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PE3IOME

AKTyaAbHOCTh IPUMEHEHNs Pa3ANYHBIX (PYHKIIMOHAABHBIX DAEMEHTOB IThe309AeKTPOHUKM B CUAOBBIX U
MHQPOPMAIIMOHHBIX CHCTeMaX OOBACHIETCs, IIpeXXAe BCEro, X BLICOKON Haae>KHOCTBIO, a TakyKe MaAbIMM rabapu-
TaMI U BeCOM, 4TO B 3HAYMTEeALHOI Mepe oOJerdaer pelreHue IIpoOAeMbl MUHMATIOPU3ALNM TaKUX cucrteM. B
HacTosIIee BpeMs CyIlecTByeT IMOTpeOHOCTh B CO3JaHMM I1€AOCTHOM METOAVKM TOCTPOeHNs MaTeMaTUJecKMX
MoJe/eill ITbe309AeKTPUIecKNX TpaHcPOpMaTOpoB, KOTOpas MOrJa OBl MCII0AB30BAaThCA KaK TeopeTndecKas oc-
HOBa pacdeTa MX XapaKTepUCTUK U MMapaMeTpos. B paboTe mocrpoena mMaTemaTideckas MOAeAD IThe30DAeKTpIdec-
KOTO TpaHc(OpMaTopa CTeP>KHEBOTO THIIA, TIOKa3aHbl OCHOBHBIE OCOOEHHOCTM MaTeMaTUYeCcKOr0 MOJEeAMPOBaHIs
Mbe309AeKTPIIECKNX TpaHCPOPMaTOPOB, pacCMOTpeHa MpOocTelilas KOHCTPYKIM TpaHcpopmaTopa B Bue Ipu3-
MaTUYeCKOTO CTEP>KHA C MPAMOYTOABHBIM IIOTIEpEYHBIM CedeHNeM, M3TOTOBAEHHOTO 13 IIbe30KepaMUKH, OIIpeJe-
A€HBI BBIpa>keHMsI AAs pacdeTa Kosdduiinenta TpaHcpopManuy U aMIIAUTYAHOTO 3HaUYeHNs MTOTeHI[Mal0B Ha
9AEKTPOJaxX Mbe3091eKTPIIecKoTo TpaHcpopMaTOpa CTep>KHeBOTO THIIa.

Karouesble caoBa: mbe3094eKTpUIECKIII DA€MEHT, CTep>KeHb, MaTeMaTdecKas MOJeAb.
THE CONSTRUCTION OF MATHEMATICAL MODEL OF ROD TYPE PIEZOELECTRIC TRANSFORMER
ABSTRACT

The relevance of the use of various functional elements of piezoelectronics in power and informational
systems is explained, first of all, by their high reliability, as well as small dimensions and weight, which greatly
facilitates the solution of the problem of miniaturization of such systems. Currently, there are no reliable and valid
methods of constructing of mathematical models of piezoelectric transformers, which could be used as a theoretical
basis for characteristics and parameters calculating of this class of functional elements of modern piezoelectronics.
The main result of this article can be fixed as follows: mathematical model of rod type piezoelectric transformer is
obtained, the simplest construction of rod type piezoelectric transformer with a rectangular cross section is consi-
dered, expressions for calculating the transformation ratio and amplitude values of potentials on the electrodes of
rod type piezoelectric transformer are defined.

Keywords: piezoelectric element, rod, mathematical model.

1. BBeaenme

AKTyaALHOCTL INpMMEHEHNST pa3ANIHBIX Cl)YHKLU/IOHaALHI)IX 91€MEHTOB IIb€30DAEKTPO-
HIUKN B CMIAOBBIX U ]/IH(l)OpMaLU/IOHHbIX crcreMax O6’b}ICH}IeTC}I, IIpe>xXae BCEro, Ux BBICOKOI

—6

HaAe>XHOCTHIO [1] — MHTEHCUBHOCTH OTKA30B COCTABASIET 10 , T. €. COIIOCTaBMMa C IToKa3aTeA-
SIMM HaAe>KHOCTY MHTeTpaAbHBIX MUKPOCXeM, a TakKXKe MaAbIMU rabapuTaMiu U BeCOM, 4TO B
3HAUUTEABHOI Mepe 001erdaeT pelreHne po0.1eMbl MUHNATIOPU3AIIUY TaKUX CUCTEM.



Oaxez Ilempuwes, Koncmanmun basuro, Imurv Paype

ITocTpoennio u mccae40BaHMIO MaTeMaTUUYECKUX MOAeAell IIhbe3091eKTPUIecKX TpaHC-
¢opmaTopos nocssmeHo HeMaao nyoankanuii. Haunnas ¢ monorpadgun [2], ocHOBBI pacueTa
repeJaTOYHBIX XapaKTePUCTUK Mbe309AeKTPUYeCcKMX TpaHCPOPMaTOPOB paccMaTpUBaAICh,
HarpuMep, B padborax [3-6]. OgHako paccMOTpeHHbIe paOOThl He 00beAVHeHbl KaKIM-A100
CHMCTeMHBIM II0AXOA0M, UMEIOT XapaKTep pa3pO3HEeHHBIX DIIN3040B, Ha OCHOBAaHUM Yero MOX-
HO yTBep>KAaTh, 4YTO B HaCTOsillee BpeMs CyIlecTByeT IOTpeOHOCTh B CO3JAaHMM 11eA0CTHOI
MeTOAMKM TIOCTPOEHIsI MaTeMaTUIeCcKIX Mojeell IIbe309AeKTPIIecKIX TpaHCc(popMaTopos,
KOTOPpas MOraa ObI MCII0AB30BaThCs B Ka4eCTBe TeOPeTHYecKol OCHOBBI pacyeTa MX XapaKTe-
PUCTUK U IapaMeTpOB.

Taknm 0Opa3oM, aKTyaAbHOCTL pa3padOTKM (PU3MYECKN coAeprKaTeAbHBIX MaTeMaTirdec-
KIX MOJeAell IIbe3091eKTpUIecKIX TpaHCPOPMaTOPOB COXPaHIeTCs U B HacCTOsIIlee BpeMs.

ITeapio gaHHOI pabOTHI SABAsETCS OCTPOEHNe MaTeMaTUdeckKoll MOAeAN Ibe30DAeKTPH-
yecKoro TpaHcpopmaTopa CTep>KHEBOTO TUIIA.

2. Metoga nccaeaoBaHus U pe3yabTaThl

PaccMOTpyM KOHCTPYKIIMIO CTeP>KHEBOTO IThe3091eKTPIIeckoro Tpancgopmaropa (puc. 1).
Ha puc. 1,4 mokasaH BuA Ha cTep>KHeBOl TpaHcpopMaTop cOOKY, € OCTpUs KOOPAMHATHO
ocu Ox; IpaBOCTOPOHHEN AeKapTOBOM CUCTeMbl KOOpAMHAT ( X,,X,,X;). Ha puc. 1,0 mokaszan
BI/ Ha CTep>KeHb ¢ octpust ocu Ox, (Bug ceepxy). CxemMa NOAKAIOYEHNs DAeKTPOAOB (3allTpu-
XOBaHHBIE IIOBEPXHOCTM Ha puc. 1,4) Ha ydacTke crepxxns 0 < x, </, mokasana Ha puc. 2,4. Ha
puc. 2,0 u puc. 2,6 IokasaH (OpMEeHTHUPOBOYHO) XapaKTep M3MeHeHIsI IIOCTOAHHOTIO I IlepeMeH-

HOIO 5A€KTPMUYECKOTIO I10As IIO BBICOTE ITIOIIEPEYHOIO CEYEHIVISI CTEPIKHI. HpI/ISMaTI/I‘IeCKI/IIZ

CTep>KeHb M3TOTOBAEH M3 CEeTHETO®AeKTPUKa, T. €. 3 He MOASPU30BAHHON IThe30KePaMIKI
Tuna LITC.

