÞɯ8ÖÙÒȮɯƕƝƚƘȰɯ˄˸̓˸˳ȭɯ̏˰ɯ

̗̓̔̔̈ȭɯ̬̂ȭȯɯʨȭɯʥȭɯʬ̖̄̈̄̏Ȯɯʿȭɯˁȭɯʺ˰̓̎˰̂ ̄̏˰ɯȹ̓˸˷ȭȺȮɯˆ̒̓˰˳̡̑̏̄̈ɯ̒̑ɯ̔̒˸̠̄˰̨̧̍̏̎ɯ̝̗̠̬̏̈̄̎Ȯɯˁ˰̗̈˰ȮɯˀȭȮɯƕƝƛƝȭ 

2. ˁȭʨȭɯˀ˰̈-ʿ˰̞̍˰̏Ȯɯˈ˸̬̑̓̄ɯ̄ɯ̒̓̄̍̑˼˸̬̏̄ɯ̝̗̠̏̈̄̅ɯˀ˰̨̖˸, ˀȭȮɯƕƝƙƗȭ 

3. N.S.Grigoreva, Uniform asymptotic expansions of solutions of the Mathieu equation and the modified Mathieu 

equation, Journal of Soviet Mathematics, vol.11, Issue 5, pp. 700-721, 1979.  

4. C. Hunter and B. Guerrieri, The eigenvalues of ME and their branch points, Studies in Appl. Math. vol. 64, 113-

141, 1981. 

5. L.Ruby, Applications of the MF, Am. J. Phys., vol. 64, pp. 39-44, 1996. 

6. ʥȭɯʨȭɯʺ˰̤˸˳˰̓̑˳Ȯɯˏ̗̠̏̈̄̄ɯˀ˰̨̖˸ɯ̄ɯ̗̈̍̑̏̑˳̔̈̄˸ɯ̝̔˸̓̑̄˷˰̨̧̍̏˸ɯ̝̗̠̏̈̄̄ɯ˳ɯ̖˸̑̓̄̄ɯ̩̍˸̡̖̈̓̄˸̔̈̑˴̑ɯ̂̑̏˷˰, 

ʱȭɯ˳̧̡̄̔̍ȭɯ̎˰̖˸̎ȭɯ̄ɯ̎˰̖˸̎ȭɯ̝̄̂ȭȮɯ̖̑̎ɯƙƕȮɯ̏̑̎˸̓ɯƕƖȮɯÊȭƖƖƚƝɬ2278, 2011.  

7. ʱȭˁȭˈ˰̔̎˰̎˲˸̖̑˳Ȯɯ˃ɯ̖̒̑̔̓̑˸̏̄̄ɯ̓˸̤˸̬̏̄ɯ̗̓˰˳̏˸̬̏̄ɯˀ˰̨̖˸ɯ̎˸̖̑˷̑̎ɯˏ̓̑˲˸̏ ̗̄̔˰-ʿ˰̧̖̤˸˳̑̅Ȯɯʨ˸̖̔̏ ̄̈ɯ

ʺ˰̓˰˴˰̏˷̄̏̔̈̑˴̑ɯ̗̏̄˳˸̖̓̔̄˸̖˰Ȯɯˆ˸̬̓̄ɯɋˀ˰̖˸̎˰̖̄̈˰ɌȮɯ̿ƗȹƜƗȺȮɯÊȭɯƛƚ-86, 2016. 

8. ˏȭʥȭɯʧ˸̓˸̂̄̏ɯȮɯˀȭʥȭ˖̗˲̄̏Ȯɯˋ̓˰˳̏˸̏̄˸ɯ˖̓˸˷̄̏˴˸̓˰ȮɯˀȭȮɯƕƝƜƗȭ 

9. ˀȭ ʺɯȭʺ˸̓̄̎̑˳ɯȮɯʶ̔̔̍˸˷̑˳˰̬̏̄ɯ̑ɯ̗̬̞̏̍ɯ̔̒˸̠̄˰̨̧̞̍̏ɯ̝̗̠̏̈̄̄ɯʧ˸̔̔˸̬̍ɯ̄ɯ̎˸̖̑˷˰̞ɯ̞̄ɯ˳̧̡̄̔̍˸̬̏̄ȭɯ(5ȭɯ

ˁ˸̓˰˳˸̖̏̔˳˰Ȯɯ̠̑˸̏̈̄Ȯɯ̓˰̂̍̑˼˸̬̏̄ɯ̄ɯ˷̓ȭɯ˷̬̍ɯ̗̏̍˸̅ɯ̝̗̠̏̈̄̅ɯʧ˸̔̔˸̬̍Ȯ ʱȭɯ˳̧̡̄̔̍ȭɯ̎˰̖˸̎ȭɯ̄ɯ̎˰̖˸̎ȭɯ̝̄̂., ̖ȭ58, 

̿ƕɯ̔ȭɯ3ɬ41, 2018 .  

10. ˛ȭ˓ȭɯˈ̡̖̄̎˰̤̓Ȯɯ˅˰̂̍̑˼˸̬̏̄ɯ̒̑ɯ̔̑˲̖̔˳˸̧̏̏̎ɯ̝̗̠̬̏̈̄̎Ȯɯ̔˳̬̂˰̧̏̏˸ɯ̔ɯ˷̝̝̄˸̓˸̠̏̄˰̨̧̍̏̎̄ɯ̗̓˰˳̏˸̬̏̄̎̄ɯ

˳̖̑̓̑˴̑ɯ̬̒̑̓˷̈˰Ȯ ̖ȭƕȮɯˀȭȮɯƕƝƚƔȭ
 
 

11. E. C.,Titchmarsh, On the asymptotic distribution of eigenvalues asymptotic, The Quarterly  Journal  of  

Mathematics , vol. 5, ̿ ƕȮɯ××ȭƖƖƜɬ240, 1954. 

12. ˀȭ˅̄˷ɯȮɯʧȭɯˆ˰̅̎̑̏Ȯ ˀ˸̖̑˷̧ɯ̔̑˳̓˸̎˸̏̏̑̅ɯ̎˰̖˸̎˰̡̖̄˸̔̈̑̅ɯ̝̄̂̄̈̄ȭƘȮɯʥ̏˰̍̄̂ɯ̑̒˸̓˰̖̑̓̑˳Ȯɯˀ̄̓ȮɯˀȭȮɯƕƝƜƖȭ 

13. S.Fournais , B. Helffer  , Spectral Methods in Surface Superconductivit. - Progress in Nonlinear Differential 

Equations and Their Applications, Birkhauser, 2010. 

 

https://link.springer.com/journal/10958


JOURNAL OF BAKU ENGINEERING UNIVERSITY- MATHEMATICS AND COMPUTER SCIENCE  

2019. Volume 3, Number 1   Pages 23-35 

23 

 

 
УДК 517.934. 

ˁʭ˃ʧː˃ʬʶˀ˙ʭɯˋˆʿ˃ʨʶ˞ɯ˃˄ˈʶˀʥʿ˚ˁ˃ˆˈʶɯʨˈ˃˅˃ʩ˃ɯ

˄˃˅˞ʬʺʥɯʶɯʶˆˆʿʭʬ˃ʨʥˁʶʭɯˆ˃ʧ˃ʩ˃ɯʨɯʺʿʥˆˆʶ˓ʭˆʺ˃ˀɯ

ˆˀ˙ˆʿʭɯˋ˄˅ʥʨʿʭˁʶ˞ɯʨɯ˃ʬˁ˃ʷɯʴʥʬʥ˓ʭɯ                     

˃˄ˈʶˀʥʿ˚ˁ˃ʩ˃ɯˋ˄˅ʥʨʿʭˁʶ˞ 

˖ȭˀȭɯ˅ʥˆˋʿʴʥʬʭ 

ʶ̖̖̗̖̏̔̄ɯ̖̔̄̔˸̎ɯ̗̒̓˰˳̍˸̬̏̄ɯˁʥˁɯʥ̂˸̓˲˰̅˷˼˰̏˰ 

Email.kamilbmansimov@gmail.com 

ʥˁˁ˃ˈʥ˒ʶ˞ 

ʨ̖̔˰̨̖˸ɯ̓˰̔̔̎˰̖̓̄˳˰˸̖̬̔ɯ̑˷̏˰ɯ̏˸̍̄̏˸̅̏˰̬ɯ̂˰˷˰̡˰ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ̖̔̄̔˸̎˰̎̄ɯ̔ɯ̓˰̔̒̓˸˷˸-

̍˸̧̏̏̎̄ɯ̒˰̓˰̎˸̖̓˰̎̄ɯ̔ ˷˳̗̬̎ɯ˴̗̓̒̒˰̎̄ɯ̗̒̓˰˳̬̫̥̞̍̄ɯ̒˰̓˰̎˸̖̓̑˳ȭɯ˄̓˸˷̒̑̍˰˴˰̬ɯ̧̨̖̖̖̑̈̓̑̔ɯ̑˲̍˰̖̔˸̅ɯ

̗̒̓˰˳̍˸̬̏̄˷̑̈˰̂˰̏ɯ˰̏˰̍̑˴ɯ̗̓˰˳̏˸̬̏̄ɯ˛̅̍˸̓˰ɯ̄ɯ̗̖̔˰̏̑˳̍˸̏̑ɯ̏˸˲̞̑˷̄̎̑˸ɯ̗̔̍̑˳̄˸ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˳̖̑̓̑˴̑ɯ

̬̒̑̓˷̈˰ȭʶ̡̗̂˸̏ɯ̡̗̔̍˰̅ɯ̈̍˰̡̔̔̄˸̔̈̄ɯ̑̔̑˲̧̞ɯ̗̒̓˰˳̍˸̏̄̅ȭ 

ʺ̡̫̍˸˳̧˸ɯ̔̍̑˳˰ȯɯ̏˸̑˲̞̑˷̄̎̑˸ɯ̗̔̍̑˳̄˸ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄Ȯɯ˷̗̖̑̒̔̄̎̑˸ɯ̗̒̓˰˳̍˸̏̄˸Ȯɯ˰̏˰̍̑˴ɯ̗̓˰˳̏˸̬̏̄ɯ

˛̅̍˸̓˰Ȯɯ˳˰̓̄˰̠̬̄ɯ̝̗̠̏̈̄̑̏˰̍˰Ȯɯ̏˸̑˲̞̑˷̄̎̑˸ɯ̗̔̍̑˳̄˸ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˳̖̑̓̑˴̑ɯ̬̒̑̓˷̈˰Ȯɯ̑̔̑˲̑˸ɯ˳ɯ̈̍˰̔̔̄-

̡˸̔̈̑̎ɯ̧̔̎̔̍˸ɯ̗̒̓˰˳̍˸̏̄˸Ȯɯ̎̏̑˴̡̖̑̑˸̡̏̑˸ɯ̏˸̑˲̞̑˷̄̎̑˸ɯ̗̔̍̑˳̄˸ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ȭ 
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IN CLASSICAL SENCE CONTROLS IN ONE OPTIMAL CONTROL PROBLEMS  

ABSTRACT  

The article considers one nonlinear optimal control problem of systems with distributed parameters with 

two groups of control  parameters. Assuming the openness of the control domains, an analogue of the Euler equa-

tion is provide and the necessary second-order optimality condition is established. The case of classically since 

controls is studied. 
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optimality condition.  
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ʴ˷˸̨̔ɯ()xy  ɬ n-̎˸̧̓̏̅ɯ̏˰̡˰̨̧̍̏̅ɯ˳˸̖̈̑̓Ȯɯoy  ɬ ̏˰̡˰̨̍̏̑˸ɯ̖̬̔̑̔̑̏̄˸Ȯɯ0t , 
1t , 0x , 

1x - 

̂˰˷˰̧̏̏˸ɯ̡̄̔̍˰Ȯɯ̡̒̓̄˸̎ɯ10 tt < , 10 xx < , ( )uxtf ,, ( )( )vyxg ,, - ̂˰˷˰̏̏˰̬ɯn-̎˸̓̏˰̬ɯ˳˸̖̈̑̓-

̝̗̠̬̏̈̄ɯ̏˸̒̓˸̧̓˳̏˰̬ɯ˳ɯrn RRXT ³³³ ( )qn RRX ³³  ˳̎˸̖̔˸ɯ̔ɯ̡˰̧̖̔̏̎̄ɯ̒̓̑̄̂˳̑˷̧̏̎̄ɯ

̒̑ɯ( )( )( )vyuz ,,  ˷̑ɯ˳̖̑̓̑˴̑ɯ̬̒̑̓˷̈˰ɯ˳̡̫̖̈̍̄˸̨̍̏̑Ȯɯ()tu ()( )xv - ̡̗̈̔̑̏̑-̏˸̒̓˸ ̧̓˳̧̏̅ɯȹ̔ɯ

̈̑̏˸̡̧̏̎ɯ̡̄̔̍̑̎ɯ̡̖̑˸̈ɯ̓˰̧̂̓˳˰ɯ̒˸̓˳̑˴̑ɯ̓̑˷˰Ⱥɯr ()q -̎˸̧̓̏̅ɯ˳˸̖̈̑̓ɯ̗̒̓˰˳̬̫̥̞̍̄ɯ˳̑̂-

˷˸̖̅̔˳̄̅ɯ̒̓̄̏̄̎˰̫̥˰̬ɯ˳ɯ̈˰˼˷̧̅ɯ̎̑̎˸̖̏ɯTtÍ ( )XxÍ  ̔˳̑̄ɯ̂̏˰̡˸̬̏̄ɯ̄̂ɯ̂˰˷˰̏̏̑˴̑ɯ̏˸-

̗̖̒̔̑˴̑Ȯɯ̑˴̓˰̡̏̄˸̏̏̑˴̑ɯ̄ɯ̧̖̖̑̈̓̑˴̑ɯ̎̏̑˼˸̖̔˳˰ɯrRU Ë ( )qRVË Ȯɯ̖̑ɯ˸̨̖̔ 

() ,, TtRUtu r ÍËÍ  (5) 

() ., XxRVxv q ÍËÍ  (6) 

˄˰̗̓ɯ̗̒̓˰˳̬̫̥̞̍̄ɯ̝̗̠̏̈̄̅ɯ() ()( )xvtu oo , Ȯɯ̗˷̑˳̍˸̖˳̬̫̥̑̓̄̅ɯ˳̧̤˸̒̓̄˳˸˷˸̧̏̏̎ɯ

̗̔̍̑˳̬̄̎ɯ̏˰̂̑˳˸̎ɯ˷̧̗̖̑̒̔̄̎̎ɯ̗̒̓˰˳̍˸̏̄˸̎ȭ 

˄̑˷ɯ̓˸̤˸̏̄˸̎ɯ̖̔̄̔˸̧̎ɯ̗̓˰˳̏˸̏̄̅ɯȹƕȺ-ȹƘȺȮɯ̖̔̑̑˳˸̖̖̔˳̗̫̥˸˸ɯ˷̗̖̗̑̒̔̄̎̑̎ɯ̗̒̓˰˳̍˸-

̫̏̄ɯ() ()( )xvtu oo ,  ̒̑̏̄̎˰˸̖̬̔ɯ̡̗̈̔̑̏̑-˴̍˰˷̈˰̬ɯ̒̑ɯt  ̄ɯ̏˸̒̓˸̧̓˳̏˰̬ɯ̒̑ɯx  ˳˸̖̈̑̓-̝̗̠̬̏̈̄ɯ

( )xtz ,o  ̄ɯ̡̗̈̔̑̏̑-˴̍˰˷̈˰̬ɯ̒̑ɯx  ˳˸̖̈̑̓-̝̗̠̬̏̈̄ɯ()xyo  ̧̖̈̑̑̓˸ɯ̗˷̑˳̍˸̖˳̬̫̖̑̓ɯ̖̔̑̑̏̑-

̤˸̬̏̄̎ɯȹƕȭƕȺ-(1.4). 

 ˄̓˸˷̒̑̍˰˴˰˸̖̬̔Ȯɯ̡̖̑ɯ̒̓̄ɯ̈˰˼˷̑̎ɯ̝̄̈̔̄̓̑˳˰̏̏̑̎ɯ˷̗̖̑̒̔̄̎̑̎ɯ̗̒̓˰˳̍˸̏̄̄ɯ() ()( )xvtu oo ,  

̂˰˷˰̡˰ɯ˰̏˰̍̑˴ɯ̂˰˷˰̡̄ɯʺ̤̑̄ɯȹƕȺ-ȹƘȺɯ̄̎˸˸̖ɯ˸˷̖̄̏̔˳˸̏̏̑˸ɯ̓˸̤˸̏̄˸ɯ( ) ()( )xyxtz oo ,, . 

˄̨̗̖̔ɯ()yj , ( )zxG ,  ̂˰˷˰̧̏̏˸ɯ̄ɯ̏˸̒̓˸̧̓˳̧̏˸ɯ˳ɯnR , nRX³  ̖̔̑̑˳˸̖̖̔˳˸̏̏̑ɯ˳̎˸̖̔˸ɯ̔ɯ

yµµj , 22 yµµj , zGµµ , 22 zG µµ  ̔̈˰̧̬̍̓̏˸ɯ̝̗̠̏̈̄̄ȭ 

ˁ˰ɯ̓˸̤˸̬̞̏̄ɯ̖̔̄̔˸̧̎ɯȹƕȺ-ȹƘȺɯ̖̔̑̑˳˸̖̖̔˳̗̫̥̄˸ɯ˳̔˸˳̑̂̎̑˼̧̏̎ɯ˷̧̗̖̑̒̔̄̎̎ɯ̗̒̓˰˳-

̍˸̬̏̄̎ɯ̑̒̓˸˷˸̍̄̎ɯ̖˸̓̎̄̏˰̨̍̏̑˴̑ɯ̖̄̒˰ɯ̝̗̠̏̈̄̑̏˰̍ 

( ) ()( ) ( )( )ñ+=
1

0

,,, 11

t

t

dxxtzxGxyvuI j . (7) 

ʴ˰˷˰̡˰ȭɯˆ̓˸˷̄ɯ˷̧̗̖̞̑̒̔̄̎ɯ̗̒̓˰˳̍˸̏̄̅ɯ̏˰̖̅̄ɯ̖˰̈̑˸Ȯɯ̒̓̄ɯ̖̈̑̑̓̑̎ɯ̂̏˰̡˸̏̄˸ɯ̝̗̏̈-

̠̄̑̏˰̍˰ɯ̎̄̏̄̎˰̍˸̏ȭ 

ʬ̗̖̑̒̔̄̎̑˸ɯ̗̒̓˰˳̍˸̏̄˸ɯ() ()( )xvtu oo ,  ̄Ȯɯ̖̔̑̑˳˸̖̖̔˳̗̫̥̗̫ɯ˸̗̎ɯ̓˸̤˸̏̄˸ɯ( ) ()( )xyxtz oo ,,  

̖̔̄̔˸̗̎ɯ̗̓˰˳̏˸̏̄̅ɯȹƕȺ-ȹƘȺȮɯ̧̖̈̑̑̓˸ɯ̗̫̖̎̄̏̄̎̄̂̄̓ɯ̝̗̠̏̈̄̑̏˰̍ɯȹƕȭƛȺɯ̏˰̂̑˳˸̎ɯ̖̔̑̑˳˸̖̔-

̖˳˸̏̏̑ɯ̖̑̒̄̎˰̨̧̍̏̎̄ɯ̗̒̓˰˳̍˸̬̏̄̎̄ɯ̄ɯ̖̬̬̔̑̔̑̏̄̎̄ȭ 

ʨ̓ ˰˲̖̑˸Ȼƕȼɯ̓˰̖̔̔̎̑̓˸̏˰ɯ̑˷̏˰ɯ̂˰˷˰̡˰ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄Ȯɯ̧̑̒̄̔˳˰˸̎˰̬ɯ̔̄̔-

̖˸̎̑̅ɯ˷̝̝̄˸̓˸̠̏̄˰̨̧̞̍̏ɯ̗̓˰˳̏˸̏̄̅ɯ˳̄˷˰ɯȹƕȺȮɯȹƗȺɯ̔ɯ̈̓˰˸˳̧̎̄ɯ̗̔̍̑˳̬̄̎̄ɯȹƖȺȮɯȹƘȺ̏̑ɯ˷̗̓-

˴̑˴̑ɯ̖̄̒˰ɯ̝̗̠̏̈̄̑̏˰̍̑̎ɯ̈˰̡˸̖̔˳˰ȭɯˆɯ̨̥̫̒̑̎̑ɯ˰̏˰̍̑˴˰ɯ̎˸̖̑˷˰ɯʬ̗̑˳̠̄̈̑˴̑ɬˀ ̫̖̄̍̄-

̏˰ȻƖȼɯ̡̗̒̑̍˸̧̏ɯ̬̓˷ɯ̏˸̑˲̞̑˷̧̞̄̎ɯ̗̔̍̑˳̄̅ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ̒˸̓˳̑˴̑ɯ̬̒̑̓˷̈˰ɯ̖̄̒˰ɯ̒̓̄̏-

̠̄̒˰ɯ̎˰̗̈̔̄̎̎˰ɯ˄̖̬̑̏̓˴̄̏˰ȻƗȮƘȼȭʨ̓˰̔̔̎˰̖̓̄˳˰˸̎̑̅ɯ̂˰˷˰̡˸̒̓̄ɯ̒̓˸˷̒̑̍̑˼˸̏̄̄ɯ̧̖̑̈̓-

̖̖̑̔̄ɯ̑˲̍˰̖̔˸̅ɯ̗̒̓˰˳̍˸̬̏̄ɯ̒̓̄̎˸̬̬̏ɯ̎̑˷̝̠̄̄̄̓̑˳˰̧̏̏̅ɯ˳˰̓̄˰̖̏ɯ̎˸̖̑˷˰ɯ̒̓̄̓˰̥˸-

̏̄̅ɯ̗̖̔˰̏̑˳̍˸̧̏ɯ̬̓˷ɯ̏˸̑˲̞̑˷̧̞̄̎ɯ̗̔̍̑˳̄̅ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ̒˸̓˳̑˴̑ɯ̄ɯ˳̖̑̓̑˴̑ɯ̬̒̑̓˷-

̈̑˳ɯ̄ɯ̄̔̔̍˸˷̑˳˰̏ɯ̈̍˰̡̔̔̄˸̔̈̄ɯ̑̔̑˲̧̅ɯ̡̗̔̍˰̅ȻƘ-6.]. 

Ɩȭɯ˄˸̓˳˰̬ɯ̄ɯ˳̖̑̓˰̬ɯ˳˰̓̄˰̠̄̄ɯȹ˳ɯ̈̍˰̡̔̔̄˸̔̈̑̎ɯ̧̔̎̔̍˸Ⱥɯ̝̗̠̏̈̄̑̏˰̍˰ɯ̈˰̡˸̖̔˳˰ȭ 

ˆ̡̖̄˰̬ɯ() () ( ) ()( )xyxtzxvtu oooo ,,,,  ̝̄̈̔̄̓̑˳˰̧̏̏̎ɯ ˷̧̗̖̑̒̔̄̎̎ɯ ̠̒̓̑˸̔̔̑̎ɯ ̡˸̓˸̂ɯ
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() () ()() () ()( ) ( ) ( )( ,,,,,, xtzxtzxtzxvxvxvtututu D+=D+=D+= ooo () () ())xyxyxy D+= o  

̑˲̑̂̏˰̡̄̎ɯ̒̓̑̄̂˳̨̧̑̍̏̅ɯ˷̧̗̖̑̒̔̄̎̅ɯ̠̒̓̑˸̔̔ɯ̄ɯ˳˳˸˷˸̎ ˰̏˰̍̑˴̄ɯ̝̗̠̏̈̄̅ɯʩ˰̨̖̎̄̍̑̏˰-

˄̖̬̑̏̓˴̄̏˰ɯ( )oy,,,, uzxtH , ( )opvyxM ,,, : 

( ) ( )uzxtfuzxtH ,,,,,,, oo yy ¡
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˷̬̍ɯ˳̔˸̞ɯ() rRxv Íd , XxÍ , () qRtu Íd , TtÍ .  

 ʺ˰̈ɯ˳̄˷̏̑ɯ̖̤̔̑̑̏̑˸̬̏̄ɯȹƖƖȺȮɯȹƖƗȺɯ̬˳̬̫̖̬̍̔ɯ̏˸̬˳̧̏̎̄ɯ̏˸̑˲̞̑˷̧̄̎̎̄ɯ̗̔̍̑˳̬̄̎̄ɯ

̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ̒˸̓˳̑˴̑ɯ̄ɯ˳̖̑̓̑˴̑ɯ̬̒̑̓˷̈̑˳ɯ̖̔̑̑˳˸̖̖̔˳˸̏̏̑ȭɯʶ̨̗̬̔̒̑̍̂ɯ̞̄ɯ̡̗̒̑̍̄̎ɯ

̒̓˰̡̖̈̄˸̔̈̄ɯ̒̓̑˳˸̬̓˸̧̎˸ɯ̏˸̑˲̞̑˷̧̄̎˸ɯ̗̔̍̑˳̬̄ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ̒˸̓˳̑˴̑ɯ̄ɯ˳̖̑̓̑˴̑ɯ

̬̒̑̓˷̈̑˳ȭ 

Ɨȭɯʥ̏˰̍̑˴ɯ̗̓˰˳̏˸̬̏̄ɯ˛̅̍˸̓˰ȭ ʶ̂ɯ ̖̑˼˷˸̖̔˳˰ɯȹƖƖȺɯ̨̗̬̄̔̒̑̍̂ɯ̒̓̑̄̂˳̨̨̖̑̍̏̑̔ɯ̄ɯ

̏˸̂˰˳̨̖̄̔̄̎̑̔ɯ˳˰̓̄˰̠̄̅ɯ()tud  ̄ ()xvd  ̡̗̒̑̍˰˸̎Ȯɯ̡̖̑ɯ˳˷̨̑̍ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ̠̒̓̑˸̔̔˰ɯ
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ˈ˸̑̓˸̎˰ɯƖȭ ʬ̬̍ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ̈̍˰̡̔̔̄˸̔̈̑̅ɯ̩̖̈̔̓˸̎˰̍̄ɯ() ()( )xvtu oo ,  ˳ɯ̂˰˷˰̡˸ɯȹƕȺ-

ȹƛȺɯ ̏˸̑˲̞̑˷̄̎̑Ȯɯ ̡̖̑˲̧ɯ ˳˷̨̑̍ɯ ̠̒̓̑˸̔̔˰ɯ() () ( ) ()( )xyxtzxvtu oooo ,,,,  ˳̧̨̬̒̑̍̏̍̄̔ɯ

̖̤̔̑̑̏̑˸̬̏̄ 

1) () () ()( )( ) () ()( )() +¡¡ññ
1

0
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vv dmdvvygmNmvmymgmv ?????? dd oooo  
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() () () ()( )() ,0,,,
1

0

¢¡+ñ
x

x

vv dxxvxpxvxyxMxv dd ooo (52) 

˷̬̍ɯ˳̔˸̞ɯ() qRxv Íd , XxÍ , 

2) () ( ) ()( )( ) ( ) ()( )() +¡¡ñññ
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dtdxtuxttuxtzxtHtudxdttutuxtzxtf
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tttyttttd
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˷̬̍ɯ˳̔˸̞ɯ() rRtu Íd , TtÍ . 

ˁ˸̓˰˳˸̖̏̔˳˰ɯȹƙƖȺȮɯȹƙƗȺɯ̬˳̨̬̬̍̔ɯ̏˸̑˲̞̑˷̧̄̎̎̄ɯ̗̔̍̑˳̬̄̎̄ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˳̖̑̓̑˴̑ɯ

̬̒̑̓˷̈˰ɯ̒̑̂˳̬̫̖̑̍ɯ̨̗̬̄̔̒̑̍̂ɯ̒̓̑̄̂˳̨̨̖̑̍̏̑̔ɯ˷̧̗̖̞̑̒̔̄̎ɯ˳˰̓̄˰̠̄̅Ȯɯ̡̨̗̖̒̑̍̄ɯ˰̏˰̍̑˴ɯ

̗̔̍̑˳̬̄ɯʿ˸˼˰̏˷̓˰-ʺ̍˸˲̤˰ɯȻƚȮɯƛȼɯ̄ɯ̄̔̔̍˸˷̑˳˰̨̖ɯ̡̗̔̍˰̅ɯ˸˴̑ɯ˳̧̓̑˼˷˸̬̏̄ȭ 

ˈ˸̑̓˸̎˰ɯ Ɨȭ ʬ̬̍ɯ ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ ̈̍˰̡̔̔̄˸̩̖̔̈̑̅̈̔̓˸̎˰̍̄ɯ ˳ɯ ̂˰˷˰̡˸ɯ ȹƕȭƕȺ-(1.7) 

̏˸̑˲̞̑˷̄̎̑Ȯɯ̡̖̑˲̧ɯ̏˸̓˰˳˸̖̏̔˳˰ɯ 

() () ()( ) 0,,, ¢¡ vpvyMv vv xxxx ooo (54) 

 ̄

( ) () ( )( ) 0,,,,,,
1

0

¢
ù
ù

ú

ø

é
é

ê

è
¡ñ udxxuxzxHu

x

x

uu qyqqq ooo (55) 

˳̧̨̬̒̑̍̏̍̄̔ɯ˷̬̍ɯ˳̔˸̞ɯ[ )10,xxÍx , qRvÍ  ̄ɯ [ )10,ttÍq , rRuÍ  ̖̔̑̑˳˸̖̖̔˳˸̏̏̑ȭ 

ˆ̖̄̔˸̎˰ɯ̖̤̔̑̑̏̑˸̏̄̅ɯȹƙƘȺȮɯȹƙƙȺɯ̬˳̬̫̖̬̍̔ɯ˰̏˰̍̑˴̑̎ɯ̗̔̍̑˳̬̄ɯʿ˸˼˰̏˷̓˰-ʺ̍˸˲̤˰ɯ˷̬̍ɯ

̓˰̔̔̎˰̖̓̄˳˰˸̎̑̅ ̂˰˷˰̡̄ȭ 

ʺ˰̈ɯ˳̄˷̏̑Ȯɯ˸˴̑ɯ̒̓̑˳˸̓̈˰ɯ̖̖̑̏̑̔̄˸̨̍̏̑ɯ̍˸˴̡˸ȭɯˁ̑ɯ̒̍˰̖̑̅ɯ̂˰ɯ̖̒̓̑̔˰̧̖ɯ̬˳̬̍˸̖̬̔Ȯɯ̖̑Ȯɯ

̡̖̑ɯ̑̏˰ɯ̡˰̖̔̑ɯ˳̧̓̑˼˷˰˸̖̬̔ɯȻƜȮɯƝȼȭ 

 ˆ̍˸˷̑˳˰̖˸̨̍̏̑Ȯɯ̏˰˷̑ɯ̄̔̔̍˸˷̑˳˰̨̖ɯ̡̗̔̍˰̅ɯ˳̧̓̑˼˷˸̬̏̄ɯ̗̔̍̑˳̬̄ɯʿ˸˼˰̏˷̓˰-ʺ̍˸˲̤˰ɯ̔ɯ

̠˸̨̫̍ɯ̡̗̒̑̍˸̬̏̄ɯ̏̑˳̧̞ɯ̏˸̑˲̞̑˷̧̞̄̎ɯ̗̔̍̑˳̄̅ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ȭ  

˃̒̓˸˷˸̍˸̏̄˸ɯ Ɩȭ ʺ̍˰̡̔̔̄˸̔̈̄̅ɯ ̩̖̈̔̓˸̎˰̨̍ɯ() ()( )xvtu oo ,  ̏˰̂̑˳˸̎ɯ ̑̔̑˲̧̎ɯ ˳ɯ

̈̍˰̡̔̔̄˸̔̈̑̎ɯ̧̔̎̔̍˸ɯ̗̒̓˰˳̍˸̏̄˸̎ɯ˳ɯ̂˰˷˰̡˸ɯȹƕȭƕȺ-ȹƕȭƛȺȮɯ˸̔̍̄ɯ˷̬̍ɯ˳̔˸̞ɯrRuÍ , [ )10,ttÍq  ̄ɯ
qRvÍ , [ )10,xxÍx  ˳̧̬̫̖̬̒̑̍̏̔ ̖̔̑̑˳˸̖̖̔˳˸̏̏̑ɯ̖̤̔̑̑̏̑˸̬̏̄ 
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ˆɯ̡̗˸̖̑̎ɯȹƙƚȺȮɯȹƙƛȺɯ̄̂ɯ̏˸̑˲̞̑˷̄̎̑˴̑ɯ̗̔̍̑˳̬̄ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˳̖̑̓̑˴̑ɯ̬̒̑̓˷̈˰ɯȹ̖˸̑-

̓˸̎˰ɯƖȭȺɯ̡̗̒̑̍˰˸̖̬̔ɯ̏˸̑˲̞̑˷̄̎̑˸ɯ̗̔̍̑˳̄˸ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˷̬̍ɯ̑̔̑˲̧̞ɯ˳ɯ̈̍˰̡̔̔̄˸̔̈̑̎ɯ

̧̔̎̔̍˸ɯ̗̒̓˰˳̍˸̏̄̅ȭ 

ˈ˸̑̓˸̎˰ɯƘȭ ʬ̬̍ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ̑̔̑˲̑˴̑ɯ˳ɯ̈̍˰̡̔̔̄˸̔̈̑̎ɯ̧̔̎̔̍˸ɯ̗̒̓˰˳̍˸̬̏̄ɯ̏˸̑˲-

̞̑˷̄̎̑Ȯɯ̡̖̑˲̧ɯ˳̧̨̬̒̑̍̏̍̄̔ɯ̖̤̔̑̑̏̑˸̬̏̄ 

( ) ()( )( ) ( ) ()( )[

( ) () ( )( ) ( ) ()( )]] ,0,,,,,,,,,,

,,,,,,,,,,
1

0

¢+

é
é

ê

è
+¡¡ñ

udxuxzxfxuxzxH

uxzxfxKuxzxfu

uuz

x

x

uu

qqqqyqqq

qqqqqqqq

ooooo

oooo

(58) 

˷̬̍ɯ˳̔˸̞ɯ[ )10,ttÍq , rRuÍ , 

() ()( )( ) () ()( ) () () ()( )[ ] 0,,,,,,,, ¢+¡¡¡ vpvyMvygNvygv vvvv xxxxxxxxxxxx ooooooo . (59) 

˷̬̍ɯ˳̔˸̞ɯ[ )10,xxÍx ,
qRvÍ . 

ˆ̖̤̑̑̏̑˸̬̏̄ɯȹƙƜȺȮɯȹƙƝȺɯ̬˳̬̫̖̬̍̔ɯ̏˸̑˲̞̑˷̧̄̎̎̄ɯ̗̔̍̑˳̬̄̎̄ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ̑̔̑˲̧̞ɯ

˳ɯ̈̍˰̡̔̔̄˸̔̈̑̎ɯ̧̔̎̔̍˸ɯ̗̒̓˰˳̍˸̏̄̅ȭɯ 

 

ƙȭɯˀ̏̑˴̡̖̑̑˸̡̧̏˸ɯ̏˸̑˲̞̑˷̧̄̎˸ɯ̗̔̍̑˳̬̄ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ̑̔̑˲̧̞ɯ˳ɯ̈̍˰̡̔̔̄˸̔-

̈̑̎ɯ̧̔̎̔̍˸ɯ̗̒̓˰˳̍˸̏̄̅ȭ˄̨̗̖̔ɯ() ()( )xvtu oo ,  ̑̔̑˲̑˸Ȯɯ˳ɯ̈̍˰̡̔̔̄˸̔̈̑̎ɯ̧̔̎̔̍˸Ȯɯ̗̒̓˰˳̍˸-

̏̄˸ɯ˳ɯ̂˰˷˰̡˸ɯȹƕȺ-(7). 

ˆ̒˸̠̄˰̨̗̫̍̏ɯ˳˰̓̄˰̠̫̄ɯ̗̒̓˰˳̍˸̬̏̄ɯ()tuo  ̑̒̓˸˷˸̍̄̎ɯ̒̑ɯ̝̗̑̓̎̍˸ 

() ( )ä
=

=
m

i

iii ututu
1

,,;, ?qedde , (60) 

() ( )ö
÷

õ
æ
ç

å
=ä
=

m

i

iii vxvxv
1

,,;, ?xedde . (61) 

ʴ˷˸̨̔ɯ̈˰̈ɯ̄ɯ˳̧̤˸ɯm ɬ ̒̓̑̄̂˳̨̑̍̏̑˸ɯ̏˰̖̗̓˰̨̍̏̑˸ɯ̡̄̔̍̑Ȯɯ0>e  ˷̖̑̔˰̡̖̑̏̑˸ɯ̎˰̍̑˸Ȯɯ

̒̓̑̄̂˳̨̑̍̏̑˸ɯ̡̄̔̍̑Ȯɯ0²i? , r

i Ru Í ( )q

i Rv Í , [ )10,ttiÍq , mi ,1= [ ) ( )( )11010 ...,,1,, xxmixx mi <¢¢¢=Í xxx , 

 ˰
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,,,
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10 exx

exx
xed

iii

iiii

iii
xxx

xv
vxv

?

?
? (63) 

ˆ̗̎̎̄̓̑˳˰̏̄˸ɯ̄˴̨̡̑̍˰̖̑˴̑ɯ̖̄̒˰ɯ˳˰̓̄˰̠̄̅ȹƚƖȺȮɯȹƚƗȺɯ̒̑̏̄̎˰˸̖̬̔ɯ˳ɯ̧̔̎̔̍˸ȻƕƔȼȭ 

˄̓̄̏̄̎˰̬ɯ˳̑ɯ˳̏̄̎˰̏̄˸ɯȹƚƔȺɯȹȹƚƕȺȺɯ˳ɯ̏˸̓˰˳˸̖̏̔˳˸ɯȹƙƖȺɯȹȹƙƗȺȺɯ̒̑̔̍˸ɯ̏˸̧̖̞̈̑̑̓ɯ̒̓˸̑˲-

̓˰̂̑˳˰̏̄̅ɯ̞̒̓̄̑˷̄̎ɯ̈ɯ̗̖˳˸̓˼˷˸̫̏̄ 

ˈ˸̑̓˸̎˰ƙȭ ʬ̬̍ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ̑̔̑˲̑˴̑ɯ˳ɯ̈̍˰̡̔̔̄˸̔̈̑̎ɯ̧̔̎̔̍˸ɯ̗̒̓˰˳̍˸̬̏̄ɯ˳ɯ̂˰˷˰-

̡˸ɯȹƕȺɯ- ȹƛȺɯ̏˸̑˲̞̑˷̄̎̑Ȯɯ̡̖̑˲̧ɯ˷̬̍ɯ̫̍˲̑˴̑ɯ̏˰̖̗̓˰̨̍̏̑˴̑ɯ̡̄̔̍˰ɯ̏˸̓˰˳˸̖̏̔˳̑ 
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 (65) 

˳̧̨̬̒̑̍̏̍̑̔ɯ˷̬̍ɯ˳̔˸̞ɯr

i Ru Í ( )q

i Rv Í , 0²i? , [ )10,ttiÍq , ( )110 ... tt m<¢¢¢ qq , 

[ )( )( )11010 ...,, xxxx mi <¢¢¢Í xxx , mi ,1= . 