UYeTnipe »1€KTpoOga, PacoA0>KeHHbIe ITapaMy Ha OOKOBBIX IIOBEPXHOCTAX X, = + 0. CerHe-
TODAEKTPUUIECKOTO CTepPKH: 00pasyioT DAEKTPOAHYIO TPYIIITY HepBUYHON HAeKTpUIecKom
LIeIM be302AeKTpudeckoro Tpancpopmaropa. Ha 91m saekrpoasl mogaercs (puc. 2,a) ocro-
SHHOE, ITOAAPU3YIOIIIee CeTHeTORAEKTPUK, DAeKTpIdecKoe Hanpsbkenne U, KoTopoe popmu-
pyer B obaactu 0 < x,< ¢, (obaacts Nol Ha puc. 1,0) mocTosiHHOE DAEKTpUYeckoe roae. Xapak-
Tep M3MEeHEeHNs] HaIIPs>KeHHOCTH II0ASPU3YIOIIero CerHeTODAeKTPUK DAeKTPUIECKOIO I10As
IoKazaH Ha puc. 2,0. Aas Toro, 4T00b HaJeXXHO 0DecIIeunTh PaBeHCTBO HYAI0 KOMIIOHEHTa
E] BeKTOpa HAIPsKEHHOCTH IOASPUBYIOIETO DAEKTPIYECKOTO 10 B IPOMEXYTKE — < x,<h
(puc. 2,a), HEOOXOAMIMO B HTOM IIPOMEXKYTKe pasMeCTUTh Ha IIOBePXHOCTSX X, = + 0. DAeKTpPO-
ABl, 3aKOpOYEHHBIe Ha OOIIYIO IINHY.

Puc. 1. CxemaTmyeckoe n3o0paskeHre KOHCTPYKITUU CTEP>KHEBOTO IThe309.1eKTPUIeCKOTo
TpancopmaTopa Ha M3TMOHBIX KOAeOaHMAX

5+ Us
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B pesyabTate ®aeKTpudecKkoil IOAAPU3aly CeTHeTODAeKTPUUeCKII CTep>KeHb Ha yJacTKe
Nel mpuobpeTaeT cBOJICTBa IIbe309A€KTPUKa CO CAeAyIOIIM HaDOpOM MaTepraAbHBIX KOHC-
TaHT:

— MaTpuila MOAyAeN yIIpyrocTu CS) (B,A — nHaekcer Dorirra)

cp & ¢z 0 0 0
¢, ¢ 0 0 0

C(i) _ c§3 0O 0 O ’ (1)
& cE 00
c5E5 0
Cos

rae 3HakK II4110C B BEpXHEM IIpaBOM IMHAEKCE COOTBETCTBYET obaactu X3 > 0, a 3HaK MIHYC

. E E_ E. E__E_ E. E_(.E E . E _ E
—o00aactnx,< 0; ¢j;# €5y = Cyy ; €5 = Cp3= Cyps; C44—(622 023)/2, Cos = Ceg

[ = .
— MaTpULIA ITbe30DAEKTPUIECKUX MOAY AN e,(cﬁ) (B — unaexc @orirra)

e, 0 0 0
‘: H0 0 0 0 0 e @
0 0 0 0 e O

(

+
Crp

35
TAE €117 €, = €13, €y =C35= (611 — 6 )/2 .

— MaTpuiia AUDAKTPUIECKMX ITPOHUITaeMOCTEN ¢
Y

tm 0 0
%l = Xn 0] (©)
L3

€ € €
TA€ Y117 A2 = A3 -

Ha yuactkax No2 u Ne4 (puc. 1,0), rae HOBepXHOCTM CETHETODAEKTPUYIECKOTO CTePKH: He
IIOKPBITEl DAEKTPOAAMU, Ibe30aKTUBHBI MaTepuad CTeP>KHs SBASETCSI M30TPOIIHBIM II0
YIPYIUM U 9A€KTPUYECKUM CBOVicTBaM. IIpy 9TOM MaTpuiisl MOoAy et yIIPyTOCTH M CEeTHETO-
DAEKTPUYECKMX KOHCTAHT SABASIOTCA MaTPpUIJaMM M3OTPOIIHBIX TEH30POB YeTBePTOIO paHra,
TEH30p AUDAEKTPUIECKOII ITPOHNIIA@MOCTH OITpeAeAseTcsl OAHON KOHCTaHTOM Y, KOMIIOHEH-
TBI TEH30pa Ibe309AeKTPMYECKIX KOHCTAHT, €CTeCTBEHHO, PaBHbI HyAI0. TaK KaK M30TPOITHBINA
TEH30p 4eTBePTOIO paHra B OOIIleM cAydyae IIOAHOCTBIO OIIpeAeAseTCs AByMsl KOHCTaHTaMU
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Puc. 2. Cxema NOAKAIOUEHNsI MUICTOUHMKOB IIOCTOSIHHOTO U IIepeMeHHOT0 IOTeHIINAaA0B K 91eKTpoJaM
TIepBUYHO DAEKTPUIECKON Ileru (a) 1 paciipejeAeHue 110 BEICOTe TIOTIepeYHOTO CeIeHIs
IIOCTOSIHHOTO (6) ¥ aMIIAUTYAHOTO 3Ha4eHILsI IIepeMEeHHOTO (B) 9AeKTpIUIeCcKIX oAelt

4 Ex

Ue
Use E

C b

o E;

(8] 6)

AES(X3)

C -b Eb’

U X3
Jei®™ & 5 s
' h Oh b

a) B)

A u B, a IpOM3BOABHBIN €TI0 KOMITOHEHT T,,, HAXOAMTCS TIO Ppopmyae Ty = A3y, + B(Sik6j1‘+ 61,/6],,{),

rae 617 P Sjk — cuMBOABI KpoHekepa, TO MaTpUIIbI MOAYAeM YIIPYTOCTI Cixy = Cpy, VI DAEKTPO-

CTPUKLIVIOHHBIX KOHCTAHT €, = €3, VMEIOT CAeAYIOLINIA BUA,
r+2G A A 0 0 0
r+2G A 0 0 0
A+2G 0 0 0
o = c o ol @
G 0
G
e e, e, 0 0 0
e e, 0 0 0
- Sl 0 0 0 ’ %)
ol = (e,-e,)/2 0 0
(el —e, ) / 2 0
(el —e, ) / 2

rae A-moayab oObeMHOI yrpyroct; G — MOAyAab CABUTa; €, U €, — DAeKTPOCTPUKIINOHHbIE
KOHCTaHTHI. UMca0BbIe 3HaYeHMs MaTepraAbHBIX KOHCTAHT A, G, e, M e, OIpejeAsIOTCs

DKCIIepUMEHTaAbHO.

Ha ygactke No3 saexkrpognast rpyrima BTOPMYHON DAEKTPUYIECKON LeIN IIbe309AeKTPU-
gyeckoro TpaHcpopmaropa J0AXHa obecriednsaTh 9PQPEKTUBHYIO perucTpaiiuio TOro TuIiia
YIPYIUX KoAeOaHNMil, KOTOPhI POpMUPYeTCs DAeKTPOAHON I'PYIIION IepBUYHON DAeKTPHU-
gyeckoil Ienu B obaactu Nel. DTo BO3MOKHO B TOM cAydae, KOTJa IIOASpU3aliusl CerHeTo-
9AEKTPUKa IIOCTOSHHBIM DAKTPUYECKUM I1oaeM B o0aacty N3 coBmagaeT (C TOYHOCTBIO 40
3HaKa) c ero noaspusaiueir 5 oosactu Nol. Ha puc. 3 rmokasaHoO I10AKAIOUeHMe ICTOYHIKOB
ITOCTOSIHHOTO 9A€KTPUYECKOIO MO M DAeKTPUYECKUX HAarpy30K Z, K 94eKTpOoJaM BTOPUY-

HOII DAeKTPpUIECKOI1 eIl IThe309.1eKTPpUIecKoro TpaHcpopmaropa.
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Heo0xoa1mM0 noguepKHyTh TO OOCTOATEABCTBO, YTO A100as ApyTras KOHPUIypaIus 11oa-
APUBYIOIIETO CeTHETODAEKTPYK IIOCTOSHHOTO DAEKTPUYECKOTO 110, T. €. A100ast ApyTrast KOHC-
TPYKLMS DAEKTPOAHON TPYIIIIEI, He obecriednT d(PpPeKTUBHOIN perucTpaunuy Bo30yKAaeMbIX
Ha yJacTke Nel ympyrux koaebaHmii 1, Kak cAeCTBUe, He 0DecrieduT HOpMaAbHON pabOTHI
I1be3094eKTPIYecKoro TpaHcdpopmaropa. I'opops MHbBIMI ca0BaMM, A4s1 oOecriedeHus dpdex-
TUBHOI PaOOTEHI IThe3091eKTPUIeCKOro TpaHcpopMaTopa HeOOXOAMMO M A0CTaTOYHO, YTOOBI
KOHCTPYKIIUI MICTOYHMKA U MPMeMHMKA YIPYIUX KoaeOaHuii OblAY ITOAOOHBI M (PU3NIeCKN
DKBUBAAEHTHBI APYT APYTY.