ˁ˸̓˰˳˸̖̏̔˳̑ɯȹƚƘȺɯȹȹƚƙȺȺɯ̬˳̬̍˸̖̬̔ɯ̒̑̔̍˸˷̑˳˰̖˸̨̨̖̫̍̏̑̔ɯ̏˸̑˲̞̑˷̧̞̄̎ɯ̗̔̍̑˳̄̅ɯ̖̑̒̄-

̎˰̨̖̍̏̑̔̄ɯ̑̔̑˲̧̞ɯ˳ɯ̈̍˰̡̔̔̄˸̔̈̑̎ɯ̧̔̎̔̍˸ɯ̗̒̓˰˳̍˸̏̄̅ɯ̄ɯ̒̑̂˳̬̑̍˸̖ɯ̗̥̔˸̖̔˳˸̏̏̑ɯ̨̗̖̔̂̄ɯ

̎̏̑˼˸̖̔˳̑ɯ̑̔̑˲̧̞ɯ˳ɯ̈̍˰̡̔̔̄˸̔̈̑̎ɯ̧̔̎̔̍˸ɯ̗̒̓˰˳̍˸̏̄̅ɯ̒̑˷̖̑̂̓̄˸̨̧̞̍̏ɯ̏˰ɯ̖̑̒̄̎˰̨̍-

̨̖̏̑̔ɯ̄ɯ̖̑̔˰˸̖̬̔ɯ˳ɯ̔̄̍˸ɯ̖˰̈˼˸ɯ̒̓̄ɯ˳̧̓̑˼˷˸̏̄̄ɯ̏˸̑˲̞̑˷̧̞̄̎ɯ̗̔̍̑˳̄̅ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ

(58) - ȹƙƝȺȭɯʶ̂ɯ̏˸˴̑ɯ̔̍˸˷̗̫̖ɯ̬̓˷ɯ˲̑̍˸˸ɯ̖̒̓̑̔̑ɯ̒̓̑˳˸̬̓˸̧̞̎ɯ̏˸̑˲̞̑˷̧̞̄̎ɯ̗̔̍̑˳̄̅ɯ̖̑̒-̄

̎˰̨̖̍̏̑̔̄ɯ̑̔̑˲̧̞ɯ˳ɯ̈̍˰̡̔̔̄˸̔̈̑̎ɯ̧̔̎̔̍˸ɯ̗̒̓˰˳̍˸̏̄̅ȭɯʨɯ̡˰̖̖̔̏̑̔̄Ȯ̒̑̍˰˴˰̬ɯ˳ɯȹƚƘȺɯȹȹƚƙȺȺɯ

̡̗̒̑̍˰˸̎ɯ̏˸̑˲̞̑˷̄̎̑˸ɯ̗̔̍̑˳̄˸ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ̄̂ɯ̖˸̑̓˸̧̎ɯƘȭɯ 

 

ʿʶˈʭ˅ʥˈˋ˅ʥ 

1.  ˀ̑̔̈˰̍˸̏̈̑ɯʥȭʶȭ˃˲ɯ̑˷̏̑̎ɯ̈̍˰̔̔˸ɯ̂˰˷˰̡ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ̓˸˴̗̍̄̓̑˳˰̬̏̄ȭɯʱ̗̓̏ȭ ˳̧̡̄̔̍ȭɯ̎˰̖˸̎ȭɯ̄ɯ̎˰̖˸̎ȭɯˏ̄ -

̂̄̈̄ȭƕƝƚƝȭɯ̿ƕȭɯ̔ȭɯƚƜ-85. 

2.  ʬ̗˲̑˳̠̄̈̄̅ɯʥȭ˞ȭɯˀ̫̖̄̍̄̏ɯʥȭʥȭʴ˰˷˰̡˰ɯ̏˰ɯ̩̖̈̔̓˸̗̎̎ɯ̒̓̄ɯ̏˰̡̍̄̄̄ɯ̑˴̓˰̡̏̄˸̏̄̅ȭɯʱ̗̓̏ȭ˳̧̡̄̔̍ȭɯ̎˰̖˸̎ȭɯ̄ɯ
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ABSTRACT  
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ʺ˰̈ɯ˳̄˷̏̑Ȯɯ̖̤̔̑̑̏̑˸̬̏̄ɯȹƖƗȺȮɯȹƖƘȺɯ̬˳̬̫̖̬̍̔ɯ̍̄̏˸̧̅̏̎̄ɯ̖̄̏˸˴̓˰̨̧̍̏̎̄ɯ̗̓˰˳̏˸̬̏̄-

̎̄ɯ˳̖̑̓̑˴̑ɯ̓̑˷˰ɯ̖̄̒˰ɯʨ̨̖̑̍˸̓̓˰ɯ̄ɯ˲̗˷̗̖ɯ̄̎˸̨̖ɯ˸˷̖̄̏̔˳˸̏̏̑˸ɯ̓˸̤˸̏̄˸ɯ˳ɯ̈̍˰̔̔˸ɯ̄̂̎˸̓̄-

̧̞̎ɯ̄ɯ̑˴̓˰̡̏̄˸̧̞̏̏ɯ̝̗̠̏̈̄̅ȭɯ˄̑ɯ˰̏˰̍̑˴̄̄ɯ̔ɯȻƕ-Ɲȼɯ̗̓˰˳̏˸̬̏̄ɯȹƖƗȺȮɯȹƖƘȺɯ˲̗˷˸̎ɯ̏˰̧̂˳˰̨̖ɯ

̬̔̑̒̓˼˸̧̏̏̎̄ɯ̖̔̄̔˸̎˰̎̄ɯ˳ɯ̓˰̔̔̎˰̖̓̄˳˰˸̎̑̅ɯ̂˰˷˰̡˸ȭ 

ʶ̂ɯ̠̑˸̏̑̈Ȯɯ˷̑̈˰̂˰̧̞̏̏ɯ̄ɯ̒̓̄˳˸˷˸̧̞̏̏ɯ˳ɯ̓˰˲̖̑˰̞ɯȻƛȮ 8, ƕƔȼɯ̄ɯ˷̓ȭɯ̔̍˸˷̗˸̖Ȯɯ̡̖̑ɯ˳ɯ̓˰̔̔-

̎˰̖̓̄˳˰˸̎̑̎ɯ̡̗̔̍˰˸ 

() ()

( ) ()ñ

ñ

D¢D

D¢D

1

0

1

0

,,

,

2

1

x

x

x

x

dxxuLxtz

dxxuLxa

 (26) 

˴˷˸ɯ -21,LL  ̏˸̧̖̈̑̑̓˸ɯ̒̑̍̑˼̖̄˸̨̧̍̏˸ɯ̧̖̬̒̑̔̑̏̏˸ȭ 

˄̓˸˷̒̑̍̑˼̄̎ɯ̡̖̑ɯe ˷̖̑̔˰̡̖̑̏̑ɯ̎˰̍̑˸ɯ̒̑ɯ˰˲̫̖̔̑̍̏̑̅ɯ˳˸̡̍̄̄̏˸ɯ̡̄̔̍̑Ȯɯ˰ɯ() rRtu Íd  

̒̓̑̄̂˳̨̑̍̏˰̬ɯ̄̂̎˸̓̄̎˰̬ɯ̄ɯ̑˴̓˰̡̏̄˸̏̏˰̬ɯr -̎˸̓̏˰̬ɯ˳˸̖̈̑̓-̝̗̠̬̏̈̄ ȹ˷̗̖̑̒̔̄̎˰̬ɯ˳˰-

̓̄˰̠̬̄ɯ̗̒̓˰˳̍˸̬̏̄Ⱥȭɯ 

ʨɯ̗̔̄̍ɯ̧̖̖̖̑̈̓̑̔̄ɯ̑˲̍˰̖̔̄ɯ̗̒̓˰˳̍˸̬̏̄Ȯɯ̔̒˸̠̄˰̨̍̏̑˸ɯ̒̓̄̓˰̥˸̏̄˸ɯ˷̗̖̑̒̔̄̎̑˴̑ɯ

̗̒̓˰˳̍˸̬̏̄ɯ()tu  ̎̑˼̏̑ɯ̑̒̓˸˷˸̨̖̍̄ɯ̒̑ɯ̝̗̑̓̎̍˸ 

( ) () Tttutu Í=D ,, ede  (27)  

˓˸̓˸̂ɯ( ) ( )( )ee ,,,, xtzxa DD  ̑˲̑̂̏˰̡̄̎ɯ̔̒˸̠̄˰̨̍̏̑˸ɯ̒̓̄̓˰̥˸̏̄˸ɯ̖̬̬̔̑̔̑̏̄ɯ()( )( )xtzxa ,, , 

̖̑˳˸̡˰̫̥˸˸ɯ̔̒˸̠̄˰̨̗̍̏̑̎ɯ̒̓̄̓˰̥˸̫̏̄ɯ( )e,tuD  ̗̒̓˰˳̍˸̬̏̄ɯ()tu . 

ʶ̂ɯ̠̑˸̏̑̈ɯȹƖƚȺɯ̔̍˸˷̗˸̖Ȯɯ̡̖̑ɯ 

 
( )

( ) ( ) ,,,,,

,,,

4

3

DxtLxtz

XxLxa

Í¢D

Í¢D

ee

ee
 (28) 

˴˷˸ɯ -43,LL ̏˸̧̖̈̑̑̓˸ɯ̒̑̍̑˼̖̄˸̨̧̍̏˸ɯ̧̖̬̒̑̔̑̏̏˸ȭ 

ˋ̡̧̖̄˳˰̬ɯȹƖƛȺȮɯȹƖƜȺɯ˳ɯ̝̗̑̓̎̍˸ɯ̒̓̄̓˰̥˸̏̄̄ɯȹƖƙȺȮɯ̏˸̖̗̓˷̏̑ɯ˷̑̈˰̂˰̨̖Ȯɯ̡̖̑ɯ̒˸̓˳˰̬ɯ̄ɯ

˳̖̑̓˰̬ɯ˳˰̓̄˰̠̄̄ɯȹ˳ɯ̈̍˰̡̔̔̄˸̔̈̑̎ɯ̧̔̎̔̍˸Ⱥɯ̝̗̠̏̈̄̑̏˰̍˰ɯȹƕȺɯ̄̎˸̫̖ɯ̖̔̑̑˳˸̖̖̔˳˸̏̏̑ɯ˳̄˷ 

( ) [ ]() ,,':
1

0

1 dxxupxMuuS

x

x

u ddd ñ-=  (29) 
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( ) ( )
( )( )

( ) ( )
( ) ( )( )

( )

() [ ]() () [ ]() ( ) [ ]( ) ,,,,,',','2

,...,
',

,
,':

1
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12

2

112

111

2
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2

dxdtxtzxtHxtzdxxapxMxadxxapxMxu

Xa
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XaXa
Xaxtz

z

xtz
xtzuuS

t

t

x

x

zz

x

x

aa

x

x

ua

k

ji

i

ji

k
i

ññññ

ä

---

-
µµ

µ
+

µ

µ
=

=

dyddddd

d
j

dd
j

ddd
 (30) 

˴˷˸ɯ() ( )( )-xtzxa ,,dd ˷̗̖̑̒̔̄̎˰̬ɯ ˳˰̓̄˰̠̬̄ɯ ˳˸̖̈̑̓˰ɯ ̖̬̬̔̑̔̑̏̄ɯ ̬˳̬̫̥̍˸˸̬̔ɯ ̓˸̤˸̏̄˸̎ɯ

̗̓˰˳̏˸̬̏̄ɯ˳ɯ˳˰̓̄˰̠̬̞̄ɯ˷̬̍ɯ̓˰̔̔̎˰̖̓̄˳˰˸̎̑̅ɯ̂˰˷˰̡̄ȯ 

 () []() [] ,uxgxaxgxa ua ddd +=#  (31) 

 () 00 =xad , (32) 

 ( ) ( ) ( ) ( ) ( ) [ ]( )( ) ,,,,,,,,,, DxtxtzxtfxtzxtBxtzxtAxtz zxttx Í++= dddd  (33) 

 
( ) ()

( ) .,0,

,,,

0

0

Ttxtz

Xxxaxtz

Í=

Í=

d

dd
 (34) 

˄̓̄̏̄̎˰̬ɯ˳̑ɯ˳̏̄̎˰̏̄˸ɯ̑̔̏̑˳̏̑̅ɯ̓˸̨̗̖̂̍˰̖ɯ˳˰̓̄˰̠̄̑̏̏̑˴̑ɯ̡̄̔̄̔̍˸̬̏̄ɯȹ̔̎Ȯɯ̏˰̒-

̓̄̎˸̓ȮɯȻƕƕȮƕƖȼȺɯ̡̗̒̑̍̄̎Ȯɯ̡̖̑ɯ˷̬̍ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˷̗̖̑̒̔̄̎̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ()tu  ˳ɯ̂˰˷˰̡˸ɯ

(1)-ȹƚȺɯ̏˸̑˲̞̑˷̄̎̑Ȯɯ̡̖̑˲̧ɯ̖̤̔̑̑̏̑˸̬̏̄ 

 [ ]() ,0,'
1

0

=ñ dxxupxM

x

x

u d  (35) 
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dxdtxtzxtHxtz

dxxapxMxadxxapxMxu

Xa
aa

XaXa
Xaxtz
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t
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x

zz

x

x

aa

x

x

ua

k

ji

i

ji

k
i

dyd

dddd

d
j

dd
j

d

 (36) 

˳̧̨̬̒̑̍̏̍̄̔ɯ˷̬̍ɯ˳̔˸̞ɯ() XxRxu r ÍÍ ,d . 

ˆ̖̤̑̑̏̑˸̬̏̄ɯȹƗƙȺ-ȹƗƚȺɯ̬˳̬̫̖̬̍̔ɯ̏˸̬˳̧̏̎̄ɯ̏˸̑˲̞̑˷̧̄̎̎̄ɯ̗̔̍̑˳̬̄̎̄ɯ̒˸̓˳̑˴̑ɯ̄ɯ

˳̖̑̓̑˴̑ɯ̬̒̑̓˷̈̑˳Ȯɯ̖̔̑̑˳˸̖̖̔˳˸̏̏̑ȭɯˁ̑ɯ̄̂ɯ̞̏̄ɯ̎̑˼̏̑ɯ̡̨̗̖̒̑̍̄ɯ̏˸̑˲̞̑˷̧̄̎˸ɯ̗̔̍̑˳̬̄ɯ̑̒-

̖̄̎˰̨̖̍̏̑̔̄ɯ̒˸̓˳̑˴̑ɯ̄ɯ˳̖̑̓̑˴̑ɯ̬̒̑̓˷̈̑˳Ȯɯ̬˳̏̑ɯ˳̧̓˰˼˸̧̏̏˸ɯ̡˸̓˸̂ɯ̒˰̓˰̎˸̧̖̓ɯ̂˰˷˰̡̄ɯ

(1)-(6).  

ʶ̎˸˸̖ɯ̎˸̖̔̑ 

ˈ˸̑̓˸̎˰ɯƕȭ ʬ̬̍ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˷̗̖̑̒̔̄̎̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ()xu  ˳ɯ̂˰˷˰̡˸ɯȹƕȺ-ȹƚȺɯ̏˸̑˲-

̞̑˷̄̎̑Ȯɯ̡̖̑˲̧ɯ̖̤̔̑̑̏̑˸̏̄˸ 

()[ ] 0, =xxpʄʠ  (37) 

˳̧̨̬̒̑̍̏̍̑̔ɯ˷̬̍ɯ˳̔˸̞ɯ[ )10,ʭʭÍx . 

ʴ˷˸̨̔ɯ[ )10,ʭʭÍx  ˸̨̖̔ɯ̒̓̑̄̂˳̨̑̍̏˰̬ɯ̡̖̑̈˰ɯʿ˸˲˸˴˰ɯȹ̒̓˰˳̨̄̍̏˰̬ɯ̡̖̑̈˰ɯȹ̔̎ȭȮɯ̏˰̒̓̄̎˸̓Ȯɯ

ȻƕƗȼȺȺɯ̗̒̓˰˳̍˸̬̏̄ɯ()xu .  
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ʬ̑̈˰̂˰̖˸̨̖̍̔˳̑ȭɯʬ̗̖̑̒̔̄̎ɯ̑˲̓˰̖̏̑˸ȭɯ˄̨̗̖̔ɯ̗̥̔˸̖̔˳̗˸̖ɯ̒̓˰˳̨̄̍̏˰̬ɯ̡̖̑̈˰ɯ[ )10, xxÍx  

̗̒̓˰˳̍˸̬̏̄ɯ()xu  ̄ɯ( )rss ¢¢1  ̖˰̈̑˳˰Ȯɯ̡̖̑ɯ 

()[ ]
0

,
¸=

µ

µ
a

xx

su

pM . 