Pwuc. 3. Cxema IIOAKAIOYEHMSI VICTOYHIMKOB ITOCTOSTHHOTO U1 IIEPEMEHHOTO ITOTEHIINIaa0B
K DA€KTpodam BTOpI/I‘IHOﬁ BAEKTPI/I‘IECKOIZ Tery Ha yJacTke No3

O

Taxum obpaszomM, puanko-MexaHuyeckue CBOMCTBA IOASPU30BaHHOTO CETHeTODAeKTPUKa
B oOaactu No3 mpm ycaOBMM paBeHCTBa ITOTeHIMaAoB U, MCTOYHMKOB IOASPU3YIOIIEro

CEerHeTODAeKTPUK ITOCTOSHHOTO DAeKTPUYECKOIO 110451, OIMCBIBAIOTCA MOAYASIMU YIIPYTOCTI
¢ Marpunen (1), Ibe30®AeKTPUIECKUMI MOAYAAMU C MaTpuuen (2) u AudAeKTpUIecKou
IIPOHUIIA@MOCTBIO ¢ MaTpu1iein (3).

Ha yuacrkax Nel m N3, rae 1oaspu3oBaHHBIV CETHETODACKTPUK IIPOSABASET CBOVICTBA
I1be309AeKTPIKa, 0000IIeHHbIN 3aKoH I'yka

)gfe) = )0 le) () 2 )
rae (n) GI(]i) - aMH/lI/ITy,ZI,HOG 3Ha4YeHle KOMIIOHEHTa TEHSOpa pESYAI)TI/IPYIOU_U/IX MeXaHI4YeCKIMX

HaIIpsI)KeHNI B BepXHell (3HaK I1110C) M HYDKHeN (3HaK MIMHYC) YacTsaxX 71-To ydactka (n=1,3)

n) (£ o o
CEeIrHETODAEKTPMNUYECKOIO CTEeP>KH:, ( )C( ) — KOMIIOHEHT TeH30pa Moayaen VYII TOCTN 1 -0U
ijk?

n +
O6AaCTI/I} ( )851 ) - aMHAI/ITyAHOQ 3HayeHle KOMIIOHEeHTa TeH3opa OeCcKOHeYHO MaAbIX Aecl)op-

o + o o o
Manmnm, (")e,(d].) — KOMIIOHEHT TE€H30pPa IIb€30DAEKTPUIECKUX MOAYAETL; (n)El(c ) — k -p1i1 KOMIIOHEHT

BeKTOpa HallPsI’KeHHOCTY 9AeKTPUIEeCKOTO 11045 B AepOpMIpPyeMOM Ibe3091eKTPUKe.
Ha yyacTkax ¢ 4eTHBIMI HOMepaMu M = 2,4 B IIpeHeOpesKeHUM 5AeKTPOCTPUKIIIOHHDI-
M1 3¢ PeKTaMy, KOTOpbIe B AeCATKM pa3 MeHbIIle IIbe3091eKTPUIecKIX 10 CBOeMY IposiBAe-

HIIO, MO>KHO 3aIincaTrb, 94TO (m) O'S].i) = (m)Cl(;t) (m) SS) .
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IToaaras1, 9TO cABUTOBBIe HaIIpsKeHMs U AepOopMaliuy B CTep>KHe He HaDAI0AAIOTCs, 113
IpUBeAEeHHBIX BhIIIe OIlpejeAeHnii 0000IeHHOro 3akoHa ['yka MO>KHO 3amnmcaTh COOTHOIIIe-
HIASI, KOTOPBIe OIIpeAeAsIOT HaIlpsDKeHMs CKaTUA-PacTsSKeHUs BAOAb KOOPAMHATHBIX OCel

Ox,;, Ox, n Ox;:

)=k ) e el e, VY, ©
)= Pl O e P, VB, o
g ) e el e V. ®

IIpu sanmcy cootHoeHni (6) — (8) oAMHaAKOBbIe IO BeAMYMHe MaTepuaAabHble KOHCTaH-
TBI OOO3HaYeHBl, KaK TO IIPUHATO B MeXaHMKe 4epOpMIPYeMOTro TBepAOTO Tela, OANHAKOBBI-
MU CMBO/aMI.

Aas obaacTell c 4eTHBIMM HOMepamu 1 = 2,4

M) = (n+2G) el 4 M) 1o el 9)
Mol =0 Mgl 1 (a426) el 1 2.l (10)
M) =0 Mgl 2.l + (h+2G) el (11)
rae ¥ sﬁ), (k)g(;) u ¥ g(;) (k =n,m) - aedopmariuu cKaTus-pacTs>KEHNs BA0Ab KOOPANHATHBIX

ocein Ox,, Ox, u Ox, B Bepxuei (x,>0, 3HaK I1410C) 1 HYDKHeN (x; <0, 3HaK MMHYC) 4acTaX

k -oi1 obaacTn CETHETODACKTPIMIECKOI'O CTEP >KHI.

IIpearnoao>kmmM, 4TO YacTOTa CMEHBbI 3HaKa 9AeKTPUYeCKOro IIOTeHIIMasla B IepBUYHONM
DAEKTPMUYECKO IIeN! Mbe30DAeKTPUIecKoro TpaHcpopMaTopa TaKoBa, UYTO AAMHA BOAHBI
YIPYTUX KOAe0aHUI B CETHETODAEKTPUIECKOM CTep>KHe coM3MepuMa C ero AAuHou L u, o
oIlpejeAeHNIO, CYIlleCTBEHHO IIpeBbllllaeT HaOOABIINII pa3Mep ero II0IIepedHOro CeYeHMsl.
ITocKOABKY AAVHA BOAHBI ABAsIETCA MacIITaOHOM e AVMHUIIeN IIPY ONMCAaHUM IIPOCTPaHCTBeH-
HOTO paclipejeeHNs HallpsKeHHO-AepOPMIPOBAaHHOIO COCTOSIHIS A4e(pOPMUPYEMOTO TBep-
AOTO TeAa, IMOCTOAbKY MOJKHO yTBep>KJAaTh, UTO B JaHHOM AMarla30He 4acTOT YMCAOBbIe 3Ha-
YeHIsI HalIPsKeHMI CKaTA-PacTsKeHNs He M3MEHSIOTCS B ILA0CKOCTY IOIIePeYHOTO ceueHs
CTepP>KHSI.

Byaem 1oaararp, 4TO ITOBEPXHOCTU CTEPXKHA X; =t U X, = +b He KOHTaKTUPYIOT C APY-

MU MaTepnaabHbIMU O6’I)eKTaMI/I, T. €. OTCYTCTBY€T HpOTI/IBO,ZI,Gf/ICTBI/IG CO CTOPOHBI OKpPY>Ka-
IOL"L[eI71 CTep>KeHb CpeAbl. "3 TPpEeThEero 3aKOHa Hxrotona cleAyeT, 9YTO Ha DTUX IIOBEPXHOCTIIX
AOAPKHDI BBITIOAHSITBC CAeAYyIOoIle yCAOBYISI:

=0, k=1,2,3,4. (12)
b

HpI/IHI/IMa}I BO BHMMaHI€ CKa3aHHOE BbIIIIE, MOJKHO YTBEP>KAaTh, 9TO

Bl = W5l _ovx eV, (13)

11
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[IpupasHMBas HyAIO AeBble YacTV COOTHOIIeHU (6) 1 (8), moaydyaeM BO3MO>KHOCTb OITpe-
o t +
AeaeHnst gepopMaliuiin () 851) u (")3(33) gyepes IIPOJOAbHYIO AepOopMallIO CXKaTUA-PacTsKeHs

(n) (%)

&5, . [Ipu aTOM

n) (+ c n) (% 1 n)H(*

( )851): —f(cﬁz— sz)( )8(22) iA_(EHCi_ 612sz)( )Eg )'
0 0

n) (% CE n) () — 1 n) &+

( )ggs): _ﬁ(clEl_ Cf2)( )8(22) +A_(€11C1E2_ elQClEl)( )Ei , (14)
0 0

2
E E E

rae Ay=cpCy— (Clz) .

IToacrasass onpegeaenus (14) B cootHomenune (7), moaydaem cAeAyIOIINIL Pe3yAbTaT

o) 2y, Mel) 3 ¢ OEE), (15)

22 — 7E 2 1

rae Y, u e;, — MOAyAb yupyroctu u 9pQeKTUBHBII I1be30MOAYAb A5 PeXMMa OAHOOCHOTO

,ZI,eCI)OpMI/IpOBaHI/Iﬂ CETHETODAEKTPMIECKOIo CTEP>KHI Ha ydacTKaxX ¢ HeYeTHbIMI HOMepaMU
n. Uncaosple 3HAYEHIUS DTUX MaTepnalabHbIX KOHCTAaHT OIIPeaeAsIIOTC CA€AYIOINMU Cl)Op-
MyJdaMIL:

E

E —_
Y, = ALO{—Z(CEZ )2 b + 2(c152 )3 +c [(CzEz )2 3 (sz)z}} el = %(Elzcﬁ _ 611C1Ez) )

Aas obaacreit ctep>kHs ¢ HoMepamu 2 1 4 06o0menHsi 3akoH I'yka (9) — (11) B caygae
OAHOOCHOTIO CXKaTUs-PacTsKeHus BA0ab ocu Ox, 3aIllMCBIBAaeTCsl B CAeAyIOIIeM Buje

() o 2) — y () (2)

22 22 7/

(16)

rae Y = 2G(1 + v) ;ov= x/ [z(x + G)J — Moayab IOHra u xosdPpunment Ilyaccona n3oTporHsIx

II0 YIIPYTHM CBONCTBaM oDOaacTeli Homepa m = 2,4,

DAEKTpIIECKOe COCTOSIHIE IOASPU30BaHHBIX TIOCTOSIHHBIM 9A€KTPUYeCKMM I104eM oDaac-
Tert No1 1 No3 cerHeTo»AeKTpUIeCKOroO CTeP>KH OIpeAeAseT 3aKOH DAeKTPUIeCKON ITOASPU-

3allM AMDAEKTPUKA C I1be309AeKTPUYeCKMMI CBOMCTBaMU (")D,(f) =ie,(ﬂ.ij) (")gg].i)vt Xi]. (")E](.i).

O6mmas GpopMyanpoBKa, ollpeseasionias k -bIii KOMIIOHEHT BEKTOpa DAEKTPUYECKON MHAYK-
LM B 11-OM y4acTKe, 40CTaBAseT cAeaylolee COOTHOIIEeHNe

D)= e, Vel £ 0, W)+ (e

1 G+ el [+, R, (17)

3! 1

=l £
rae (n)Eg ) — aMIIANTYAHOE€ 3Ha4Y€HJNE IIOIIE€PEYHOro KOMIIOHEHTA BEKTOpa HAaIIPsSI>)KEHHOCTN

Pe3yAbTUPYIOIIETo DAeKTPUIeCKOIo MOoAs B 11-0I1 004AacTyu cTep>KHA. JO0CTaTOYHO IIPOCTO

IIOKa3aTh, 4YTO Ha DTUX yJaCTKAX CTEP>KH:I (”)Dgi) = (”)Dgi) =0.

(1) o

. +)
IToacTaBasisa B cootHomenue (17) onpegeaenns aepopmannii * ey’ u

(n) (£)

n +
833 ’ HOAyTIaeM

D)= 4t () 4y (D) a18)

1
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rAe Mbe30MOAYyAb ¢;, yKasaH B KOMMeHTapusx K gopmyae (15), a y;, — AndaeKkTpudeckas
[IPOHNUIIAEMOCTH ITOASPU30BAaHHOIO CETHETODAEKTPIKA 451 PESKIMa IIOCTOSIHCTBA (paBeHCTBa
Hy/AI0) HOPMaAbHBIX HaIIPsKEHNI (n)cs(ﬁ) u (H)Gg). Urica0Bble 3HAYEHUST ANDAEKTPUIECKOI]
IIPOHMIIAEMOCTH 7, PaCCIUTHIBAIOTCS 110 cAeAyIoIeit popmyae
o_ e, A2 F o2 E
Xn=Ant A_O[enczz + ety — 2611612C12] :

HOTpe6yeM, 4TOOBI Ha BCEX y4dqacTKaxX CEeTHETODAEKTPUIECKOIO CTEP>KHS BbIIIOAHSIAOCDH
yCa0BMI€ OTCYTCTBIISI CBO6OAHLIX HOcCHUTeAen YAEKTpM4IeCTBq, T. €. yCA0OBUIE

.= (k
dioD™ =0, k=1,2,3,4. (19)
Ha ygactkax No2 n No4 910 ycaoBue BBIIOAHAETCS aBTOMaTUYeCK!, IIOCKOABKY B IIpeHe0-
Pe’KeHNI CceTHeTO®AeKTprueckuMu sPp@PpeKraMu MOXKHO IT0AaraTh, YTO Ha HTUX ydacTKax

D™= 0. Yeaosue (19) na ygactkax Nel n No3 OyaeT BBIIIOAHATBCS AUIID B TOM CAydae, KOTrAa

B 00s13aT€ABHOM IIOpsAKeE BBIITIOAHSIETCA yCAOBIE

oD\"
0x,

=0. (20)

Tak kak B 06aactu gacrot 40 10 MI'y B gsuHaAMUYecKu 4epoOpMIPYEMOM ITbe30DAeKTPUKe
IpaKTUYeCK! OTCYTCTByeT MarHUTHOe 1oJe [8], To cnpaseaanso onpegesenue E=—grad®,

rae E m @ — BeKTOp HaIps>KeHHOCTU U CKaAsSpPHBINM MOTeHIMaA 9AeKTPUYecKOoro I104s B
oopeme 4epOopMIPYyeMOro Ibe3091eKTprKa. C ydeToM DTOro MOXKHO 3aIllicaTh BBIpakeHue
(18) B caeayromem suge

oot
(")D(i): +e (”)S(i) _ 5O (1) 21
1 —F6 &pn T An ox, ' (21)
rae CDEz)) -CKaAsPHBIN IOTEHIMAA 9AeKTPUIECKOro 1104 B 11-011 o0AacTu. VIHTerpupys aesyio

U IIpaByIO 4acTy COOTHOIeHus (21) mo nmepemMeHHON X, , IoAy4aeM, ¢ yyeTtoM ycaosust (20),

CAEAYIOIIUT Pe3yAbTaT
+ + + +
2a(n)D£ ) = + 20, (")8(22) — A% [QD( )(oc) — ! )(—a)] (22)
/I3 moKa3aHHBIX Ha PUC.2 U PUC. 3 CXeM BKAKYEHUs] UCTOYHMKA U3MEHSIOIIENCS BO
BpPeMeHN PasHOCTM DAEKTPUIECKUX MoTeHIMaaos U,e™ 1 DaeKTpuyeckux Harpysok Z, cae-

AyeT, 4TO Cl)gz)) (oc) =0, a Cbgz)) (oc) = U((j)) . O4yeBUAHO, YTO aMIIAUTYAHBIE 3HaUY€HMsI ITOTeHII/a-

AOB U((i)) OIlpeAeAsIIOTCs CAeAYyIOIIM 00pa3oMm: Uéli))= U((,i) u U((;) = Ugi) . IIpn sTOM

(23)

rae Z1 — BBIXOAHOW BAGKTpI/I‘{eCKI/Iﬂ numMIieAaHcC MCTOYHMKaA IIePpeMEeHHOIO DAEKTPpMNIECKOIO
+

HaIIpSIKeHNs; Z((l)) — DAeKTpUYECKIUII UMIIegaHC BepXHell U HIUKHel Jactu ydactka Nel cer-

HETODAEKTPMIECKOIO CTeP>KHI.