ˈ˸̒˸̨̓ɯ ̈̑̑̓˷̄̏˰̧̖ɯ ˳˸̖̈̑̓-̝̗̠̏̈̄̄ɯ() () () ()( )',...,, 21 xuxuxuxu rdddd =  ̑̒̓˸˷˸̍̄̎ɯ

̔̍˸˷̗̫̥̄̎ ̑˲̓˰̂̑̎ȯ 

() ,,,0 Xxsixui Í¸=d  

()
()[ ] [ )

[ ][ )î
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ì

ë
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+Í
µ
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,,\,,0

,,,
,

10 exx

exx
xx

d

xxx

x
u

pM

xu ss
 

˴˷˸ɯ0>e  ˷̖̑̔˰̡̖̑̏̑ɯ̎˰̍̑˸ɯ̒̓̑̄̂˳̨̑̍̏̑˸ɯ̡̄̔̍̑ȭ 

˄̓̄ɯ̑̒̓˸˷˸̍˸̏̄̄ɯ̔̒˸̠̄˰̨̍̏̑̅ɯ˳˰̓̄˰̠̄̄ɯ()xu  ̖˰̈̄̎ɯ̑˲̓˰̂̑̎ɯ̡̗̒̑̍˰˸̎Ȯɯ̡̖̑ɯ 
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eoea
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xx
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x s u
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dx

u

xpxM
dxxu
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xpxM
 

ʥɯ̩̖̑ɯ̖̒̓̑̄˳̑̓˸̡̖̄ɯ̗̔̍̑˳̫̄ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯȹƗƙȺȭɯ˛̖̄̎ɯ̖˸̑̓˸̎˰ɯƕɯ˷̑̈˰̂˰̏˰ȭ 

ˆ̖̤̑̑̏̑˸̏̄˸ɯȹƗƛȺɯ̬˳̬̍˸̖̬̔ɯ̏˸̑˲̞̑˷̧̄̎̎ɯ̗̔̍̑˳̄˸̎ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ̒˸̓˳̑˴̑ɯ̬̒̑̓˷-

̈˰ɯ̄ɯ̒̓˸˷̖̔˰˳̬̍˸̖ɯ̔̑˲̑̅ɯ˰̏˰̍̑˴ɯ̗̓˰˳̏˸̬̏̄ɯ˛̅̍˸̓˰ɯ˷̬̍ɯ̓˰̔̔̎˰̖̓̄˳˰˸̎̑̅ɯ̂˰˷˰̡̄ɯ 

ʺ˰˼˷̑˸ɯ˷̗̖̑̒̔̄̎̑˸ɯ̗̒̓˰˳̍˸̏̄˸Ȯɯ̬˳̬̫̥̍˸˸̬̔ɯ̓˸̤˸̏̄˸̎ɯ̗̓˰˳̏˸̬̏̄ɯ˛̅̍˸̓˰ɯ̔̍˸˷̗̬Ȯɯ

̏˰̒̓̄̎˸̓ȮɯȻƕƕȮɯƕƖȼɯ̏˰̂̑˳˸̎ɯ̈̍˰̡̔̔̄˸̔̈̑̅ɯ̩̖̈̔̓˸̎˰̨̫̍ȭɯ 

ʶ̂ɯ̑̒̓˸˷˸̍˸̬̏̄ɯ̈̍˰̡̔̔̄˸̔̈̑̅ɯ̩̖̈̔̓˸̎˰̍̄ɯ̬̔̏̑Ȯɯ̡̖̑ɯ̖̑̒̄̎˰̨̍̏̑˸ɯ̗̒̓˰˳̍˸̏̄˸ɯ̏˰-

̞̑˷̖̬̄̔ɯ̔̓˸˷̄ɯ̈̍˰̡̔̔̄˸̞̔̈̄ɯ̩̖̈̔̓˸̎˰̍˸̅ȭɯˁ̑ɯ̞̄ɯ̡̄̔̍̑ɯ̎̑˼˸̖ɯ˲̧̨̖ɯ˷̖̑̔˰̡̖̑̏̑ɯ˲̨̑̍-

̤̄̎ȭɯ˄̩̖̗̑̑̎ɯ˳̑̂̏̄̈˰˸̖ɯ̏˸̑˲̞̑˷̨̖̄̎̑̔ɯ˳ɯ̗̔˼˸̏̄̄ɯ̎̏̑˼˸̖̔˳˰ɯ̈̍˰̡̔̔̄˸̞̔̈̄ɯ̩̖̈̔̓˸-

̎˰̍˸̅Ȯɯ̒̑˷̖̑̂̓̄˸̨̧̞̍̏ɯ̏˰ɯ̖̑̒̄̎˰̨̨̖̍̏̑̔Ȯɯ̔ɯ̨̥̫̒̑̎̑ɯ̏˸̬˳̏̑˴̑ɯ̏˸̑˲̞̑˷̄̎̑˴̑ɯ̗̔̍̑˳̬̄ɯ

̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˳̖̑̓̑˴̑ɯ̬̒̑̓˷̈˰ɯȹƗƚȺȭɯ 

ʺ˰̈ɯ˳̄˷̏̑Ȯɯ̗̓˰˳̏˸̬̏̄ɯ˳ɯ˳˰̓̄˰̠̬̞̄ɯ̬˳̬̫̖̬̍̔ɯ̍̄̏˸̧̅̏̎̄ɯ˷̝̝̄˸̓˸̠̏̄˰̨̧̍̏̎̄ɯ

̗̓˰˳̏˸̬̏̄̎̄ȭɯˁ˰ɯ̑̔̏̑˳˸ɯ̧̝̗̑̓̎̍ɯ̑ɯ̒̓˸˷̖̔˰˳̍˸̏̄̄ɯ̓˸̤˸̏̄̅ɯ̏˸̧̖̞̈̑̑̓ɯ̍̄̏˸̧̞̅̏ɯ

̗̓˰˳̏˸̏̄̅ɯȹ̔̎ȭȮɯ̏˰̒̓̄̎˸̓ȮɯȻƕƖȮɯƕƘȼȺɯ̎̑˼̏̑ɯ̒̓˸˷̖̔˰˳̨̖̄ɯ̓˸̤˸̬̏̄ɯ̂˰˷˰̡ɯȹƗƕȺ-(32), (33)-(34) 

̖̔̑̑˳˸̖̖̔˳˸̏̏̑ɯ˳ɯ˳̄˷˸ɯ 

 () ( )[] ,,

0

dssgsxxa u

x

x

ñF=d  (38) 

 ( ) ( )() ( )()( ) ,,,,,, 00

0

dssastAsastxtRxtz

x

x

dd -=ñ #  (39) 

˴˷˸ɯ( )sx,F  ̄ɯ( )sxtR ,,, t  ( )nn³  ̎˰̡̧̖̓̄̏˸ɯ̝̗̠̏̈̄̄Ȯɯ̬˳̬̫̥̍̄˸̬̔ɯ̓˸̤˸̬̏̄̎̄ɯ̂˰˷˰̡ɯ 

( ) ( ) ],[,, sgsxsx as F-=F  

( ) Exx =F , , 
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( ) ( )[ ] ( )( ) ( )( )ññññ +++=

tt

aaabbtbtbababat
t

s

xt

s

x

z dsAsxtRdAxtRddfxtREsxtR ,,,,,,,,,,,,,,,,  

˴˷˸ɯ( )nnE ³-  ˸˷̡̄̏̄̏˰̬ɯ̎˰̖̠̓̄˰ȭɯ 

ʬ˰̍˸˸Ȯɯ̡̧̗̖̄˳˰̬ɯȹƗƕȺɯ˳ɯȹƗƝȺɯ̄ɯ˳˳˸˷̬ɯ̑˲̑̂̏˰̡˸̏̄˸ 
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ˁ˸̒̑̔̓˸˷̖̔˳˸̧̏̏̎ɯ̔̍˸˷̖̔˳̄˸̎ɯ̖˸̑̓˸̧̎ɯƘɯ̬˳̬̍˸̖̬̔ɯ 

ˆ̍˸˷̖̔˳̄˸ȭɯʬ̬̍ɯ̑̔̑˲̑˴̑ɯ˳ɯ̈̍˰̡̔̔̄˸̔̈̑̎ɯ̧̔̎̔̍˸ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ()tu  

̏˸̓˰˳˸̖̏̔˳̑ɯ 

[]( ) [][][ ] 0,' ¢+ vgMKgv uuuu xxxxx  (52) 

˳̧̬̒̑̍̏˸̖̬̔ɯ˷̬̍ɯ˳̔˸̞ɯr

i Rv Í  ̄ɯ [ )10,xxÍx .  

ˈ˸̑̓˸̎˰Ƙɯ̖̑̔˰˸̖̬̔ɯ˳ɯ̔̄̍˸ɯ̄ɯ̒̓̄ɯ˳̧̓̑˼˷˸̏̄̄ɯ̏˸̑˲̞̑˷̄̎̑˴̑ɯ̗̔̍̑˳̬̄ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ 

(52), ̒̓˸˷̖̔˰˳̬̫̥̍̄̅ɯ̔̑˲̑̅ɯ˰̏˰̍̑˴ɯ̗̔̍̑˳̬̄ɯʩ˰˲˰̔̑˳˰-ʺ̄̓̄̍̍̑˳̑̅Ȯɯ̡̗̒̑̍˸̧̏̏̅ɯ˳ɯȻƕƙȼɯ

˷̬̍ɯ̑˲̧̈̏̑˳˸̧̞̏̏ɯ˷̄̏˰̡̎̄˸̞̔̈̄ɯ̖̔̄̔˸̎ɯ̎˸̖̑˷̑̎ɯ̎˰̡̧̖̞̓̄̏ɯ̨̗̄̎̒̍̔̑˳ȭ 

ʿʶˈʭ˅ʥˈˋ˅ʥ 

1. ʭ˴ ̑̓̑˳ɯʥȭʶȭɯ˃˲ɯ̖̑̒̄̎˰̨̍̏̑̎ɯ̗̒̓˰˳̍˸̏̄̄ɯ̠̒̓̑˸̔̔˰̎̄ɯ˳ɯ̏˸̧̖̞̈̑̑̓ɯ̖̔̄̔˸̎˰̞ɯ̔ɯ̓˰̔̒̓˸˷˸̍˸̧̏̏̎̄ɯ̒˰̓˰̎˸̖̓˰̎̄. 

ʥ˳̖̑̎˰̖̄̈˰ɯ̄ɯ̖˸̍˸̎˸̞˰̏̄̈˰ȭɯƕƝƚƘȮɯ̿ƙȮɯ̔ȭɯƚƕƗ-623. 

2. ʥ̞̎˸˷̑˳ɯʺȭˈȭȮɯʥ̞̄˸˳ɯˆȭˆȭɯˁ˸̑˲̞̑˷̧̄̎˸ɯ̗̔̍̑˳̬̄ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˷̬̍ɯ̏˸̧̖̞̈̑̑̓ɯ̂˰˷˰̡ɯ̖˸̑̓̄̄ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ

̗̒̓˰˳̍˸̬̏̄. ʬ̑̈̍ȭɯʥˁɯʥ̂˸̓˲ȭɯˆˆ˅ȭɯƕƝƛƖȮɯ̿ƙȮɯ̔ȭɯƕƖ-16. 

3. ʥ̥˸̒̈̑˳ɯʿȭˈȭȮɯʨ˰̨̔̄̍˸˳ɯ˃ȭʨȭɯ˃˲ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ̑̔̑˲̧̞ɯ̗̒̓˰˳̍˸̏̄̅ɯ˳ɯ̖̔̄̔˸̎˰̞ɯʩ̗̓̔˰-ʬ˰̓˲̗. ʱ̗̓̏ȭɯʨ̧̡̄̔̍ȭɯ

̎˰̖˸̎ȭɯ̄ɯ̎˰̖ȭɯ̝̄̂̄̈̄ȭɯƕƝƛƙȮɯ̿ƙȮɯ̔ȭɯƕƕƙƛ-1167. 

4. ˄̖̍̑̏̄̈̑˳ɯ ʨȭʶȭȮɯ ˆ̗̎̄̏ɯ ʨȭʶȭɯ˃̖̒̄̎̄̂˰̠̬̄ɯ ̑˲̦˸̖̈̑˳ɯ ̔ɯ ̓˰̔̒̓˸˷˸̍˸̧̏̏̎̄ɯ ̒˰̓˰̎˸̖̓˰̎̄ɯ ̧̑̒̄̔˳˰˸̧̞̎ɯ

̖̔̄̔˸̎˰̎̄ɯʩ̗̓̔˰-ʬ˰̓˲̗. ɦ ȭɯ˳̧̡̄̔̍ȭɯ̎˰̖˸̎ȭɯ̄ɯ̎˰̖˸̎ȭ ̝ ̄̂̄̈̄ȭ 1972. ̿ ƕƚƕ. ƚƛȭɯ̔ȭ 

5. ʩ˰˲˰̔̑˳ɯ ˅ȭɯ˃ɯ ̏˸̑˲̞̑˷̧̞̄̎ɯ ̗̔̍̑˳̬̞̄ɯ ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ ˷̬̍ɯ ̖̔̄̔˸̎Ȯɯ ̧̑̒̄̔˳˰˸̧̞̎ɯ ̗̓˰˳̏˸̬̏̄̎̄ɯ ˳ɯ ̡˰̧̖̞̔̏ɯ

̒̓̑̄̂˳̑˷̧̞̏. ʬ̑̈̍ȭɯʥˁɯʧˆˆ˅ȭɯƕƝƚƜȮɯ̿ƛȮɯ̔ȭɯƕƗƝƕ-1392. 

6. ʩ˰̔˰̏̑˳ɯʺȭʺȮɯ ˃̗̥̔˸̖̔˳̑˳˰̏̄̄ɯ̖̑̒̄̎˰̨̧̞̍̏ɯ̗̒̓˰˳̍˸̏̄̅ɯ˷̬̍ɯ̠̒̓̑˸̔̔̑˳Ȯɯ̧̑̒̄̔˳˰˸̧̞̎ɯ̖̔̄̔˸̎̑̅ɯ˴̄̒˸̓˲̡̑̍̄˸̞̔̈̄ɯ

̗̓˰˳̏˸̏̄̅. ɦ ̗̓̏ȭɯʨ̧̡̄̔̍ȭɯ̎˰̖˸̎ȭɯ̄ɯ̎˰̖ȭɯ̝̄̂̄̈̄ȭɯƕƝƛƗȮɯ̿ƗȮɯ̔ȭɯƙƝƝ-608. 

7. ʭ˴̑̓̑˳ɯʥȭʥȭɯ˃̖̒̄̎˰̨̧̍̏˸ɯ̠̒̓̑˸̧̔̔ɯ˳ɯ̖̔̄̔˸̎˰̞ɯ̔ɯ̓˰̔̒̓˸˷˸̍˸̧̏̏̎̄ɯ̒˰̓˰̎˸̖̓˰̎̄ɯ̄ɯ̏˸̧̖̈̑̑̓˸ɯ̂˰˷˰̡̄ɯ̖˸̑̓̄̄ɯ

̄̏˳˰̓̄˰̖̖̏̏̑̔̄. ʁ ̂˳ȭɯʥˁɯˆˆˆ˅ȭɯˆ˸̓ȭɯ̎˰̖˸̎ȭɯƕƝƚƙȮɯ̖ȭɯƖƙȮɯ̿ƚȮɯ̔ȭɯƕƖƔƙ-1260. 

8. ʭ˴̑̓̑˳ɯʥȭʶȭɯˁ˸̑˲̞̑˷̧̄̎˸ɯ̗̔̍̑˳̬̄ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˷̬̍ɯ̖̔̄̔˸̎ɯ̔ɯ̓˰̔̒̓˸˷˸̍˸̧̏̏̎̄ɯ̒˰̓˰̎˸̖̓˰̎̄. ˀ˰̖˸̎ȭɯ̔˲ȭɯ

ƕƝƚƚȮɯ˳̧̒ȭɯƚƝȮɯ̿ƗȮɯ̔ȭɯƗƛƕ-421.  
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 9.  ʨ˰̨̔̄̍˸˳ɯ ˃ȭʨȭɯʺ˰̡˸̖̔˳˸̧̏̏˸ɯ ̄ɯ ̖̗̖̈̑̏̔̓̈̄˳̧̏˸ɯ ̎˸̖̑˷̧ɯ ̖̑̒̄̎̄̂˰̠̄̄ɯ ̖̔̄̔˸̎ɯ ̔ɯ ̓˰̔̒̓˸˷˸̍˸̧̏̏̎̄ɯ

̒˰̓˰̎˸̖̓˰̎̄. ʥ˳̖̑̓˸̝ȭɯ˷̄̔̔ȭɯ̏˰ɯ̔̑̄̔̈ȭɯ̡̗ȭɯ̖̔˸̒˸̏̄ɯ˷-̓˰ɯ̝̄̂ȭ-̎˰̄ȭɯ̏˰̗̈ȭɯƕƝƜƘȮɯƘƖɯ̔ȭɯ 

10.  ʨ˰̨̔̄̍˸˳ɯ˃ȭʨȭ, ˆ̡̓̑̈̑ɯʨȭʥȭ, ˈ˸̓̍˸̠̈̄̅ɯʨȭʥȭ ˀ˸̖̑˷̧ɯ̖̑̒̄̎̄̂˰̠̄̄ɯ̄ɯ̞̄ɯ̒̓̄̍̑˼˸̬̏̄. ˓˰̨̖̔ɯƖȭɯ˃̖̒̄̎˰̨̍̏̑˸ɯ

̗̒̓˰˳̍˸̏̄˸ȭ ˁ ȭ ˁ ˰̗̈˰ȭ 1990. ƕƙƕɯ̔ȭ 

11.  ʩ˰˲˰̔̑˳ɯ˅ȭȮɯʺ̄̓̄̍̍̑˳˰ɯˏȭˀȭɯ˃̔̑˲̧˸ɯ̖̑̒̄̎˰̨̧̍̏˸ɯ̗̒̓˰˳̍˸̬̏̄. ˀ ȭ ʿ ̄˲̓̑̈̑̎ȭ 2011. 2ƙƚɯ̔ȭ 

12.  ʥ̍˸̈̔˸˸˳ɯʨȭˀȭ, ̍ ̞̄̑̎̄̓̑˳ɯʨȭˀȭ, ˏ ̑̎̄̏ɯˆȭʨȭ ˃ ̖̒̄̎˰̨̍̏̑˸ɯ̗̒̓˰˳̍˸̏̄˸ȭ ˀ ȭ ˁ˰̗̈˰. 1979. ƘƖƝɯ̔ȭ 

13.  ˄̖̬̑̏̓˴̄̏ɯʿȭˆȭ, ʧ̖̬̑̍̏̔̈̄̅ɯʨȭʩȭ, ʩ˰̎̈̓˸̍̄˷̂˸ɯ˅ȭʨȭ, ˀ̥̄˸̏̈̑ɯʭȭˏȭɯˀ˰̖˸̎˰̡̖̄˸̔̈˰̬ɯ̖˸̬̑̓̄ɯ̖̑̒̄̎˰̨̧̞̍̏ɯ

̠̒̓̑˸̔̔̑˳ȭ ˀ ȭˁ˰̗̈˰. 1983. 

14.  ʥ̞̄˸˳ɯˆȭˆȭ, ʥ̞̎˸˷̑˳ɯʺȭ.̍ ˃˲ɯ̖̄̏˸˴̓˰̨̍̏̑̎ɯ̒̓˸˷̖̔˰˳̍˸̏̄̄ɯ̓˸̤˸̏̄̅ɯ̏˸̧̖̞̈̑̑̓ɯ̖̔̄̔˸̎ɯ˷̝̝̄˸̓˸̠̏̄˰̨̧̞̍̏ɯ

̗̓˰˳̏˸̏̄̅. ʁ ̂˳ɯʥˁɯʥ̂˸̓˲ȭ ˆˆ˅ȭɯˆ˸̓ȭ ̝ ̄-̂ȭ̖˸̞̏ȭɯ̄ɯ̎˰̖˸̎ȭ ̏ ˰̗̈ȭɯƕƝƛƗȭ ̿ Ɩ. ̔ ȭƕƕƚ-120. 

15.  ʩ˰˲˰̔̑˳ɯ˅ȭ, ʺ̄̓̄̍̍̑˳˰ɯˏȭˀȭɯʺɯ̖˸̑̓̄̄ɯ̏˸̑˲̞̑˷̧̞̄̎ɯ̗̔̍̑˳̄̅ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˳̧̔̑̈̑˴̑ɯ̬̒̑̓˷̈˰. ʬ̝̝̄˸̓˸̠̏ȭɯ

̗̓˰˳̏˸̬̏̄ȭ 1970. ̿ Ƙȭɯ̔ȭƚƚƙ-676. 
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ʥˁˁ˃ˈʥ˒ʶ˞ 

˅˰̔̔̎˰̖̓̄˳˰˸̖̬̔ɯ ̑˷̏˰ɯ ˴̓˰̡̏̄̏˰̬ɯ ̂˰˷˰̡˰ɯ ̗̒̓˰˳̍˸̬̏̄ɯ ̖̔̄̔˸̎˰̎̄ɯ ʩ̗̓̔˰-ʬ˰̓˲̗ɯ ̒̓̄ɯ ̔ɯ ̝̗̠̏̈̄̑̏˰̍̑̎ɯ

̈˰̡˸̖̔˳˰ɯ̖̄̒˰ɯ̎˰̗̈̔̄̎̎ȭɯ˄̡̗̑̍˸̏̑ɯ̏˸̑˲̞̑˷̄̎̑˸ɯ̗̔̍̑˳̄˸ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˳ɯ̝̑̓̎˸ɯ̎˰̈̔̄̎̄̏˰ȭ 

ʺ̡̫̍˸˳̧˸ɯ ̔̍̑˳˰ȯ ̖̔̄̔˸̎˰ɯ ʩ̗̓̔˰-ʬ˰̓˲̗Ȯɯ ̏˸̑˲̞̑˷̄̎̑˸ɯ ̗̔̍̑˳̄˸ɯ ̖̑̒̄̎˰̨̖̍̏̑̔̄Ȯɯ ˴̓˰̡̏̄̏˰̬ɯ ̂˰˷˰̡˰ɯ

̗̒̓˰˳̍˸̬̏̄Ȯɯ̠̒̓̄̏̄̒ɯ̎˰̈̔̄̎̄̏˰ȭ  

THE NECESSARY CONDITION OF OPTIMALITY IN THE MINIMAX PROBLEM FOR                                              

ONE BOUNDARY P ROBLEM OF GURSAT - DARBOUX SYSTEM CONTROL  

SUMMARY  

One boundary-value problem of controlling Goursat -Darboux systems with a maximum quality functional 

is considered. The necessary optimality condition in the form of maximin is obtained.  