10
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C yuerom cpOpMyANPOBAHHBIX OIpeAeAeHNI BbIpakeHue (22) MOXKHO IIPeACTaBUTH B
CAeAyIOILEM Bl
u(i)
(D) = o7 (el) 4y 2(02 . (24)

Omnpegeaenns (18) u (24) KOMIIOHEHTOB BeKTOpa DAEKTPUIECKON MHAYKINY PU3NIECKI

DKBIBAJAEHTHBI U IIO9TOMY IIpaBble YacTM DTUX COOTHOUIEHMI AOAKHBI OBITH PaBHBI APYT
Apyry. ConocraBAasis mpasble yacTu BeipakeHnii (18) u (24), mpuxoAuM K BBIBOAY, UTO

(pE) Z () (25)

=l
ITocae Toro, Kak onpegeaeHsl B IBHOM BUAE BeAMYVHBI (")Ef ), cooTtHoIleHue (25) npu-
HIMAaeT CAeAYIOLINIT BUA,
u(i)

(kg =, 7, -

Onpegeanm TuI HampsKeHHO-AePOPMIUPOBAHHOTO COCTOSIHIA, KOTOpPOe BO3HUKaeT B
IIOKa3aHHOM Ha puc. 1 ctep>xHe.

HpeAHOAO)KI/IM, 4TO TOpeL CTEP>KHII X2 = (0 He UMeeT MeXaHYECKIX KOHTaKTOB C Apyru-

1 +
MM MaTepUaAbHBIMI OOBeKTaMI. DTO O3Ha4daeT, YTO ( )0(22) =0.
x,=0
[IpupasHmBas Hy 10 A€BYIO 4acTh Olpeeaenus (26), moaydaem CAeAyOmuil pe3yapTar

+

)
(1)g(i)(0)=i—e§u; . 27)
Qrg

+
Ecan obecrieunts BBIITOAHEHUE YCAOBIA U(() ) U,, 4TO, COOCTBEHHO, I 3aA0KEHO B CXeMy
BKAIOYEHWs (CM. pUC. 2), TO U3 paBeHCTBa (27) caeayer, uto () (0)=tg,, TA€ g =e}U, /(20%)'

Ecan BCIIOMHITD, 9TO IIPpOAOABHA Aeq)OpMaLH/Iﬂ €y = hm(A(/Z), rae Al — y3MeHeHUe AAN-
/-0

HBI, a ( — IepBOHava/AbHas AAMHA Ae(POPMUPYEMOro oObeKTa, TO CTAaHOBUTCS COBEPIIEHHO
OUYEBMAHBIM, YTO IPU MOKAa3aHHOM Ha PUC. 2 MOAKAIOYEHNM IIePeMEeHHON Pa3HOCTU DAEKTPY-
YeCKMX IOTEeHIMAA0B BepXHIe CAOU (x3 > () CerHeTO®AEKTPIYECKOIO CTeP>KHs PacTAIMBAIOTCS,

a HVDKHIEe (X3 < 0) — HaIlIpOTUB, CCKMMaIOTCI. HpI/I STOM Hp}IMOAMHeﬁHaH OChb IIpm3MaTmiec-

KOTO CTeP>KHSI OTKAOHSETCSI OT IIePBOHAYaAbHOIO (PaBHOBECHOIO) IOAOXKEHMS TaK, KaK 9TO
rokasaHo Ha puc. 4. Akagemuk ITncapenko I'. C. [9] onipegeasieT n3rud kak 2epopMupoBaH-
HOEe COCTOSIHIE, TPV KOTOPOM VICKPUBASIETCS OCh IIPAMOAMHENHOTO CTePKHS AV M3MEHSeTCs
KpMBU3Ha OCM KPUBOAMHENHOro crep>xHs. [IpuHnuMas Bo BHMMaHHNE cPOPMYAUPOBAHHBIN
BBIIIIe KAaccUKAIIVOHHBIN ITPpU3HaK, MOKHO yTBeP>KAaTh, 4YTO Ha II€PBOM yJacTKe CerHeTo-
9AEKTPUIECKOTO CTep>KH: (PopMUPyeTCs HallpsKeHHO-4e(pOpMIPOBaHHOE COCTOSHME II0ITe-
peuHoro u3rnda, KOTOpoe yepe3 yIpyTue CBsI3U paclpOCTpaHsAeTCs Ha Bce Oe3 MCKAIOYeHNs
y4acTK!U ITOKa3aHHOTIO Ha puc. 1 Ipu3MaTnyeckoro CTep>KHsI.

OcHOBHOII KMHEMaTUYeCKO! XapaKTePUCTUKOI ITOIIePeYHOro u3rnda sABAsIeTCs TakK Has3bl-
BaeMbIl1 IpOruoO, KOTOPHIN Ha puc. 4 0D03HaueH CMMBOAOM w. B caydae mpsmoanHeitHOro
CTep>KHsA IIPOTUO W YMCAEHHO paBeH PacCTOSHUIO MeXAY CPeAVHHON I110CKOCTLIO M30THY-

11
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TOTO U HeAe(pOPMUPOBAHHOTO CTeP>KH:A. 3HAK Mporuda oIpeseaseTcsl 3HaKOM ero IIPOeKITUIA
Ha och Ox, (B OOImeM caydae — Ha MAOCKOCTh x;0x,) HEIIOABUKHOI CUCTEMBI KOOPAWHAT

X1, Xy, X5 B caydae AMMTHAMMYECKOIO ITPsIMOIo n3ruba IIpN3MaTIIeCKOro HpSIMO/H/IHeﬁIHOTO

CTep>KHs IPOrmd yA0BAETBOPSIET cAeayionieMy AnddepeHIinaibHOMY ypaBHEHIIO

Pwuc. 4. K oIrpeAeAeHnI0 OCHOBHOI KMHEMaTU4YeCKO XapaKTepUCTUKI IIOII€PpEIHOIo n3rnba

-

A X3

W

d'w _ 5pS

w=0, 28
LT (28)

rje o — KpyroBas 4acTOTa CMeHbl 3HaKa Iporuba B ceueHun X, =const; p, u Y — ILAOTHOCTD
u moayab IOnra Mmatepnasa crepxus; S u J; — raomjaab ¥ MOMEHT MHEPIUY TIOIIePEYHOTO
CeyeHMs OTHOCUTEABHO TAaBHOI IeHTpaabHOit ocu Ox, — reoMeTpudecKas XapaKTepUCTUKa
roniepeqHoro cedeHus [9]. B nammem caydae S =4oab, |, = 4(xb3/ 3. C y4eTOM CKa3aHHOTO BbI-

1mie, ypaBHeHI1E (28) YCTaHOBMBIIMXCA TapMOHNMYECKUX KoeDaHUu I10IepeIHoro n3ruba
MO2KHO 3aIlrcaTh B CAeAyIOIeM Blije

4
T a0, (29)
0x,

rae = 4/3,)00,2 /(sz) — BOJAHOBOE YICAO TapMOHMYECKMX KOAeDaHMII ITOIlepeyHOro M3rmoa

IIpU3MaTNUIECKOTO CTEP>KHA IIPAMOYTOAbBHOTO ITOIIEPEIHOIO CEYEHILI.

[IpyMeHnTEABHO K pacCMaTpMBaeMOMY CTEP>KHIO, pacdeTHas cxeMa KOTOPOTO ITOKa3aHa
Ha puc. 1, ypasHeHue (29) caeayer 3amnmncarthb B BuAe

4
0w,

£ —NMw,=0,k=1,2,3,4, (30)
0x,

rae w, U A, = #3p,0° / (ka2> — porud U BOAHOBOE YMCAO Ha k -OM y4acTKe CerHETODAEKTPU-

9eCKOTO CTeP KH:.
Obmiee permenne ypasHeHu: (29) 3anmceiBaeTcs CAeAyIOIIM 00pa3oM
w(xz) = A, sin)\x, + A, coshx, + Asshix, + A, chhx,, (31)
rae A,,...,A, —ojaexaiiye onpeseAeHNIO KOHCTaHThL.