Keywords:  Goursat-Darboux system, necessary optimality condition, boundary control problem, maximin 

principle.  

QURSA -# 1!4ɯ2d23$,+˜1dɯd+˜ɯ2˜1'˜#ɯd# 1˜$3,˜ɯ,˜2˜+˜2dɯ²I²-ɯ,d-d, *2ɯ

,˜2˜+˜2d-#˜ɯ./3d, ++(0ɯ²I²-ɯ9˜141dɯ©˜13 

7²+ 2˜ 

,ÈÒÚÐÔÜÔɯÛÐ×ÓÐɯÒÌàÍÐàà̪ÛɯÍÜÕÒÚÐÖÕÈÓÓċɯ0ÜÙÚÈ-Darbu siÚÛÌÔÓ̪ÙÐɯÐÓ̪ɯÚ̪ÙÏ̪ËɯÐËÈÙ̪ÌÛÔ̪ɯÔ̪Ú̪Ó̪ÚÐÕ̪ɯÉÈßċÓċÙȭɯ.×ÛÐ-

ÔÈÓÓċØɯĹñĹÕɯÔÈÒÚÐÔÐÕɯÍÖÙÔÈÚċÕËÈɯá̪ÙÜÙÐɯı̪ÙÛɯÈÓċÕÔċıËċÙȭɯ 

 ñÈÙɯÚġáÓ̪Ùȯ Qursa-#ÈÙÉÜɯÚÐÚÛÌÔÐȮɯÖ×ÛÐÔÈÓÓċØɯĹñĹÕɯá̪ÙÜÙÐɯı̪ÙÛȮɯÚ̪ÙÏ̪ËɯÐËÈÙ̪ÌÛÔ̪ɯÔ̪Ú̪Ó̪ÚÐȮɯÔÈÒÚÐÔÐÕɯ×ÙÐÕÚÐ×Ð.  

 

1. ʨ˳˸˷˸̏̄˸ȭɯʶ̔̔̍˸˷̑˳˰̏̄˸ɯ̂˰˷˰̡ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ̖̔̄̔˸̎˰̎̄ɯʩ̗̓̔˰-ʬ˰̓˲̗ 

̏˰̡˰̬̍̔ɯ̔ɯ̓˰˲̖̑ɯȻƕȮɯƖȼɯ̄ɯ˷̓ȭɯʥȭʶȭɯʭ˴̑̓̑˳˰ȭɯʨɯ˷˰̨̍̏˸̤̅˸̎ɯ̬̒̑˳̨̄̍̄̔ɯ̓˰˲̧̖̑ɯˆȭˆȭɯʥ̞̄˸˳˰ɯ

̄ɯʺȭˈȭɯʥ̞̎˸˷̑˳˰ɯ[3]Ȯɯʺȭʺȭɯʩ˰̔˰̏̑˳˰ɯȻƘȼȮɯˀȭʨȭɯ2ÜÙàÈÕÈÙÈàÈÕÈɯȻƙȼȮɯʨȭʶȭɯ˄̖̍̑̏̄̈̑˳˰ɯ̄ɯʨȭʶȭɯ

ˆ̗̎̄̏˰ɯ[6]Ȯɯʨȭʶȭɯˆ̗̎̄̏˰ɯ[7]Ȯɯˈȭʺȭɯˀ˸̍̄̈̑˳˰ ȻƜȼȮɯʨȭʥȭɯ˞̗̈˲̑˳̡̄˰ɯ̄ɯʥȭˆȭɯˀ˰̖˳˸˸˳˰ɯ[9]Ȯɯ˃ȭʨȭɯ

ʨ˰̨̔̄̍˸˳˰ɯ[10]Ȯɯʨȭʥȭɯˆ̡̓̑̈̑ɯȻƕƕȼȮɯʺȭʧȭɯˀ˰̏̔̄̎̑˳˰ɯȻƕƖȼȮɯʶȭʨȭɯʿ̄̔˰̡˸̏̈̑ɯ̄ɯʨȭʶȭɯˆ̗̎̄̏˰ɯȻƕƗȼɯ

̄ɯ˷̓ȭ 

˃˲̂̑̓ɯ̖̔̑̑˳˸̖̖̔˳̗̫̥̞̄ɯ̓˸̨̗̖̂̍˰̖̑˳ɯ̄̎˸˸̖̬̔ɯ˳ɯ̓˰˲̖̑˰̞ɯȻƕƘ-ƕƜȼɯ̄ɯ˷̓ȭ 

˄̓˸˷̍˰˴˰˸̎˰̬ɯ̖̔˰̨̖̬ɯ̒̑̔˳̬̥˸̏˰ɯ˳̧˳̑˷̗ɯ̏˸̑˲̞̑˷̄̎̑˴̑ɯ̗̔̍̑˳̬̄ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˳ɯ

̑˷̏̑̅ɯ˴̓˰̡̏̄̏̑̅ɯ̂˰˷˰̡˸ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ̖̔̄̔˸̎˰̎̄ɯʩ̗̓̔˰-ʬ˰̓˲̗Ȯɯ̔ɯ̝̗̠̏̈̄-

̑̏˰̍̑̎ɯ̈˰̡˸̖̔˳˰ɯ̖̄̒˰ɯ̎˰̗̈̔̄̎̎ȭɯ˄̑˷̑˲̧̏˸ɯ̂˰˷˰̡̄ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ̏˰̧̂˳˰-

̫̖̬̔ɯ̖˰̈˼˸ɯ̂˰˷˰̡˰̎̄ɯ̏˰ɯ̎̄̏̄̎˰̈̔ɯ̄ɯ̬˳̬̫̖̬̍̔ɯ̂˰˷˰̡˰̎̄ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ̔ɯ

̏˸˴̍˰˷̈̄̎ɯ̝̗̠̏̈̄̑̏˰̍̑̎ɯ̈˰̡˸̖̔˳˰ȭ 

Ɩȭɯ˄̖̑̔˰̏̑˳̈˰ɯ̂˰˷˰̡̄ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ̏˰ɯ̎̄̏̄̎˰̈̔ȭ ˄̓ ˸˷̒̑̍̑˼̄̎Ȯɯ

̡̖̑ɯ̖̓˸˲̗˸̖̬̔ɯ̏˰̖̅̄ɯ̗̎̄̏̄̎̎ɯ̖˸̓̎̄̏˰̨̍̏̑˴̑ɯ̝̗̠̏̈̄̑̏˰̍˰ 
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() ( )( ) ()( )ajj
a

,max,,max 12111 tayxtzuS
AYy ÍÍ

+=  (1) 

̒̓̄ɯ̑˴̓˰̡̏̄˸̬̞̏̄ 

() ,rRUtu ËÍ  [ ]Tttt =Í 10, , (2) 

 ( ) ( ),,,,, xtxt zzxtfzxtBz +=  ( ) [ ][ ]1010 x,xt,tXTDx,t ³=³=Í , (3) 

 
( ) ()

( ) () .Xx,xbx,tz

,Tt,tax,tz

Í=

Í=

0

0
 (4) 

ʴ˷˸̨̔ɯY  ̄ɯɸ ɬ ̈̑̏˸̡̧̏˸ɯ̎̏̑˼˸̖̔˳˰ɯm ̄ɯq  ̎˸̧̞̓̏ɯ˳˸̖̈̑̓̑˳ɯy   ̄a ̖̔̑̑˳˸̖̖̔˳˸̏̏̑Ȯɯ

-1010 ,,, xxtt  ̝̄̈̔̄̓̑˳˰̧̏Ȯɯ ̝̗̠̏̈̄̄ɯ( ) ( )-ajj ,,, 21 ayz  ̂˰˷˰̧̏̏˸ɯ ̔̈˰̧̬̍̓̏˸ɯ ̝̗̠̏̈̄̄ɯ

̏˸̒̓˸̧̓˳̧̏˸ɯ ˳̎˸̖̔˸ɯ ̔ɯ ̡˰̧̖̔̏̎̄ɯ ̒̓̑̄̂˳̑˷̧̏̎̄ɯ ̒̑ɯz  ̄ɯa  ̒̓̄ɯ ˳̔˸̞ɯ AYy ÍÍ a,  

̖̔̑̑˳˸̖̖̔˳˸̏̏̑Ȯɯ( )xtB ,  ɬ ̂˰˷˰̏̏˰̬ɯ ̄̂̎˸̓̄̎˰̬ɯ ̄ɯ ̑˴̓˰̡̏̄˸̏̏˰̬ɯ ˳ɯD  ɬ ( )nn³ -̎˸̓̏˰̬ɯ

̎˰̡̖̓̄̏˰̬ɯ̝̗̠̬̏̈̄Ȯɯ( )xzzxtf ,,,  ɬ ̂˰˷˰̏̏˰̬ɯn -̎˸̓̏˰̬ɯ˳˸̖̈̑̓-̝̗̠̬̏̈̄ɯ̏˸̒̓˸̧̓˳̏˰̬ ˳ɯ
nn RRD ³³  ˳̎˸̖̔˸ɯ̔ɯ̡˰̧̖̔̏̎̄ɯ̒̓̑̄̂˳̑˷̧̏̎̄ɯ̒̑ɯtz,z , ()xb  ɬ ̂˰˷˰̏̏˰̬ɯ˰˲̫̖̔̑̍̏̑ɯ̏˸̒-

̓˸̧̓˳̏˰̬ɯ˳ɯX  n-̎˸̓̏˰̬ɯ˳˸̖̈̑̓-̝̗̠̬̏̈̄Ȯɯ˰ɯ()ta  ɬ ˰˲̫̖̔̑̍̏̑ɯ̏˸̒̓˸̧̓˳̏˰̬ɯ˳˸̖̈̑̓-̝̗̏̈-

̠̬̄Ȯɯ̑̒̓˸˷˸̬̍˸̎˰̬ɯ̈˰̈ɯ˰˲̫̖̔̑̍̏̑ɯ̏˸̒̓˸̧̓˳̏̑˸ɯ̓˸̤˸̏̄˸ɯ̂˰˷˰̡̄ɯʺ̤̑̄ 

( )
() ,ata

,Tt,u,a,tFa

00 =

Í=#
 (5) 

̒̓̄ɯ̥̒̑̎̑̄ɯ˳̧˲̑̓˰ɯr -̎˸̓̏̑̅ɯ̗̒̓˰˳̬̫̥̍˸̅ɯ̝̗̠̏̈̄̄ɯ()tuu= . 

ʴ˷˸̨̔ɯ( )u,a,tF  ɬ ̂˰˷˰̏̏˰̬ɯn -̎˸̓̏˰̬ɯ˳˸̖̈̑̓-̝̗̠̬̏̈̄Ȯɯ̏˸̒̓˸̧̓˳̏˰̬ɯ˳ɯʢn RRT ³³  

˳̎˸̖̔˸ɯ̔ɯ( )u,a,tFa . 

˄̓˸˷̒̑̍˰˴˰˸̖̬̔Ȯɯ̡̖̑ɯ̗̒̓˰˳̬̫̥̍˰̬ɯ̝̗̠̬̏̈̄ɯ()tu  ̄̂̎˸̓̄̎˰Ȯɯ̑˴̓˰̡̏̄˸̏˰ɯ̄ɯ̗˷̑˳̍˸̖-

˳̬̑̓˸̖ɯ̑˴̓˰̡̏̄˸̫̏̄ 

() ,RUtu nËÍ  TtÍ , (6) 

˴˷˸ɯU  ɬ ̂˰˷˰̏̏̑˸ɯ̏˸̗̖̒̔̑˸ɯ̄ɯ̑˴̓˰̡̏̄˸̏̏̑˸ɯ̎̏̑˼˸̖̔˳̑ȭ 

ʺ˰˼˷̗̫ɯ̗̒̓˰˳̬̫̥̗̫̍ɯ̝̗̠̫̏̈̄ɯ̔ɯ˳̧̤˸̒̓̄˳˸˷˸̧̏̏̎̄ɯ̔˳̖̑̅̔˳˰̎̄ɯ̏˰̂̑˳˸̎ɯ˷̑-

̧̗̖̒̔̄̎̎ɯ̗̒̓˰˳̍˸̏̄˸̎ȭ 

˄̓˸˷̒̑̍˰˴˰˸̖̬̔Ȯɯ̡̖̑ɯ̈˰˼˷̗̑̎ɯ˷̗̖̗̑̒̔̄̎̑̎ɯ̗̒̓˰˳̍˸̫̏̄ɯ()tu  ̖̔̑̑˳˸̖̖̔˳̗˸̖ɯ˸˷̖̄̏̔-

˳˸̏̏̑˸ɯ˰˲̫̖̔̑̍̏̑ɯ̏˸̒̓˸̧̓˳̏̑˸ɯ̓˸̤˸̏̄˸ɯ()( )( )x,tz,ta  ̈̓˰˸˳̑̅ɯ̂˰˷˰̡̄ɯȹƗȺ-(5). 

ʬ̗̖̑̒̔̄̎̑˸ɯ̗̒̓˰˳̍˸̏̄˸ɯ˷̖̑̔˰˳̬̫̥̍˰̬ɯ̗̎̄̏̄̎̎ɯ̝̗̠̏̈̄̑̏˰̗̍ɯȹƕȺɯ̒̓̄ɯ̑˴̓˰̡̏̄˸-

̬̞̏̄ɯȹƖȺ-ȹƚȺɯ̏˰̂̑˳˸̎ɯ̖̑̒̄̎˰̨̧̍̏̎ɯ̗̒̓˰˳̍˸̏̄˸̎ȭɯʶ̂ɯ̔˷˸̍˰̧̞̏̏ɯ̒̓˸˷̒̑̍̑˼˸̏̄̅ɯ̬̔̏̑ɯ

̡̖̑ɯ̝̗̠̏̈̄̑̏˰̍ɯȹƕȺɯ̬˳̬̍˸̖̬̔ɯ̏˸˴̍˰˷̈̄̎ȭ 

Ɨȭɯˁ˸̑˲̞̑˷̄̎̑˸ɯ̗̔̍̑˳̄˸ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˳ɯ˳̄˷˸ɯ̠̒̓̄̏̄̒˰ɯ̎˰̈̔̄̎̄̏˰ȭɯ˄̨̗̖̔ɯ

()()( )( )x,tz,ta,tu  ˸̨̖̔ɯ̝̄̈̔̄̓̑˳˰̧̏̏̅ɯ˷̧̗̖̑̒̔̄̎̅ɯ̠̒̓̑˸̔̔ȭɯ 

˓˸̓˸̂ɯ() () () () () ()( ) ( ) ( )( )x,tzx,tzx,tz,tatata,tututu D+=D+=D+=  ̑˲̑̂̏˰̡̄̎ɯ̒̓̑̄̂˳̨̧̑̍̏̅ɯ

˷̧̗̖̑̒̔̄̎̅ɯ̠̒̓̑˸̔̔ȭ 



Необходимое условие оптимальности в задаче на минимакс для одной граничной задачи                                                       

управления системами Гурса Дарбу 

51 

ˈ̑˴˷˰ ɯ̒̓̄̓˰̥˸̏̄˸ɯ() ( )( )x,tz,ta DD  ̖̬̬̔̑̔̑̏̄ɯ()( )( )x,tz,ta  ˲̗˷˸̖ɯ̗˷̑˳̍˸̖˳̨̬̖̑̓ɯ̈̓˰˸-

˳̑̅ɯ̂˰˷˰̡˸ 

( ) ( ) ( ),,,,,,,, xxtxt zzxtfzzxtfzxtBz -+D=D  ( )Dx,t Í , (7) 

 
( ) ()

( ) ,Xx,x,tz

,Tt,tax,tz

Í=D

ÍD=D

00

0  (8) 

( ) ( ),u,a,tFu,a,tFa -=D#  ,TtÍ  (9) 

() 00 =D ta . (10) 

() ()( ) ()( ) ( ) ( )( ) ( )( )[ ]

() ( )( ) ()( )[ ] .0,,,max

,,,,,,max

12112

11111111

²-D++

+-D+=-D+

Í

Í

ajaej

jej

a

e

tatata

yxtzyxtzxtztuStutuS

A

Yy  

ʨɯ̗̔̄̍ɯ˴̍˰˷̖̈̑̔̄ɯ˳˸̖̈̑̓-̝̗̠̏̈̄̄ɯ( )xz,z,x,tf  ( )( )u,a,tF  ̒̑ɯ( )xz,z , ()a  ̨̗̬̄̔̒̑̍̂ɯ

̝̗̗̑̓̎̍ɯˈ˸̅̍̑̓˰ɯ̡̗̒̑̍˰˸̎Ȯɯ̡̖̑() ( )( )x,tz,ta DD  ̬˳̬̍˸̖̬̔ɯ̓˸̤˸̏̄˸̎ɯ̍̄̏˸˰̓̄̂̑˳˰̏̏̑̅ɯ

̈̓˰˸˳̑̅ɯ̂˰˷˰̡̄ 

() ()()( ) () () ()()( ) ( ),u;ttu,ta,tFtatu,ta,tFta tua D+D+D=D 1h#  (11) 

() 00 =D ta , (12) 

( ) ( ) ( ) ( )

( ),zz

x,tzz,z,x,tfzz,z,x,tfzx,tBz

x

xxzxztxt x

D+D+

+D+D+D=D

2o
 (13) 

 
( ) ()

( ) .Xx,x,tz

,Tt,tax,tz

Í=D

ÍD=D

00

0
 (14) 

ʴ˷˸̨̔Ȯɯ̄ɯ˳ɯ˷˰̨̍̏˸̤̅˸̎ɯ̒̑ɯ̑̒̓˸˷˸̍˸̫̏̄ 

 () ()()( ) ()()( ) ()()( ),tu,ta,tFtu,ta,tFtu,ta,tFtu -¹D  

 ( ) () ()()( ) () ()( )tatatu,ta,tFu;t atu D+DD=D 11 oh . 

ʶ̖̏˸̓̒̓˸̖̗̬̄̓ɯ̗̓˰˳̏˸̬̏̄ɯȹƕƕȺȮɯȹƕƗȺɯ̈˰̈ɯ̍̄̏˸̧̅̏˸ɯ̏˸̑˷̏̑̓̑˷̧̏˸ɯ̖̔̄̔˸̧̎ɯ˷̝̝̄˸-

̓˸̠̏̄˰̨̧̞̍̏ɯ̗̓˰˳̏˸̏̄̅Ȯɯ̏˰ɯ̑̔̏̑˳˸ɯ̝̗̑̓̎̍ɯ̑ɯ̒̓˸˷̖̔˰˳̍˸̏̄̄ɯ̓˸̤˸̏̄̅ɯ̍̄̏˸̧̞̅̏ɯ̑˲̧̈-

̏̑˳˸̧̞̏̏ɯ˷̝̝̄˸̓˸̠̏̄˰̨̧̞̍̏ɯ̗̓˰˳̏˸̏̄̅ɯ̄ɯ̍̄̏˸̧̞̅̏ɯ˴̄̒˸̓˲̡̑̍̄˸̞̔̈̄ɯ˷̝̝̄˸̓˸̠̏̄-

˰̨̧̞̍̏ɯ̗̓˰˳̏˸̏̄̅ɯȹ̔̎ȭɯ̏˰̒̓ȭȮɯȻƕƝȮɯƖƔȼȺɯ̄̎˸˸̎ 

 () ( ) () ()()( ) ( ),u;tdu,a,F,tRta

t

t

u D+D=D ñ 21

0

httttt t
 (15) 

( ) ( ) () ( ) ( )( ) ()[ ]

( ).u;x,t

dax,z,x,z,x,fas,;x,Rx,tz

t

t

xzx

D+

+D-D=D ñ

3

00002

0

h

tttttttt #
 (16) 

ʴ˷˸̨̔ɯ̒̑ɯ̑̒̓˸˷˸̍˸̫̏̄ 

()( ) ( ) ()( )ñ D=D

t

t

du;,tRtu;t

0

112 ttthth , 
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( ) ( ) ( ) ( )( ) .ddss,zs,zs,;x,tRu;x,t

t

t

x

x

s tttoth ññ D+D=D

0 0

22  

ˆɯ̡̗˸̖̑̎ɯȹƕƚȺɯ̄̂ɯ̒̓˸˷̖̔˰˳̍˸̬̏̄ɯȹƕƚȺɯ̡̗̒̑̍̄̎ 

 

( ) ( ) ()()( ) () () ()()( )[

( ) ( ) ( )( ) ()] ( )

( ) ()()( ) ( ) ( )( )[ ] ()

( ) () ()()( ) ( )( )

( ).u;x,t

du;x,;x,tRdu,a,Fx,;x,tR

dax,z,x,z,x,tfu,a,Fx,;x,tR

u;x,tax,z,x,z,x,tfu;

u,a,Fau,a,Fx,;x,tRx,tz

t

t

t

t

u

t

t

sza

sz

t

t

ua

x

x

D+

+D+D+

+D-=

=D+D-D+

+D+D=D

ññ

ñ

ñ

3

10202

0000

30001

02

00

0

0

h

tthtttttt

tttttttt

htttth

tttttttt

t

t

 (17) 

ʶ̂ɯ̒̓˸˷̖̔˰˳̍˸̬̏̄ɯȹƕƙȺɯ̬̔̏̑Ȯɯ̡̖̑ 

 () ( ) () ()()( ) ( ).u;dssu,sa,sFs,Ra
t

su D+D=D ñ thtt
t

21

0

 (18) 

ˆ̍˸˷̑˳˰̖˸̨̍̏̑Ȯɯ̡̗̒̑̍˰˸̎Ȯɯ̡̖̑ 

( )

( ) ()()( ) ( ) ( )( )[ ]ññ
é
é

ê

è
³-=

=D

t

t t

sza x,z,x,z,x,tfu,a,Fx,;x,tR

x,tz

x

0 0

00002

t

tttttt
 

( ) () ()()( )]

( ) ()()( ) ( ) ( )( )[ ] ()( ) +D-+

+D³

ñ
t

t

sza

su

du;x,z,x,z,x,tfu,a,Fx,;x,tR

ddssu,sa,sFs,R

x

0

200002

1

ttthtttttt

tt

 

( ) () ()()( ) ( ).u;x,tdu,a,Fx,;x,tR

t

t

u D+D+ñ 302

0

httttt t  (19) 

˄̑̍̑˼̄̎ 

 
( ) ( )

( ) ()()( ) ( ) ( )( )[ ] ()( ) ,du;x,z,x,z,x,tfu,a,Fx,;x,tR

u;x,tu;x,t

t

t

sza xñ D-+

+D=D

0

200002

34

ttthtttttt

hh

 

( )

( ) ()()( ) ( ) ( )( )[ ]( )

( ).x,;x,tR

dss,Rx,sz,x,sz,x,sfsu,sa,sFx,s;x,tR

,x,tQ

t

sza x

t

t

t

t

2

100002

+

+-=

=

ñ  

ˈ̑˴˷˰ɯ̨̗̬̄̔̒̑̍̂ɯ̖˸̑̓˸̗̎ɯʬ̞̄̓̄̍˸ɯȻƖƕȼɯ̒̓˸˷̖̔˰˳̍˸̏̄˸ɯȹƕƝȺɯ̂˰̧̒̄̔˳˰˸̖̬̔ɯ˳ɯ˳̄˷˸ 

( ) ( ) () ()()( ) ( )uxtduaFxtQxtz

t

t

u D+D=D ñ ;,,,,,, 4

0

httttt t
. (20) 

ʶ̂ɯ̒̓˸˷̖̔˰˳̍˸̏̄̅ɯȹƕƙȺȮɯȹƖƔȺɯ̔̍˸˷̗˸̖Ȯɯ̡̖̑ 
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() ( ) () ()()( ) ( )u;tdttu,ta,tFt,tRta

t

t

tu D+D=D ñ 12111

1

0

h , (21) 

( ) ( ) () ()()( ) ( )u;x,tdttu,ta,tFt;x,tQx,tz

t

t

tu D+D=D ñ 114111

1

0

h . (22) 

ʨ˳˸˷˸̎ɯ̑˲̑̂̏˰̡˸̬̏̄ 

( )( ) ( )( ){ },,,max,,: 1111110 yxtzyxtzYyY
Yy
jj

Í
=Í=  

()( ) ()( ){ }.,max,: 12120 ajaja
a

tataAA
AÍ

=Í=  

˄̨̗̖̔ɯ[ )10,ttÍq  ̒̓̑̄̂˳̨̑̍̏˰̬ɯ̡̖̑̈˰ɯʿ˸˲˸˴˰ɯȹ̒̓˰˳̨̄̍̏˰̬ɯ̡̖̑̈˰Ⱥɯȹ̔̎ȭɯ̏˰̒̓ȭɯȻƚȮƛȮƕƛȼȺɯ

̗̒̓˰˳̍˸̬̏̄ɯ()tu , UvÍ  ̒̓̑̄̂˳̨̧̑̍̏̅ɯ˳˸̖̈̑̓Ȯɯ˰ɯ0>e  ɬ ˷̖̑̔˰̡̖̑̏̑ɯ̎˰̍̑˸Ȯɯ̒̓̑̄̂˳̨̑̍̏̑˸ 

̡̄̔̍̑ɯ̖˰̈̑˸Ȯɯ̡̖̑ɯ
1t<+eq ȭɯˆ̒˸̠̄˰̨̍̏̑˸ɯ̒̓̄̓˰̥˸̏̄˸ɯ˷̗̖̑̒̔̄̎̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ()tu  
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ʶ̂ɯ̠̑˸̏̑̈ɯ̒̓̄˳˸˷˸̧̏̏˸Ȯɯ̏˰̒̓̄̎˸̓Ȯɯ˳ɯȻƕƙȮɯƕƚȮɯƕƛȼɯ̔̍˸˷̗˸̖Ȯɯ̡̖̑ 

 ( ) ee L;ta ¢D , TtÍ , 

 ( ) ee L;x,tz ¢D , ( )Dx,t Í ,(24) 

 ( ) ee L;x,tzx ¢D , ( )Dx,t Í .(25) 
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( ) ( ) ()eoqee +=D ,v;ta ?1
, (26) 

( ) ( ) ()eoqee +=D ,vL;x,tz 11
, (27) 
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( ) ( )( ) ( ) ( )( ),,,,,max,,,,max 1111111111
0

yxtzxtzyxtzxtz
YyYy

ejej D+=D+
ÍÍ

 

() ( )( ) () ( )( )aejaej
aa

,,max,,max 1212
0

tatatata
AA

D+=D+
ÍÍ

. 

˃̖̫̔˷˰ɯ̨̗̬̄̔̒̑̍̂ɯ̝̗̗̑̓̎̍ɯˈ˸̅̍̑̓˰ɯ̡̗̒̑̍̄̎Ȯɯ̡̖̑ɯ 

 
() ( ) ()

( )( )
( ) ()( )( )

()( )
( ) ()( )( ) ()eoqqqq

aj
e

qqqq
j

e

a

ee

+D
µ

µ
+

+D
µ

µ
=

=-D+=D

Í

Í

uaFtR
a

ta

uaFxtQ
z

yxtz

uSuuSuS

v
A

v
Yy

,,,
,

max

,,,,
,,'

max

11
12

111
111

0

0

 (28) 



Сулейманова В.А. 

54 

˄̓˸˷̒̑̍̑˼̄̎Ȯɯ̡̖̑ɯ̗̒̓˰˳̍˸̏̄˸ɯ()tu  ̬˳̬̍˸̖̬̔ɯ̖̑̒̄̎˰̨̧̍̏̎ȭɯˈ̑˴˷˰ɯ̗̔̍̑˳̄˸ɯ̖̑̒̄-
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ʭ̔̍̄ɯ˳˳˸̖̔̄ɯ̑˲̑̂̏˰̡˸̬̏̄ɯ 
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̖̑ɯ̄̂ɯ̏˸̓˰˳˸̖̏̔˳˰ɯȹƖƝȺɯ̡̗̒̑̍̄̎Ȯɯ̡̖̑ 

( ) ()( )( ) .0,,,,min

0

0

¢D

Í
Í

qqqay
a

uaFyt v

A
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(30) 

ˈ˰̈̄̎ɯ̑˲̓˰̂̑̎Ȯɯ˷̑̈˰̂˰̏˰ɯ 

ˈ˸̑̓˸̎˰ȭ ʬ̬̍ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˷̗̖̑̒̔̄̎̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ()tu  ˳ɯ̂˰˷˰̡˸ɯ̏˰ɯ̎̄̏̄̎˰̈̔ɯ

̏˸̑˲̞̑˷̄̎̑Ȯɯ̡̖̑˲̧ɯ̏˸̓˰˳˸̖̏̔˳̑ɯȹƗƔȺɯ˳̧̨̬̒̑̍̏̍̑̔ɯ˷̬̍ɯ˳̔˸̞ɯUvÍ  ̄ɯ [ )10,ttÍq . 

ʴ˰̎˸̡˰̏̄˸ȭ ʺ˰̈ɯ̄̂˳˸̖̔̏̑ɯȹ̔̎ȭɯ̏˰̒̓ȭȮɯȻƖƗȼȺɯ̨̄̔̒̑̍̂̑˳˰̏̄˸ɯ̔˸̓̄̄ɯ̄˴̨̡̑̍˰̧̖̞ɯ˳˰̓̄˰̠̄̅ 

̏˸ɯ̗̔̄̍̄˳˰˸̖ɯ̠̒̓̄̏̄̒ɯ̎˰̗̈̔̄̎̎˰ɯʿȭˆȭ˄̖̬̑̏̓˴̄̏˰ȭɯʥɯ˳ɯ̂˰˷˰̡˸ɯ̏˰ɯ̎̄̏̄̎˰̈̔ɯ̨̄̔̒̑̍̂̑-
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ʶ̗̖̓̈̔̈ȭɯʶ̂˷-˳̑ɯʶʩˋȭɯƕƝƜƝȮɯƕƚƔɯ̔ȭ 

17. ˀ˰̏̔̄̎̑˳ɯʺȭʧȭȮɯˀ˰̓˷˰̏̑˳ɯˀȭʬ˼ȭɯʺ˰̡˸̖̔˳˸̏̏˰̬ɯ̖˸̬̑̓̄ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ̖̔̄̔˸̎˰̎̄ɯʩ̗̓̔˰-ʬ˰̓˲̗. 

ʧ˰̗̈Ȯɯ˛ʿˀȭɯƖƔƕƔȮɯƗƚƗɯ̔ȭ 
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̔ɯ̓˰̔̒̓˸˷˸̍˸̧̏̏̎̄ɯ̒˰̓˰̎˸̖̓˰̎̄Ȯɯ˄̓˸̖̒̓̄̏ɯʶˀɯʥˁɯʧˆˆ˅ȭɯ̿ɯƗƕȹƕƙƚȺȭɯˀ̄̏̔̈ȭɯƕƝƜƖȮɯƗƖɯ̔ȭ 
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˅˰̔̔̎˰̖̓̄˳˰˸̖̬̔ɯ̑˷̏˰ɯ̂˰˷˰̡˰ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ̔ɯ̒˸̓˸̎˸̏̏̑̅ɯ̖̗̖̗̔̓̈̓̑̅ɯ̧̑̒̄̔˳˰˸̎˰̬ɯ̖̔̄̔˸̎̑̅ɯ

˴̄̒˸̓˲̡̑̍̄˸̞̔̈̄ɯ̗̓˰˳̏˸̏̄̅ɯ̔ɯ̈̓˰˸˳̧̎̄ɯ̗̔̍̑˳̬̄̎̄ɯʩ̗̓̔˰ɯ̄ɯ̎̏̑˴̡̖̑̑˸̡̧̏̎ɯ̖̈̓̄˸̓̄˸̎ɯ̈˰̡˸̖̔˳˰ȭɯʬ̑̈˰̂˰̧̏ɯ

̏˸̑˲̞̑˷̧̄̎˸ɯ̄ɯ˷̖̑̔˰̡̧̖̑̏˸ɯ̗̔̍̑˳̬̄ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ȭ 

ʺ̡̫̍˸˳̧˸ɯ̔̍̑˳˰ȯ ̠̒̓̄̏̄̒ɯ̎˰̗̈̔̄̎̎˰ɯʿȭˆȭɯ˄̖̬̑̏̓˴̄̏˰Ȯɯ̏˸̑˲̞̑˷̄̎̑˸ɯ̄ɯ˷̖̑̔˰̡̖̑̏̑˸ɯ̗̔̍̑˳̄˸ɯ̖̑̒̄̎˰̨̍-

̖̏̑̔̄Ȯɯ˳̧̧̗̒̈̍̅ɯ̝̗̠̏̈̄̑̏˰̍Ȯɯ̝̗̑̓̎̍˰ɯ̒̓̄̓˰̥˸̬̏̄Ȯɯ̎̏̑˴̡̖̑̑˸̡̧̏̅ɯ̝̗̠̏̈̄̑̏˰̍Ȯɯ̡̖̑̈˰ɯʿ˸˲˸˴˰ȭ 

NECESSARY AND SUFFISIENT OPTIMALITY CONDITIONS FOR THE ONE CONTR OL PROBLEM FROM 

GOURSAT -DARBOUX SYSTEMS  

ABSTRACT  

 In the paper, consider one optimal control problem the chance structures described system hyperbolic equations 

Goursat boundary conditions and multipoint functional. Necessary and sufficient optimality cond itions are provider.  

Keywords:  of the L.S. Pontryagins maximum principle, necessary and sufficient optimality condition, convex 

functional, increment formula, multipoint functional, Lebesgue point.  
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* %dɯ©˜13+˜1 

7²+ 2˜ 

IÖßÕġØÛ̪ÓÐɯÒÌàÍÐàà̪ÛɯÔÌàÈÙÓċȮɯ0ÜÙÚÈɯÚ̪ÙÏ̪Ëɯı̪ÙÛÐɯÝ̪ɯÏÐ×ÌÙÉÖÓÐÒɯÛ̪ÕÓÐÒÓ̪ÙɯÚÐÚÛÌÔÐɯÐÓ̪ɯÛ̪ÚÝÐÙɯÖÓÜÕÈÕȮɯÉÐÙɯË̪àÐı̪Õɯ

ÚÛÙÜÒÛÜÙÓÜɯÖ×ÛÐÔÈÓɯÐËÈÙ̪ÌÛÔ̪ɯÔ̪Ú̪Ó̪ÚÐÕ̪ɯÉÈßċÓċÙȭɯ.×ÛÐÔÈÓÓċĀċÕɯá̪ÙÜÙÐɯÝ̪ɯÒÈÍÐɯı̪ÙÛÓ̪ÙÐɯÐÚÉÈÛɯÖÓÜÕÜÙȭ 

AçaÙɯÚġáÓ̪Ùȯ +ȭ2ȭɯ/ÖÕÛÙàÈÎÐÕÐÕɯÔÈÒÚÐÔÜÔɯ×ÙÐÕÚÐ×ÐȮɯÖ×ÛÐÔÈÓÓċØɯĹñĹÕɯá̪ÙÜÙÐɯÝ̪ɯÒÈÍÐɯı̪ÙÛÓ̪ÙȮɯØÈÉÈÙċØɯÍÜÕÒÚÐÖÕÈÓȮɯ

ÈÙÛċÔɯËĹÚÛÜÙÜȮɯñÖßÕġØÛ̪ÓÐɯÍÜÕÒÚÐÖÕÈÓȮɯ+ÌÉÌØɯÕġØÛ̪ÚÐȭɯ 

 

 1.ʨ˳˸˷˸̏̄˸ȭ ʨɯ̓˰˲̖̑˰̞ɯȻƕ-ƚȼɯ̄ɯ˷̓ȭɯ̡̗̄̂˸̧̏ɯ̓˰̡̧̂̍̄̏˸ɯ˰̔̒˸̧̖̈ɯ̂˰˷˰̡ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ

̗̒̓˰˳̍˸̬̏̄ɯ̧̑̒̄̔˳˰˸̧̎˸ɯ˴̄̒˸̓˲̡̑̍̄˸̔̈̄̎̄ɯ̗̓˰˳̏˸̬̏̄̎̄ɯ̔ɯ̈̓˰˸˳̧̎̄ɯ̗̔̍̑˳̬̄̎̄ɯʩ̗̓̔˰ȭ 

ˁ̑ɯ̎̏̑˴̄˸ɯ̠̒̓̑˸̧̔̔ɯ̬̖̏̑̔ɯ̎̏̑˴̩̖̑˰̧̒̏̅ɯ̞˰̓˰̖̈˸̓Ȯɯ̖ȭ˸ȭɯ̬˳̬̫̖̬̍̔ɯ̠̒̓̑˸̔̔˰̎̄ɯ̔ɯ̒˸̓˸-

̎˸̏̏̑̅ɯ̖̗̖̗̔̓̈̓̑̅ɯȹ̔̎ȭɯ̏˰̒̓ȭɯȻƛ-ƕƔȼȺȭɯ˄̩̖̗̑̑̎ɯ˳̑̂̏̄̈˰˸̖ɯ̏˸̑˲̞̑˷̨̖̄̎̑̔ɯ̄̔̔̍˸˷̑˳˰̬̏̄ɯ

̏˰ɯ̖̑̒̄̎˰̨̨̖̍̏̑̔ɯ̒̑˷̑˲̧̞̏ɯ̂˰˷˰̡ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ȭɯʨɯ̒̓˸˷̍˰˴˰˸̎̑̅ɯ̓˰˲̖̑˸ɯ

̓˰̔̔̎˰̖̓̄˳˰˸̖̬̔ɯ̑˷̏˰ɯ̂˰˷˰̡˰ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ̔ɯ̒˸̓˸̎˸̏̏̑̅ɯ̖̗̖̗̔̓̈̓̑̅ɯ̑̒̄-

̧̔˳˰˸̎˰̬ɯ̖̔̄̔˸̎̑̅ɯʩ̗̓̔˰-ʬ˰̓˲̗ɯ̔ɯ̎̏̑˴̡̖̑̑˸̡̧̏̎ɯ̝̗̠̏̈̄̑̏˰̍̑̎ɯ̈˰̡˸̖̔˳˰ȭɯʨɯ̍̄̏˸̅-

̏̑̎ɯ̡̗̔̍˰˸ɯ˷̑̈˰̂˰̏̑ɯ̏˸̑˲̞̑˷̄̎̑˸ɯ̄ɯ˷̖̑̔˰̡̖̑̏̑˸ɯ̗̔̍̑˳̄˸ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˳ɯ̖̄̒˰ɯ̒̓̄̏-

̠̄̒˰ɯ̎˰̗̈̔̄̎̎˰ɯ˄̖̬̑̏̓˴̄̏˰ȭɯʨɯ̡̗̔̍˰˸ɯ̏˸̍̄̏˸̅̏̑˴̑Ȯɯ̏̑ɯ˳̧̗̒̈̍̑˴̑ɯ̝̗̠̏̈̄̑̏˰̍˰ɯ̈˰̡˸̖̔˳˰ 

̗̖̔˰̏̑˳̍˸̏̑ɯ˷̖̑̔˰̡̖̑̏̑˸ɯ̗̔̍̑˳̄˸ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ȭ 