Brirmimem B siBHOM Buge oOmine perenns (31) 4451 KaXkKA0TO ydacTKa IIpU3MaTUIeCKOTO
CTeP>KH:I

w, (xz) = A sinhx, + A, cosh x, + A;shh,x, + A,chh x,,

w, (xz) = A sinA,x, + A, cosh,x, + A shh,x, + Agchh,x,,

12
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w, (x2) = Agsink,x, + A, cosh x, + A shh x, + A,chh x,,
w, (xz) = Aj;sind,x, + A}, cosh,x, + A shh,x, + A, chh,x,, (32)
rae A,,..., A -TI0OAA€Xallye ONpeAeAeHII0 KOHCTAHTHI (IIIeCTHAAIATh IITYK); = 4[3%(92 /(ngz) ;

Ha ycaosnbIx rpanuijax pa3aeA0B y4acTKOB CTEPIKHS, T. €. B CeUeHMsX X, = ;{, ;{, A0AXK-
HBI BBIITIOAHATDHCS YCAOBUSI COIPsYKEHN s HallPsKeHHO-AepOPMIPOBAHHOTO COCTOSIHIUS, KOTO-
pble B paMKaxX MOAeAbHBIX IIpeCTaBAeHNI OIIepeqHoro u3rnda GpopMyAnpyoTcs caeAyio-
M 00pa3oMm:

wj(gj) ~Wia (gj)' (33)
9,(¢,)=9,.(%) (34)
Mﬁj)(ﬂf) =M (ej), (35)
Q¥ (¢,) =V (r), (36)

rae Sj (Xz) — YIoA IIOBOPOTa IIAOCKOIO IIOIIEPeYHOTIO CeYEeHIN Ha | -OM y4aCTKe CTep>KH,

MSIJ ) (xz) n Q(] ) (xz) — M3rnOaoMNiI MOMEHT U IIOIIepevHas Crla Ha j-OM ydacTke. VHTer-
paAbHble XapaKTepUCTUKM HallpPs>KeHHOIO COCTOSIHUS IIpU IIOIlepedyHoM mu3ruoe, T. e. Bean-

YUMHBI M(]) (XZ) n Q(]) (xz) OIIpeAeASI0TCA CAEAYIOIIVIMI BhIpa>kKeHMAMIL!

u

MY (x,) = [0l (x, ) x,dS, (37)
S
(7)

(oM (%)

Q%)= ——— (38)

rae 6(2]2)(x2) — HalIpsI>KeHlne CKaTluI-pacTsDKeHIs Ha j-OM y4acTKe CEeTHETODACKTPUIECKOIo

CTEep>KHSL.
¥Yroa nosopota 8]. (xz) IIOIIEPEeYHOTO CeYeHUsI CTEePIKHs OIpeeAseTcsl U3 MOAeAbHOTO
IpeACTaBAeHNsI O TIOIIepeYHOM M3I1be CAeAyIommuM o0pa3oM

:awj(xz).

x, (39)

9;(x,)
(7) ()
BosHuxaroniue mpu rnorepeyHom nsrude gepopmaiiuy CKaTUsA-PacTsSKeHUs ' €,, (xz)
PacCUMTHIBAIOTCS 11O pOpMyae
2
ow; (xz).

2
0x,

(j)s(zj) (xz) =X, (40)

OHpe,ZI,eAI/IM VHTEIrpaAbHbI€ XapaKTEPUCTVKIN HAIIPSI>KEHHOIO COCTOSIHIVSL Ha pa3AMYIHBIX
y4qacTKaX CeTHETODAEKTPMIECKOI'O CTEPIKHAI.

13
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IToacraBass onpegeaenne (40) gepopmarium U )s(;) (xz) B popmyay (24), moaydaeMm cae-

AYIOIINIT pe3yAbTar

2 u
(n) ( ) =Y, x, ow, LTe, ) (41)
ox; 20
IToacraBasisa popmyay (41) B onpeseaenne usrudaroero momenra (37), moaydaem
(%)
; b o*w, (xz) . U'(n) 4ab® 62wn(x2)
Mi )(XZ) = Z(XJb YEX3 T + €1 E x3dx3 = 3 YE ax§
~h b
N et Fetiae, | = =y g, Cnl) 1o u)+uf)]
+ eu[ § 0 = | x3u(n)dx3} ==Y, — o 2 L (07— 1) )+ gy |- (42)

Ecan, xak paHee 6b110 IPUHATO, TIOAOXKUTD U((;)) = U((:)) = U(H) , TO U3TMOAIOI e MOMEHTBI

Ha II€pBOM U TPETbEM yUJacCTKaX CETHETOBACKTPMIECKOIO CTEP>KHS paCCINTBIBAIOTCS ITO (l)Op—
MyJdaM

62wn (x2)

VIiCH 43
ox; 43

0

Msln) (xz) =Y,

rae Mg”): el (bZ_ hz)u - O6yCAOBAeHHI>II7I BHEIIHIMMU YCTPOMCTBAMU U3rnOaIOI NI MOMEHT.

()
IIpu sTOM U(l) =U, n U(3) =U

-

Vsrubaromniye MOMEeHTHI Mf,m) (xz) (m=2,4) Ha yJacTKax C YeTHBIMJ HOMe€paMI OIIpe-

AeASIIOTCS CAeAYIOIIM 00pa3oM

O*w, (x2)

Mim) (x2) =], Pyw
2

(44)
IIpuuuMas Bo BHMMaHMe BbhIpakeHuUs (43) u (44), moaydaeM cAeAyIoliyie COOTHOLIEHMS
AAs pacdyeTa IOIIePEeYHBIX CUA

— K2 k=1,2,3,4. (45)

OryeTanBO BUAHO, 4TO ycaoBuA conpspkeHm:a (33) — (36) Ha Tpex rpaHuIiax pasieloB
Y4acTKOB CETHETO®AeKTPIUIeCKOTO CTep>KHs AOCTaBAAIOT ABeHaAllaTh aareOpamdyecKix ypas-
HEHMIA, B KOTOPBIX COAEPKUTCS MIECTHAALIATh ITOAAEXKAIINX OITPeACAEHNIO KOHCTAHT A, ..., A, -
Heaocraromue 40 04HO3HAYHOTO (eAMHCTBEHHOIO) OIpeAeAeHNs STUX KOHCTaHT YeThlpe ad-
reOpamMyecknx ypaBHeHUsI POPMUPYIOT I'paHNYHbIE YCAOBUs, KOTOPbIe OIpeAeAsIOTCs CIo-

coOoM 3aKkperaeHnst TOpLos x,=0 u x,= L cernerosaexTpuyeckoro crepxH:. Ha mpakruke

C AOCTAaTOYHOI MepON ageKBaTHOCTHU AeKAapUPYyeMOMY COCTOSHUIO peaAu3yIOTCs TpU THUIIa
3aKperAeHis, a MMeHHO: CcBOOOAHOe I IIapHUPHOEe ONMpaHye TOPLIOB CTeP>KH:, a TaKXKe >KecT-
Kas 3ageaka. PopMaabHO DTU TPU CIIOCODA 3aKPeIrAeHNsI ONMCHIBAIOTCS CAeAYIOIIMMU COOT-
HOIIIeHU MU

— cB00OAHOE 3aKpernaeHne Topuos x,=0,L

L= 0, Q|x2=0,L =0; (46)

x,=0,

14
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— IIapHUPHOE ONMpanue Topuos x,=0,L

0, M

u

w 0; (47)

xy=0,L - x,=0,L -
— JKeCTKas 3ageaka Topuos x,=0,L

w)

0, 9| =0. (48)

%,=0,L x,=0,L

IIpeanoaoxum, 9TO AeBbiit Topel; x,= 0 cTep>KHs cBOOOJeH, a IIpaBblil Topel, X,= L —
JKeCTKO 3aJedaH B abDCOAIOTHO HeINOABVDKHYIO oropy. B »Tom cayuae, mocaegoBaTeabHO
3aIuchiBas TpaHiYHbIe ycAoBUs (46) B ceuenun x, =0, ycaosus conpsixenns (33) — (36) B ce-

9eHUsAX X,={,;(,;{, Vi TpaHU4HbIe yCAOBUs (48) B ceueHnm x,= L, moayyaem HeoOX0AUMMYIO
AASL € AMHCTBEHHOTO OTIpeAeAEHIs IIIeCTHAALIATI KOHCTAaHT /A; HEOAHOPOAHYIO CHUCTEMY I3

IIIeCTHaAllaTy AMHEeHBIX aAreOpanyecKiX ypaBHeHuil. DTa cucTeMa ypaBHEeHII 3aIichIBaeTcs
caeayiomuM oOpasoM

mA=P,ij=1,2,..,16. (49)

Pemmenne cucremsl ypasHeHU (49) 445 KOHCTAHTBI Aj MO>KHO 3aIycaTth B CAeAyIONieM BuAe

(1) (2)
M M,
A=—20_B (0T + g (o), 50
] YE]Q‘% Bl] ((D ) + Y]]}\é BZ/ ((D ) ( )
i+ A, i+ A, i+ A, i+ A,
122 (o) = () 152 (1) 525 By o) - (1) P R () P2 g (=13519,13)

— OoIpeAeAnTeAb MaTPUIIBI pazMepoM 15x15, KoTopslit moaydaetcst m3 MaTpuiisl 16 x16, coc-
TaBAEHHO 13 KO MITVIEHTOB IIPM KOHCTaHTax A, B cucTeM aBHeHUi1 (49) rmyTeM BbIUEep-
e appurine p C ; B CrcTeMe ypasHe (49) yte ep

KUBaHUsA | -TO cTOAOIIa U k -0V CTPOKM; A ) -IAaBHBIN OIlpeAeAnTeAb CUCTeMBI ypaBHeHu (49).
Tak Kak M((Jl) - ei‘z(bZ_ hz)uo, a M(()Z) =e, (bz_ hz)uz, TO, A5l YAODCTBa IIOCAEAYIOLIIX PACCyK-
AeHuit cootHomenne (50) 11reaecooOpa3HO 3amncaTh B CAeAyIOIeM Ble

A= Uy (o,TT) + U B;, (o,11), (51)

* * 2 2 2 . Q* _ * 2 2 2
rae B (o,11) = e, (0= 1) /(Y27 By (@,10) 5 B, (0, TT) —[elz (o= n)/ (3 )][32].(0),1_[).
3amcas cootHomIeHne (51) BHOBb IIPUXOAUM K BBIBOAY, UTO HaIIPsI>KeHHO-AePOpMIPO-
BaHHOE COCTOsIHME CeTHeTODAeKTPUYECKOTO CTeP>KHs OIlpejeAsieTcsl AByMs HOTeHIMalaMu
U, n U, , KoTOpbIe CBA3aHbI MEXAY COOOI AMHEITHONM 3aBUCUMOCTBIO.
Aas onpeeleHns 9TOM 3aBUCMMOCTHU BBIIIOAHMM pacyeT noTeHInada U, Ha 9aeKTpoge

BTOPMYHOI DA€KTPUUIECKOI I1eIN IIbe30DAeKTpUIecKoro TpaHcgpopmaropa.

+ + +
OueBnaHoO, 4YTO Ug )= Zzlg ), rae Ig ) _ aMIIAUTYAHOe 3HayeHle 9AeKTPUUIeCcKOro TOKa B

. . T CI () _ )
IIPOBOAHNKE BTOPMIHOM BAGKTPI/I‘-IGCKOI/I meriyr. lak Kak 5 l(DQ2 , TAe Q2 aMH/lI/ITy,ZI,

HOe 3HaJyeHle HAeKTPIIecKOrIo 3apsija Ha BepxHeM (3HaK I1AI0C) U HYDKHeM (3HaK MMHYC) (puc. 3)
9AEKTPOAaxX DAeKTPOAHON TPYHIILI BTOPUYHONM DAEKTPUIECKON ey, DAeKTpudecKne 3apsi-

ABI Qgi) OIlpeAeAsIIOTCs CAeAYIOIIM 00pa3oMm:
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Q
N

I
—
T —_

f3-h -
(3)D£+) (x2 ,x3)dx2dx3 , Qg_) = /j _jb (3)D£ )(x2 ,x3)dx2dx3 , (52)

+ w
Tae (3)D£‘)(x2,x3) tep Ox (2 ) 1 20L .
X

I - (3) D(i)
OACTaBASISL OIIpejeleHNe DAeKTPUIECKON MHAYKIINI 1 (x,,%,) B dopmyarr aas

pacdeTa DA€KTPUIECKUX 3apsIA0B, ITI0Ay9aeM CACAYIOIIE pe3yAbTaThbl

(1)1 0w, (1) owy(6) ] (b-) (L= 1) .
(1, 0wy(1) 0wy(6)] (0 =h)(4= 1) o
Q) —Eeu(bz_hz)_ a3x23 _ 83x22 _+ Zas 2 s (53)

M3 mokazaHHOU Ha puc. 3 cXxeMBbI BKAIOYEHIS DAEKTPMIECKNX Harpy3OK caeayeT, 9TO

Ugﬁ = Ugf) = U, . Ilpn TOM, KaK BUAHO 13 cooTHOMeHuii (53), Qg” = ng) =Q,.
Beeaem a45 ya00cTBa 4aABHEIINX 3aIlMICell CAeAyIOIIie OOO3HAYeHIIS:
w(31) (x,) =1, [B; (o,1T)cosh x, = B} 1 (o, IT)sind,x, + By, (o, IT)chh,x, + By, ((D,H)shkli ;
wgl) (xz) =) [BIQ (cl),H)Cosklac2 Bl (03, H)sinkle +B11 (co,H)ch?»lxz +B1 1, (oa,l_l)shklsz .
C yueToMm 5Tix 0O003HaueHM1 BeipakeHue (53) MOXKHO 3aMucath B CAeAyIOleM Buae

Q=q,=cs [uza D (o, 1)+ Uz" (o, H)} (54)

rae C5=(b—h)(£,—0,)x5 /(20) — AuHaMmyecKas »AeKTpUUECKas MKOCTh OASPU3OBAHHOTO

CETHETODAEKTPUKA 1104, DAEKTPOAOM DAEKTPOAHON TPYIIIIBI BTOPUYHON DAEKTPUIECKOI LIeTIs;
ancaossie suavenus Gyuxumit £ (o, 1) 1 22 (o,11) (cumBoa IT obosHauaeT HaGOp reomert-

pudecknx 1 PpU3MKO-MexaHNJIeCKIX ITapaMeTpoB 0ObeKTa) 3a4af0TCs CAeAYIOITMMI PacyeTHBI-
M1 popMyaaMI:

a(b+h)e b+h)e;
=00, 1)~ R 00—l (1,)]s 201 ST ) )

. ol 17 =) =)
Takum obpasom, U, = —inZ,C;3 [Uzz 3((0,1_[) + U= 3((0,1_[)]
V3 mocaeanert sanmcu caeayeT, 4To
i0Z,C3EY) (o, 11)

u,=- u=-=z(oI1)U,, 55
? 1+i0Z, ;’E(Sz)(o),l'[) ° 0((9 ) ’ (%9)

rae pyHKIMA E, ((,O,H) MMeeT CMBICA YaCTOTHO 3aBUCUMOT0 Ko PpuiiieHTa oOOpaTHOI CBA3I.

Tenepb OCTaeTcs OolIpeJeAnTb aMIIAUTYAHOE 3Ha4deHNe II0TeHIIiala llo U DTa orepanmsl

3aBepIllaeT IOCTpOeHNe MaTeMaTIYeCKO MOAeAN CTeP>KHEBOIO I1be309.1eKTPUIeCKOIO TpaHC-
¢opmaropa Ha M3rMOHBIX KOAeOAHMAX.
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Iocmpoenue mamemamu4eckosi MOJeAU NbE30IAEKMPUHECKOZ0 MPAHCHOPMAMOpPa cmepxrne60z0 muna

Kak caeayer us popmyanr (23), 9aexkTpudecknii notenunaa U, onpeaeasercs AeKTpU-
+
YeCcKM WMIIEAaHCOM Z((l)). OueBnaHO, 4TO IpM paBeHCTBe reOMeTPUYecKUX ITapaMeTpoB

SAGKTpO,Zl,HOiI I'PYIIIIbI HGpBI/I‘IHOf/l BAGKTPI/I‘IGCKOIX Oemnmn m 1pm OAMHaKOBBIX 3HAaY€HUAIX I10-