 Ɩȭ˄̖̑̔˰̏̑˳̈˰ɯ̂˰˷˰̡̄ȭ ˅˰̖̔̔̎̑̓̄̎ɯ̗̒̓˰˳̬̍˸̧̎̅ɯ̠̒̓̑˸̔̔ɯ̧̑̒̄̔˳˰˸̧̎̅ɯ̖̔̄̔˸̎̑̅ɯ

̍̄̏˸̧̞̅̏ɯ̏˸̑˷̏̑̓̑˷̧̞̏ɯ˴̄̒˸̓˲̡̑̍̄˸̞̔̈̄ɯ̗̓˰˳̏˸̏̄̅ 

( ) ( ) ( ) ( ),,,,,, 1111 vxtfzxtCzxtBzxtAz xttx +++=  ( ) [ ][ ]10101 ,,, xxttDxt ³=Í , (1) 
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( ) ( ) ( ) ( ),,,,,, 2222 uxtfyxtCyxtByxtAy xttx +++=  ( ) [ ][ ]10212 ,,, xxttDxt ³=Í , (2) 

̔ɯ̈̓˰˸˳̧̎̄ɯ̗̔̍̑˳̬̄̎̄ɯ 
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 (4) 

ʴ˷˸̨̔ɯ( )xtAi , , ( )xtBi , , ( )xtCi , , 2,1=i  ɬ ̂˰˷˰̧̏̏˸ɯ( )nn³  ̎˸̧̓̏˸ɯ̄̂̎˸̧̓̄̎˸ɯ̄ɯ̑˴̓˰-

̡̏̄˸̧̏̏˸ɯn-̎˸̧̓̏˸ɯ˳˸̖̈̑̓-̝̗̠̏̈̄̄Ȯɯ( )uxtf ,,1
, ( )vxtf ,,2

 ɬ ̂˰ ˷˰̧̏̏˸ɯ̏˸̒̓˸̧̓˳̧̏˸ɯ̒̑ɯ

̔̑˳̗̖̑̈̒̏̑̔̄ɯ̒˸̓˸̎˸̧̞̏̏ɯn-̎˸̧̓̏˸ɯ˳˸̖̈̑̓-̝̗̠̏̈̄̄Ȯɯ()xa , ()tb1
, ()tb2

 ɬ ̂˰˷˰̧̏̏˸ɯ˰˲-

̫̖̔̑̍̏̑-̏˸̒̓˸̧̓˳̧̏˸ɯn -̎˸̧̓̏˸ɯ˳˸̖̈̑̓-̝̗̠̏̈̄̄ȮɯD  ɬ ̂˰˷˰̧̏̏̅ɯ( )nn³  ̧̖̬̒̑̔̑̏̏̅ɯ

̎˰̖̠̓̄Ȯɯ( )xtu , , ( )xtv ,  ɬ ̄̂̎˸̧̓̄̎˸ɯ̄ɯ̑˴̓˰̡̏̄˸̧̏̏˸ɯr  ̄ɯq -̎˸̧̓̏˸ɯ̖̔̑̑˳˸̖̖̔˳˸̏̏̑ɯ˳˸̈-

̖̑̓-̝̗̠̏̈̄̄ɯ̗̒̓˰˳̬̫̥̞̍̄ɯ˳̑̂˷˸̖̅̔˳̄̅ɯ̗˷̑˳̍˸̖˳̬̫̥̑̓̄˸ɯ˴˸̑̎˸̡̖̓̄˸̔̈̄̎ɯ̑˴̓˰̡̏̄˸-

̬̏̄̎ 

( ) ( )

( ) ( ) ,,,,

,,,,

2

1

DxtRVxtv

DxtRUxtu

q

r

ÍËÍ

ÍËÍ
 (5) 

˴˷˸ɯU  ̄ɯV  ɬ ̂˰˷˰̧̏̏˸ɯ̏˸̧̗̖̒̔˸ɯ̄ɯ̑˴̓˰̡̏̄˸̧̏̏˸ɯ̎̏̑˼˸̖̔˳˰ȭ 

˄˰̗̓ɯ( )( )( )xtvxtu ,,,  ̔ɯ˳̧̤˸̒̓̄˳˸˷˸̧̏̏̎̄ɯ̔˳̖̑̅̔˳˰̎̄ɯ̏˰̂̑˳˸̎ɯ˷̧̗̖̑̒̔̄̎̎ɯ̗̒̓˰˳-

̍˸̏̄˸̎ȭ 

˄̓˸˷̒̑̍˰˴˰˸̖̬̔Ȯɯ̡̖̑ɯ̈˰˼˷̗̑̎ɯ˷̗̖̗̑̒̔̄̎̑̎ɯ̗̒̓˰˳̍˸̫̏̄ɯ( )( )( )xtvxtu ,,,  ̖̔̑̑˳˸̖̖̔˳̗-

˸̖ɯ ˸˷̖̄̏̔˳˸̏̏̑˸ɯ ˰˲̫̖̔̑̍̏̑-̏˸̒̓˸̧̓˳̏̑˸ɯ ȹ˳ɯ ̧̔̎̔̍˸ɯ ̏˰̒̓̄̎˸̓ɯ ȻƖȮɯ ƗȮɯ ƚȼȺɯ ̓˸̤˸̏̄˸ɯ

( )( )( )xtyxtz ,,,  ̈̓˰˸˳̑̅ɯ̂˰˷˰̡̄ɯȹƕȺȮɯȹƖȺȮɯȹƗȺȮɯȹƘȺȭ 
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ʶ̖̏˸˴̓˰̨̧̍̏˸ɯ̗̓˰˳̏˸̬̏̄ɯȹƖƗȺȮɯȹƖƘȺɯ̬˳̬̫̖̬̍̔ɯ̍̄̏˸̧̅̏̎̄ɯ̗̓˰˳̏˸̬̏̄̎̄ɯ̄ɯ˲̗˷̗̖ɯ̄̎˸̨̖ 

̒̓̄ɯ̔˷˸̍˰̧̞̏̏ɯ̒̓˸˷̒̑̍̑˼˸̬̞̏̄ɯ˸˷̖̄̏̔˳˸̏̏̑˸ɯ̓˸̤˸̏̄˸ɯ˳ɯ̈̍˰̔̔˸ɯ̄̂̎˸̧̞̓̄̎ɯ̄ɯ̑˴̓˰̏̄-

̡˸̧̞̏̏ɯ̝̗̠̏̈̄̄ȭ 

ʭ̔̍̄ɯ( )xto

i ,y , 2,1=i  ̬˳̬̫̖̬̍̔ɯ̓˸̤˸̬̏̄̎̄ɯ̬̔̑̒̓˼˸̧̞̏̏ɯ̗̓˰˳̏˸̏̄̅Ȯɯ̖̑ɯ̝̗̑̓̎̍˰ɯ

̒̓̄̓˰̥˸̬̏̄ɯȹƖƖɯȺɯ̒̓̄̏̄̎˰˸̖ɯ̔̍˸˷̗̫̥̄̅ɯ̡̑̈̑̏˰̖˸̨̧̍̏̅ɯ˳̄˷ȯ 
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( ) ( ) ( )( ) ( ) ( )( )( )

( ) ( )( ) ( ) ( )( )( ) .,,,,,,,,,,

,,,,,,,,,,,

2

1

1

0

1

0

1

0

2222

1111

ññ

ññ
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---=D

t

t

x

x

ooo

t

t

x

x

ooooo

dtdxxtxtvxtHxtxtvxtH

dtdxxtxtuxtHxtxtuxtHvuS

yy

yy
 (25) 

˄̖̑̔̓̑˸̏̏˰̬ɯ̝̗̑̓̎̍˰ɯ̒̓̄̓˰̥˸̬̏̄ɯ̒̑̂˳̬̑̍˸̖ɯ˷̑̈˰̂˰̨̖ɯȹ̨̗̬̄̔̒̑̍̂ɯ̄˴̨̡̑̍˰̖̑˴̑ɯ

̖̄̒˰ɯ˳˰̓̄˰̠̫̄ɯ̗̒̓˰˳̍˸̬̏̄Ⱥɯ̏˸̑˲̞̑˷̄̎̑˸ɯ̄ɯ˷̖̑̔˰̡̖̑̏̑˸ɯ̗̔̍̑˳̄˸ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˳ɯ

̝̑̓̎˸ɯ̠̒̓̄̏̄̒˰ɯ̎˰̗̈̔̄̎̎˰ɯʿȭˆȭɯ˄̖̬̑̏̓˴̄̏˰ȭ 

ˈ˸̑̓˸̎˰ɯƕȭ ʬ̬̍ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˷̗̖̑̒̔̄̎̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ( ) ( )( )xtvxtu oo ,,,  ̏˸̑˲̞̑-

˷̄̎̑ɯ̄ɯ˷̖̑̔˰̡̖̑̏̑Ȯɯ̡̖̑˲̧ɯ̖̤̔̑̑̏̑˸̬̏̄ɯ 

( )( ) ( ) ( )( )xqyxqxqxqyxq ,,,,,,,,,max 1111

ooo

Uu
uHuH =

Í

, 

( )( ) ( ) ( )( )xqyxqxqxqyxq ,,,,,,,,,max 2222

ooo

Vv
vHvH =

Í

, 

˳̧ ̨̬̒̑̍̏̍̄̔ɯ˷̬̍ɯ˳̔˸̞ɯ( )[ ][ ]1010 ,,, xxtt ³Íxq  ̄ɯ( )[ ][ ]1021 ,,, xxtt ³Íxq  ̖̔̑̑˳˸̖̖̔˳˸̏̏̑ȭ 

ʴ˷˸̨̔ɯ( )[ ][ ]1010 ,,, xxtt ³Íxq  ( )[ ][ ]( )1021 ,,, xxtt ³Íxq  ̒̓̑̄̂˳̨̑̍̏˰̬ɯ ̡̖̑̈˰ɯ ʿ˸˲˸˴˰ɯ

ȹ̒̓˰˳̨̄̍̏˰̬ɯ̡̖̑̈˰ɯȻƕ-ƗȼȺɯ̗̒̓˰˳̍˸̬̏̄ɯ( )xtuo ,  ( )( )xtvo , . 

 Ƙȭɯˆ̡̗̍˰̅ɯ̏˸̍̄̏˸̅̏̑˴̑ɯ̝̗̠̏̈̄̑̏˰̍˰ɯ̈˰̡˸̖̔˳˰ȭ ˅˰̖̔̔̎̑̓̄̎ɯ̡̗̔̍˰̅ɯ̏˸̍̄̏˸̅̏̑-

˴̑ɯ̎̏̑˴̡̖̑̑˸̡̏̑˴̑ɯ̝̗̠̏̈̄̑̏˰̍˰ȭ 

˄̨̗̖̔ɯ̖̓˸˲̗˸̖̬̔ɯ̎̄̏̄̎̄̂̄̓̑˳˰̨̖ɯ̂̏˰̡˸̏̄˸ɯ̝̗̠̏̈̄̑̏˰̍˰ 

( ) () ()( ) ( ) ( )( )kkk yyTzTzvuS xqxqjj ,...,,,...,,, 11211 += , ( 26) 

̒̓̄ɯ̑˴̓˰̡̏̄˸̬̞̏̄ɯȹƕȺɯ-ȹƙȺɯ̒̓̄ɯ̒̓˸˷̒̑̍̑˼˸̏̄̄Ȯɯ̡̖̑ɯ̝̗̠̏̈̄̄ɯ( )kzz ...,,11j , ( )kyy ...,,12j  

̂˰˷˰̧̏̏˸ɯ̏˸̒̓˸̧̓˳̏̑ɯ˷̝̝̄˸̓˸̠̗̏̄̓˸̧̎˸ɯ˳̧̧̗̒̈̍˸ɯ̔̈˰̧̬̍̓̏˸ɯ̝̗̠̏̈̄̄ȭ 

˄̨̗̖̔ɯ( ) ( ) ( ) ( )( )xtyxtzxtvxtu oooo ,,,,,,,  ̝̄̈̔̄̓̑˳˰̧̏̏̅ɯ ˷̧̗̖̑̒̔̄̎̅ɯ ̠̒̓̑˸̔̔Ȯɯ ˰ɯ

( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )( +=D+=D+=D+= xtyxtyxtzxtzxtzxtvxtvxtvxtuxtuxtu oooo ,,,,,,,,,,,,,,

 ( ))xty ,D+  ̒̓̑̄̂˳̨̧̑̍̏̅ɯ˷̧̗̖̑̒̔̄̎̅ɯ̠̒̓̑˸̔̔ȭ 

˄̑ɯ˰̏˰̍̑˴̄̄ɯ˳˳˸˷˸̎ɯ˰̏˰̍̑˴̄̄ɯ̝̗̠̏̈̄̅ɯʩ˰̨̖̎̄̍̑̏˰-˄̖̬̑̏̓˴̄̏˰ 

 ( ) ( )uxtfppuxtM oo ,,,,, 1111 Ö=
¡

, 

 ( ) ( )uxtfppvxtM oo ,,,,, 2222 Ö=
¡

, 

˴˷˸Ȯɯ( )xtpo ,2  n-̎˸̧̓̏˸ɯ˳˸̖̈̑̓-̝̗̠̏̈̄̄ɯ̬˳̬̫̥̞̬̍̄̔ɯ̓˸̤˸̬̏̄̎̄ɯ̖̄̏˸˴̓˰̨̧̞̍̏ɯ̗̓˰˳̏˸-

̏̄̅ɯȹ̬̔̑̒̓˼˸̏̏˰̬ɯ̖̔̄̔˸̎˰Ⱥȭ 

ˈ̑˴˷˰ɯ̨̗̬̄̔̒̑̍̂ ̝̗̗̑̓̎̍ɯˈ˸̅̍̑̓˰ɯ̒̑ɯ˰̏˰̍̑˴̄̄ɯ̔ɯ˷̑̈˰̂˰̖˸̨̖̍̔˳̑̎ɯ̧̝̗̑̓̎̍ɯȹƖƙȺɯ

˷̑̈˰̧̂˳˰˸̖̬̔Ȯɯ̡̖̑ 

( ) ( ) ( )( ) ( ) ( )( )( )

( ) ( )( ) ( ) ( )( )( ) ( )( )
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 (27)  

˄̨̗̖̔ɯ˷̗̖̑̒̔̄̎̑˸ɯ̗̒̓˰˳̍˸̏̄˸ɯ( ) ( )( )xtvxtu oo ,,,  ̗˷̑˳̍˸̖˳̬̑̓˸̖ɯ̗̔̍̑˳̫̄ɯ̎˰̗̈̔̄̎̎˰Ȯɯ̖ȭ˸ȭ 
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( )( ) ( ) ( )( )xqxqxqxqxq ,,,,,,,,,max 1111

ooo

Uu
puMpuM =

Í

, ( 28) 

˷̬̍ɯ˳̔˸̞ɯ( )[ ][ ]1010 ,,, xxtt ³Íxq , 

( )( ) ( ) ( )( )xqxqxqxqxq ,,,,,,,,,max 2222

ooo

Vv
pvMpvM =

Í

, (29 ) 

˷̬̍ɯ˳̔˸̞ɯ( )[ ][ ]1021 ,,, xxtt ³Íxq . 

˄̨̗̑̔̈̑̍̈Ȯɯ̒̑ɯ̒̓˸˷̒̑̍̑˼˸̫̏̄ɯ̝̗̠̏̈̄̄ɯ( )kzz ...,,11j , ( )kyy ...,,12j  ˳̧̧̗̒̈̍˸ɯ̝̗̠̏̈̄̄Ȯɯ

̖̑ɯ̄̂ɯȹɯƖƛȺɯ̔ɯ̡̗˸̖̑̎ɯȹɯƖƜȺȮȹƖƝȺɯ˳ɯ̗̔̄̍ɯ̄̂˳˸̖̔̏̑˴̑ɯ̔˳̖̑̅̔˳˰ɯ˳̧̧̗̞̒̈̍ɯ̝̗̠̏̈̄̅ɯ̔̍˸˷̗˸̖Ȯɯ̡̖̑ 

( ) ( ) ( )( ) ( ) ( )( )( )
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˃̖̫̔˷˰Ȯɯ̒̓̄̏̄̎˰̬ɯ˳̑ɯ˳̏̄̎˰̬̏̄ɯȹƖƛȺȮɯȹƖƜȺɯ̡̗̒̑̍˰˸̎Ȯɯ̡̖̑ 

 ( ) ( ) 0,, ²-D+D+ oooo vuSuvuuS . 

ˆ̍˸˷̑˳˰̖˸̨̍̏̑Ȯɯ̄̎˸˸̖ɯ̎˸̖̔̑ 

ˈ˸̑̓˸̎˰ɯƖȭ ʭ̔̍̄ɯ̝̗̠̏̈̄̄ɯ( )kzz ...,,11j , ( )kyy ...,,12j  ̏˸̒̓˸̧̓˳̏̑ɯ˷̝̝̄˸̓˸̠̗̏̄̓˸̧̎ɯ̄ɯ

˳̧̧̗̒̈̍Ȯɯ̖̑ɯ˷̬̍ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˷̗̖̑̒̔̄̎̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ( ) ( )( )xtvxtu oo ,,,  ˳ɯ̂˰˷˰̡˸ɯȹƕȺ-

ȹƙȺȮɯȹƖƚȺɯ˷̖̑̔˰̡̖̑̏̑Ȯɯ̡̖̑˲̧ɯ˳̧̨̬̒̑̍̏̍̑̔ɯ̗̔̍̑˳̄˸ɯ̎˰̗̈̔̄̎̎˰ɯȹƖƜȺȮɯȹƖƝȺȭ 

ˈ˰̈̄̎ɯ̑˲̓˰̂̑̎Ȯɯ˳̧˷˸̍˸̏ɯ̈̍˰̔̔ɯ̂˰˷˰̡Ȯɯ˷̬̍ɯ̧̖̞̈̑̑̓ɯ̠̒̓̄̏̄̒ɯ̎˰̗̈̔̄̎̎˰ɯ˄̖̬̑̏̓˴̄-

̏˰ɯ̬˳̬̍˸̖̬̔ɯ˷̖̑̔˰̡̧̖̑̏̎ɯ̗̔̍̑˳̄˸̎ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ȭ 

ʿʶˈʭ˅ʥˈˋ˅ʥ 

1. ʭ˴̑̓̑˳ɯʥȭʶȭɯ˃˲ɯ̖̑̒̄̎˰̨̍̏̑̎ɯ̗̒̓˰˳̍˸̏̄̄ɯ̠̒̓̑˸̔̔˰̎̄ɯ˳ɯ̏˸̧̖̞̈̑̑̓ɯ̖̔̄̔˸̎˰̞ɯ̔ɯ̓˰̔̒̓˸˷˸̍˸̧̏̏̎̄ɯ̒˰̓˰̎˸̖̓˰̎̄ȭ 

ʥ˳̖̑̎˰̖̄̈˰ɯ̄ɯ̖˸̍˸̎˸̞˰̏̄̈˰ȭɯƕƝƚƘȮɯ̿ɯƙȮɯˆȭɯƚƕƗ-623. 

2. ʥ̞̎˸˷̑˳ɯʺȭˈȭȮɯʥ̞̄˸˳ɯˆȭˆȭɯˁ˸̑˲̞̑˷̧̄̎˸ɯ̗̔̍̑˳̬̄ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ˷̬̍ɯ̏˸̧̖̞̈̑̑̓ɯ̂˰˷˰̡ɯ̖˸̑̓̄̄ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ

̗̒̓˰˳̍˸̬̏̄ȭɯʬ̑̈̍ȭɯʥˁɯʥ̂˸̓˲ȭɯˆˆ˅ȭɯƕƝƛƖȮɯ̿ɯƙȮɯˆȭɯƕƖ-16. 

3. ˄̖̍̑̏̄̈̑˳ɯ ʨȭʶȭȮɯ ˆ̗̎̄̏ɯ ʨȭʶȭɯ˃̖̒̄̎̄̂˰̠̬̄ɯ ̑˲̦˸̖̈̑˳ɯ ̔ɯ ̓˰̔̒̓˸˷˸̍˸̧̏̏̎̄ɯ ̒˰̓˰̎˸̖̓˰̎̄Ȯɯ ̧̑̒̄̔˳˰˸̧̎˸ɯ

̖̔̄̔˸̎˰̎̄ɯʩ̗̓̔˰-ʬ˰̓˲̗ȭɯʱ̗̓̏ȭɯʨ̧̡̄̔̍ȭɯ̎˰̖ȭɯ̄ɯ̎˰̖ȭɯ̝̄̂̄̈̄ȭɯƕƝƛƖȮɯ̿ɯƕȮɯˆȭɯƚƕ-67. 

4. ˆ̡̓̑̈̑ɯʨȭʥȭɯˋ̔̍̑˳ ̄˸ɯ̖̑̒̄̎˰̨̖̍̏̑̔̄ɯ̖̄̒˰ɯ̠̒̓̄̏̄̒˰ɯ̎˰̗̈̔̄̎̎˰ɯ˳ɯ̖̔̄̔˸̎˰̞ɯʩ̗̓̔˰-ʬ˰̓˲̗ȭɯˆ̄˲ȭɯˀ˰̖˸̎ȭ˼̗̓̏˰̍ȭɯ

ƕƝƜƘȮɯ̿ɯƖȮɯˆȭɯƙƚ-65. 

5. ˀ˰̏̔̄̎̑˳ɯʺȭʧȭɯ˃˲ɯ̑˷̏̑̅ɯ̞̔˸̎˸ɯ̄̔̔̍˸˷̑˳˰̬̏̄ɯ̑̔̑˲̑˴̑ɯ̡̗̔̍˰̬ɯ˳ɯ̖̔̄̔˸̎˰̞ɯʩ̗̓̔˰-ʬ˰̓˲̗ȭ ʶ̂˳ȭɯʥˁɯʥ̂˸̓˲ȭɯˆˆ˅ȭɯˆ˸̓ȭɯ

̝̄̂ȭ-̖˸̞̏ȭɯ̄ɯ̎˰̖ȭɯ̏˰̗̈ȮɯƕƝƜƕȮɯ̿ɯƖȮɯˆȭɯƕƔƔ-104. 

6. ˁ̑˳̑˼˸̏̑˳ɯˀȭˀȭȮɯˆ̗̎̄̏ɯʨȭʶȭɯˀ˸̖̑˷̧ɯ̖̑̒̄̎˰̨̍̏̑˴̑ɯ̗̒̓˰˳̍˸̬̏̄ɯ̗̓˰˳̏˸̬̏̄̎̄ɯ̎˰̖˸̎˰̡̖̄˸̔̈̑̅ɯ ̝̄̂̄̈̄ȭ 

ʩ̨̑̓̈̄̅ȭɯʶ̂˷-˳̑ɯʩʩˋȮɯƕƝƜƚȮɯƜƛɯ̔ȭ 

7. ˁ̨̄̈̑̍̔̈̄̅ɯˀȭˆȭɯ˃˲ɯ̑˷̏̑̅ɯ˳˰̓̄˰̠̄̑̏̏̑̅ɯ̂˰˷˰̡˸ɯ̔ɯ̒˸̓˸̎˸̏̏̑̅ɯ̖̗̖̗̔̓̈̓̑̅ȭɯʨ˸̖̔̏̄̈ɯˀʩˋȭɯˆ˸̓ȭɯʨ̧̡ȭɯ̎˰̖ȭɯ̄ɯ

̈̄˲˸̓̏˸̖̄̈˰ȭƕƝƜƛȭɯ̿ƕȭɯˆȭƗƕ-41. 

8. ˅̑̂̑˳˰ɯʨȭˁȭɯ˃̖̒̄̎˰̨̍̏̑˸ɯ̗̒̓˰˳̍˸̏̄˸ɯ̖̗̔̒˸̡̏˰̧̖̎̄ɯ̖̔̄̔˸̎˰̎̄ɯ̔ɯ̏˸̖̄̏˸˴̓˰̨̧̍̏̎ɯ̝̗̠̏̈̄̑̏˰̍̑̎ȭɯʨ˸̖̔̏̄̈ɯ

˅ˋʬˁȭɯˆ˸̬̓̄ȭɯ˄̓̄̈̍˰˷̏˰̬ɯ̄ɯ̨̫̖̈̑̎̒˸̓̏˰̬ɯ̎˰̖˸̎˰̖̄̈˰ȭɯƖƔƔƖȭɯ̿ƕɯȹƕȺȭɯˆȭɯƗƕ-36. 

9. ˈ˰˷̗̎˰˷̂˸ɯˈȭʥȭɯʥ˳˰̤̍̄˳̄̍̄ɯˁȭˀȭ ˅˸˴̧̗̬̍̓̏˸ɯ˳̗̥̑̂̎˸̬̏̄ɯ˳ɯ̖̑̒̄̎˰̨̧̞̍̏ɯ̂˰˷˰̡˰̞ɯ̔ɯ̒˸̓˸̎˸̏̏̑̅ɯ̖̗̖̗̔̓̈̓̑̅ȭɯʨ 

̔˲ȭ ˃ ̖̒̄̎˰̨̧̍̏˸ɯ̂˰˷˰̡̄ɯ˳ɯ̖̔̄̔˸̎˰̞ɯ̔ɯ̒˸̓˸̎˸̏̏̑̅ɯ̖̗̖̗̔̓̈̓̑̅ȭɯˈ˲̄̍̄̔̄ȭɯʶ̂˷-˳̑ɯˈʩˋȭɯƕƝƜƙȭɯˆȭɯƕƔƔ-154. 
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ABSTRACT  

In some aspects a holomorphic anti-Hermitian manifolds are similar to Kähler manifolds, i.e. there exists a one -to-

one correspondence between algebraic anti-Kähler manifolds and anti -Hermitian manifolds with a ho lomorphic 

Riemannian metric. In this paper we consider manifolds with an algebraic structure which is an isomorphic 

representation of the dual algebra. The main aim of the present article is to study the holomorphic pure Riemannian 

metrics according to the dual algebraic structure in the tangent bundle. We proved that a real modelling of dual -

holomorphic Riemannian metric is a deformed complete lift of Riemannian metric from manifold to its tangent bundle. 

We also proved that the tangent bundle with a defor med complete lift of Riemannian metric and the natural dual 

structure is a dual-holomorphic Riemannian manifold.  

Keywords: Dual algebra; holomorphic function; pure metric; tangent bundle  
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1. Introduction  

Our goal i s to study Riemannian holomorphic manifolds over dual algebras. The main 

tool of this investigation is the operator introduced by Tachibana [6]. In the later years Yano 
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and Ako [8] considered similar operators in the invariant form. Also Shirokov [5], Kruc hkovich  

[1], Salimovand Aslanci [2] developed the theory of Tachibana operators associated with a 

commutative structure.  

1.1 We consider a 2-dimensional dual algebra 2( ), 0e e=  (e is nilpotent) with a standard  

basis { } { }1 2, 1,e e e=  and structural constants Cgab: , , , 1,2e e C eg

a b ab ga b g= = , where 

1 2 2 1 1 1 2 2

11 12 21 12 21 22 11 221, 0C C C C C C C C= = = = = = = = are components of the (1,2)-tensor 

: ( ) ( ) ( )C e e e³ ­ . 

Let Z x ea a=  be a variable in ( )e , where ( 1,2)xa a=  are real variables. Using a real-

valued ¤C -functions 1 2( ) ( , ), 1,2,f x f x xb b b= =  we introduce a dual function ( )F f x eb

b=  

of variable ( )Z eÍ . Let dZ dx ea a=  and dF df ea a=  be respectively the differentials of Z

and ( )F Z . We shall say that the function ( )F F Z=  is a dual-holomorphic function if there 

exists a new dual function '( )F Z  such that '( )dF F Z dZ= . The function '( )F Z  is called the 

derivative of ( )F Z . It is well known that the dual function ( )F F Z=  is holomorphic if and 

only if the following Scheffers condition hold [1,4]:  

2 2C D DC= , (1) 

where
f

D
x

a

b

å õµ
=æ ö
µç ÷

 is the Jacobian matrix of ( )f xa , 
2 2

0 0
( )

1 0
C Cgb

å õ
= =æ ö

ç ÷

, g and b denotes the 

row and column numbers of matrix 2C , respectively. The condition (1) reduces to the followin g 

equations: 
1 2 1

2 2 1
0, .

f f f

x x x

µ µ µ
= =

µ µ µ
 

From here follows that the dual -holomorphic function ( )F F Z=  has the following 

explicit form:  

1 2 1 1( ) ( ) ( '( ) ( ))F Z f x x f x g xe= + + ,  

where 1 1 1( ) ( )f x f x= , 1

1
' ( )

df
f x

dx
=  and 1( )g g x=  is any real ¤C -function.  

By similar devices, we see that the dual-holomorphic multi -variable function 
1( ,..., )nF F Z Z= , , 1,...,i i n iZ x x i ne += + = has the form: 

1 1 1( ,..., ) ( ,..., ) ( ( ,..., )) ,n n n s n

sF Z Z f x x x f g x xe += + µ +  (2) 

where 1( ,..., )ng g x x=  is any real multi -variable ¤C -function, s s

f
f

x

µ
µ =

µ
 . 

A dual-holomorphic manifold [7] ( ( ))nX e  of dimension n  is a Hausdorff space with a 

fixed complete atlas compatible with a group of ( )e -holomorphic transformations of space

( )n e, where ( ) ( ) ( )n e e e= ³ÖÖÖ³ is the space of n -tupes of dual numbers 1 2( , ,..., )nz z z  

with ( ), , , 1,...,i i i i iz x y x y i ne e= + Í Í = . We shall identity ( )n ewith 2n , when 

necessary, by mapping 1 2( , ,..., ) ( )n nz z z eÍ  into 1 1 2( ,..., , ,..., )n n nx x y y Í  and therefore the 

( )e -holomorphic manifold ( ( ))nX e  is a real manifold 2nM  of dimension 2n .  
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1.2 Let now nM  be a differentiable manifold and ( )nT M  its tangent bundle, and p the 

projection ( )n nT M M­ . The tangent bundle ( )nT M  consist of pair ( , )x v , where nx MÍ  and 

( )x nv T MÍ  ( ( )x nT M  is a tangent vector space at nx MÍ ). Let 1( , ( ,..., ))nU x x x=  be a coordi-

nate chart in nM . Then it induces local coordinates 1 1 2( ,..., , ,..., )n n nx x x x+  in 1( ) ,Up-  where 
1 2,...,n nx x+  represent the components of ( )x nv T MÍ  with respect to local frame {}.iµ  In the 

following we u se the notation i i n= + for all  1,...,i n= . 

If 
' '' ' 1( , ( ,..., ))nU x x x=  is another coordinate chart in nM , then the induced coordinates 

' ' ' '1 1( ,..., , ,..., )n nx x x x  in 1 '( ),Up-  wi ll be given by  

' '

'
'

( ),      1,..., ,

,    1,...,2 .

i i i

i
i i

i

x x x i n

x
x x i n n

x

ë = =
î
ì µ
= = +î
µí

 (3) 

The Jacobian of (3) is given by matrix 

'

'

' '2

0

, 1,...,2 .

i

i

i i
s

i s i

x

x x
S n

x x x
x

x x x

a

a
a

å õµ
æ öå õµ µæ ö= = =æ öæ öæ öµ µ µç ÷
æ ö
µ µ µç ÷

 

From here follows that there exist a tensor field of type (1,1)  

( )
0 0

 
0

i i

j j

i i

j j I

a

b

j j
j j

j j

å õå õ
= = =æ öæ öæ ö

ç ÷ç ÷

 ( ( )i

jI d= -identity matrix of degr ee n  ) (4) 

with properties 2 0j=  and ,S Sj j=  i.e. the transformation { } { }':S a aµ ­ µ  preserving j 

is an admissible dual transformation. Thus ( )nT M  carries a natural dual structure j, which 

is an integrable structure ( 0)i

k jjµ = . Therefore with each induced coordinates ( , )i ix x  in 

1( ) ( ),nU T Mp- Ë  we associate the local dual coordinates 2,   0.i i iX x xe e= + =Using (3) we 

see that the local dual coordinates i i iX x xe= + transformed by  

' ' '( ) ( ( )).i i i s i i

sX x x x x xe= + µ  (5) 

The equation (5) show that the quantities 'iX  are dual-holomorphic fun ctions of 
i i iX x xe= + (see (2) with 1( ,..., ) 0ng x x = ). Thus the tangent bundle ( )nT M  with a natural integ -

rablej-structure is a real modelling of dual -holomorphic manifold ( ( ))nX e (dim ( ( )) )nX ne =

. In such modelling there exists a one-to-one correspondence between dual tensor fields on 

( ( ))nX e and pure tensor fields with respect to j-structure on ( )nT M  (see [1]). A real C¤- 

tensor field w of type (0,2)on ( )nT M  is called pure with respect to j-structure if  

1 2 1 2( , ) ( , ) .X X X Xw j w j=  

It i s well known that the dual tensor field on ( ( ))nX e  corresponding to a pure C¤-

tensor field is not necessarily dual-holomorphic. This tensor field is dual -holomorphic on 

( ( ))nX e  if and only if F-operator associated with j and applied to a pure tensor field w 

of type (0,2) satisfies the following conditions [8]  
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1 2 1 2 1 2

1 2 1 2

( )( , , ) ( )( ( , )) ( ( , ))

( ( ), ) ( , ( )) 0 ,Y Y

Y X X Y X X Y X X

L X X X L X

jw j w w j

w j w j

F = -

+ + =
 

where YL  is the Lie derivation with respect to Y . 

2. Deformedcompletelifts of Riemannianmetrics  

A tensor field g  of type (0,2) on the tangent bundle ( )nT M  is called a pure tensor field 

with respect to the dual structure j if  

( , ) ( , )g X Y g X Yj j=  

for any vector fields X and Y  on ( )nT M . From here we see that, the condition of purity of 

g  may be expressed in terms of the local induced coordinates as follows: 

g gs s

sb a as bj j= . 

Using (4), from the last condition we have  

( ) , 0,
0

ij i j

i j i j i j

i j

g g
g g g g g

g
ab

å õ
= = = =æ ö

æ ö
ç ÷

.  

A pure tensor field g  of type (0,2) on tangent bundle ( )nT M is called a dual-holomor -

phic with respect to j, if 0gjF = , where jF  is the Tachibana operator defined by [6] 

( )( , , ) ( )( ( , )) ( ( , ) (( ) , ) ( , ( ) ).Y Zg X Y Z X g Y Z X g Y Z g L X Z g Y L Xj j j j jF = - + +  

Such tensor field is a real modelling of corresponding dual -holomorphic tensor field of 

type (0,2) from ( ( ))nX e . It is well known that, if g  is a Riemannian metric and gÐ its Levi -

Civita connection, then the condition 0gjF =  is equivalent to the condition 0gjÐ = [3], i.e. 

the triple ( ( ), , )nT M gj is a dual anti-Kähler (or Kähler -Norden) manifold.  

The tensor field gjF  of type (0,3) has components 

( ) ( )g g g g gs s s s s

j abg a s bg b a sg sg a b b a bs g aj j j j jF = µ - µ - µ -µ + µ 

with respect to the natural frame { } { , }i iaµ = µ µ. 

By virtue of (4) , after some calculations, the equation ( ) 0gj abgF =  reduces to 

0, 0jk ii jk i j k
g g gµ -µ = µ =, 

from which we have  

1 1( ,..., ), ( ,..., ).n i n

jk jk i jkj k jk
g g x x g x g h x x= = µ +  (6) 

Using (3), (6) and 
' ' ' '

x x
g g

x x

a b

a b aba b

µ µ
=
µ µ

, we easily see that 1( ,..., )n

jkg x x  and 1( ,..., )n

jkh x x  are 

components of any tensor fields g  and h  of type (0,2) on nM , respectively.Thus a real dual-

holomorphic tensor field g  of type (0,2) on tangent bundle can be rewritten in the form  

( )
0

,
0 0 0 0

i i

i jk j k i j k jkjk jk C V

j k j k

x g h g x g g h
g g g h

g g
bg

å õ å õµ + µ å õ
= = = + = +æ ö æ öæ öæ ö æ ö

ç ÷ç ÷ ç ÷
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where C g  and Vh  are the complete and vertical lifts of tensor fields ( )jkg g=  and ( )jkh h=  

of type (0,2) from nM  to tangent bundle ( )nT M , respectively [9]. Therefore we have 

Theorem 1.Let ( )nT M  be a tangent bundle of nM , which is a real modelling of dual-holo-

morphic manifold ( ( ))nX e . Then a real modelling of corresponding dual-holomorphic tensor field of 

type (0,2) from ( ( ))nX e is a deformed complete lift in the form Def C Vg g h= + , where C g  and Vh  

are the complete and vertical lifts of ( )jkg g=  and ( )jkh h=  from nM  to ( )nT M , respectively.  

From Theorem 1, we have 

Corollary. If h  is any symmetric (0,2)-tensor field on nM , then the tensor field Def C Vg g h= +  

is a Riemannian metric on ( )nT M . 

3. Dual Kahler -Nordenmanifolds  

A Riemannian metric g  is a dual Norden metric with respect to the dual structure J  

[3,4] if 

( , ) ( , )g JX Y g X JY=  

for any 1

0 2, ( )nX Y MÍÀ , i.e. g  is purewithrespectto J . This kind of metrics havebeenalso-

studied under the name: B-metrics (see for example [7]). If 2( , )nM J  is an almost dual mani-

fold with a Nordenmetric g , we say that 2( , , )nM J g  is an almostNordenmanifold. If 0g JÐ = , 

where gÐ is theLevi-Civitaconnection of g , thenwe say that 2( , , )nM J g  is a dual Kähler-

Norden.We assume that the manifold nM 2  is the tangent bundle 
nn VVT ­)(:p  of a Rieman-

nian manifold nV . If ),,,( 21 nuuu 3  are local coordinates on nV , then pAii ux =  together 

with the fibre coordinates ii yx = 1, ,2i n n= +  form local coordinates on )( nVT .  

It is well known that there exists a dual structure jon )( nVT which has components in 

the form (4). In Section 2 we see that the deformed lift C Vg h+  satisfies the following holo -

morphicity condition  

( ) 0 .C Vg hjF + =
 

The last condition is equivalent to the condition 
( ) 0

C Vg h j+ Ð =  (see [3]), where 
( )C Vg h+ Ð 

is the Levi-Civita connection ofthe metric C Vg h+ , i.e. the dual holomorphic Noden manifold  

( ( ), , )C V

nT V g hj +  is a dual Kähler-Norden manifold. Thus  we have 

Theorem 2.Let nV  be a Riemannian manifold with metric g , and let )( nVT  its tangent bundle. 

Then the triple ( ( ), , )C V

nT V g hj +  is a dual Kähler-Norden manifold, where C Vg h+ is the defor-

med complete lift of metric g and j is a dual structure which naturally exists in tangent bundle. 

Let now h g= . In this case we obtain well known metric C VI II g g+ = +  (see [9]). Thus 

we have 

Corollary 2. The triple ( ( ), , )nT V I IIj +  is a dual Kähler-Norden manifold. 
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