TEHIIAA0B Ha DAE€KTPOoJax, DAeKTpUIeCcKre UMIIe4aHCh Z((:)) = Z((;)) = Z(1)' Kak n panee, sanu-
em Z(1) =U, / I, tae I,=—ioQ, — aMIAUTyAHOE 3HaYeHMe DAeKTPIUIECKOTO TOKa B IIPOBOA-

HIKaX IePBUYHON DAEKTPUYECKON Iemyu TpaHcpopmaTtopa; Q, — aMILAUTYyAHOe 3HadeHUe
DAEKTPUYECKOTO 3apsija Ha DAEKTPOJAe DAEKTPOAHON TPYIIIbI HEPBUYHONM DAEKTPUIECKON
uenu. IIpoBoas Te XXe camble pacCy>XKAeHUs, YTO U IIPU OompedeseHnu 3apsaga Q,, MOXeM

3ammcaTh, 9TO

1

o¥=g=c° [uza ® (o, m)+uz" (co,l_[)}, (56)

rae C7 =1/, (b - h) yor) / (2(1) — AMHaMMJecKas DAeKTpuyecKasl eMKOCTDb IT0ASPU30BaHHOIO cer-

HETODAEKTPIKa,

o(b+h)e . ofb+h)e; .
=)o) =1+ R0 -l (0)] 2 om) - L [l - P 0]
“1A11 1411

PysKIIm ) (x,) 7 w!?) (x,) ompeaeasioTes o 06pasity 1 T0A06MI0 GyHKIMI wl! (x,) 1 wl?)(x,) -

3 3

IToacraBasisa B popmyay (56) mpasylo yacTh BeIpaskeHUsI (55), a MOAy4eHHBII pe3yAbTaT —
B OIlpejeeHne 5AeKTPUIeCcKOro MMIleaHca Z(l), NPUXOAUIM K CAeAYIOIIeMY pe3yAbTaTy

1
M- —ioC]Y, (o),l_[) '

rae ¥, (o,11) = 2 (0,11) - £, (0,M)2P) (o,11).

ITocae onpeaeaeHNs DAKTPUIECKOTO UMIIeAaHCa ITOASPU30BAaHHOIO CeTHETODACKTPUKA
1104, ®AeKTPOAaMM IIEPBUIHOIN DAEKTPUUIECKOI LIeI! Ibe30DAeKTPUIeCKOro TpaHcpopmaTo-
pa ompeseaseTcs aMIIAUTYAHOe 3HadeHe IIOTeHIala Ha 9AeKTpoje B IIePBUYHON DAEKTPU-
YyeCcKOI el

u

= 1 .
1-i0Z, )V, (o,1)

IToacraBass mocaeAHnit pesyasraT B Gopmyay (55), moaydaeM BeIpakeHINe AAs pacdeTa
kosdPunmeHTta TpaHcpopmanun

K (o, IT) L = (011)

U, 1-ieZCM¥, (o, 11)

(57)

Bripaxenne (57) siBaseTcss MaTeMaTH4eCKO MOJeABIO IIOKa3aHHOIO Ha puc. 1 crep>kHe-
BOTO IThe309.1eKTPIIeCcKoro TpaHcpopmaropa.

3. 3akamuenue

B paGote nmocTpoena maremarudeckas MOJAeAb IIbe30DAeKTPUYECKOro TpaHcpopmaropa
CTEpP>KHEBOTO THIIA, ITOKa3aHbl OCHOBHBIE OCODEHHOCTM MaTeMaTHM4eCKOro MOJeAMPOBaHILI
ITbe3091eKTPIYECKIX TPaHCPOPMATOPOB, pacCMOTpeHa MPOCTeNiIas KOHCTPYKIs TpaHcdop-
Maropa B BuAe IIPU3MaTIIeCcKOTO CTeP>KHS C IIPAMOYTOABHBIM IIOIIePeYHBIM CedeHeM, 13-
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TOTOBAEHHOTO 3 IIbe30KepaMUKIM, OIlpejeleHbl BhIpakeHUs AAs pacdeTa KoddduiyeHTa
TpaHcpopMaluMM ¥ aMIIAUTYAHOTO 3HaueH!Us ITOTeHIIMaA0B Ha ®AeKTpoAaxX Ibe30DAeKTpU-
4ecKOro TpaHcpopMaTopa CTep>KHeBOTO TUIIa.
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PE3IOME

MsyyaeTcs rpaHnJHas 3ajada ONTUMAaABHOTO yIpaBaeHMs cucteMamu I'ypca-JapOy ¢ MHOTOTO9eUHBIM KpU-
TepueM KauecTsa IPU MPeAII0A0XKEeHNN BBITyKAOCTY 00AacTu yIpaBAeHMs. ¥ CTaHOBAEH aHaAOr AMHeapu30BaH-
HOTO yCAOBM: MakcuMyMa. BriBeeHbr He0OX0AMMEbIe YCAOBYS ONTUMAABHOCTY KBa3OCOOBIX YIIPaBAeHMUIA.

Karouesble ca0Ba: rpaHIYHOe yIIpaBAeHMe, cucteMa ['ypca-ZapOy, MHOroTo4eqHsI PyHKI[IOHAA, HeOOXO-
AVIMOe yCAOBYE ONTMMAa/AbHOCTY, AVHeapM30BaHHBIN MPUHIIUI MaKCUMyMa, aHador ycaosus ['abacosa-Kupna-
A0BOJI, KBa31OCOOBIIN cayyarii.

QURSA-DARBU SiSTEMLORI iLO BiR SORHOD OPTIMAL IDAROETMO MOSOLOSIi HAQQINDA
XULASO

Maqalads Qursa-Darbu sistemi ils tasvir olunan bir sarhad optimal idarsetms masalasine baxilir. idaras ob-
lastinin qabariqlig: sinfi daxilinde optimalliq {iclin xattilosdirilmis maksimum sorti daxilinde birinci tertib zeruri
sort isbat olunmus, sonra bu zaruri sartin cirlasdigi hal tedqiq edilmisdir.

Acar sozlar: sarhad nazareti, Goursat-Darboux sistemi, goxbucaqli funksional, zeruri optimallik veziyyati, li-
neerlagdirilmis maksimum prinsip, Qabasov-Kirilovun analoqu, quasi-tekalli vaziyysat.

Acar sozlar: sarhad nazarati, Goursat-Darboux sistemi, ¢oxbucaqli funksional, zaruri optimallik veziyyati,
lineerlosdirilmis maksimum prinsip, Qabasov-Kirilovun analoqu, quasi-takalli veziyyat.

ON ONE BOUNDARY OPTIMAL CONTROL PROBLEM OF GOURSAT-DARBOUX SYSTEMS
ABSTRACT

In the paper study the one boundary optimal control problem described of the Goursat-Darboux systems with
a multipoint quality criterion under the assumption convexity of the domain of control. The necessary optimality
conditions of quasi-singular controls are introduced.

Keywords: boundary control, Goursat-Darboux system, multipoint functional, necessary optimality condition,
linearized maximum principle, analog of condition Gabasov-Kirillovs, quasi-singular case.

1. BBeaenme

3asauy ONTHMaAbBHOTIO yIIpaBAeHNs onuckiBaeMble cuctemMamu I'ypca-Jap0y u ¢ yripas-
As€MBIM I'PaHIMYHBIM YCAOBUSM Hadaau usydatca ¢ pador A.VI. Eroposa [1, 2]. B gaabneiimem
B pabotax [3-14] u ap. moay4eHsl psi4 HEOOXOAMMBIX YCAOBUI ONTUMAaABHOCTU UM AOKa3aHbI
TeopeMBbl CyIIIeCTBOBaHII OIITMMaAbHBIX paclipeleleHHBIX U TPaHMYHBIX yrpabaeHuit. O0-

30p COOTBETCTBYIOIIIX Pe3yAbTaTOB UMeeTCs, Hanpumep B [14- 16].

B nacroseir pabote nccaeayercsi ogHa TpaHMYHas 3ajadya ONTUMMAABHOIO YIIpaBAeHNs
onuceiBaeMasi cucremoit I'ypca-ZAapOy m MHOroroueyHsiM (QyHKI[MOHaJlaM KadecTBa IIpHU
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IIpEeAIIOAO>KEHNN BBIITYKAOCTU obaactu YIIpaBA€HML. YcTraHoOBA€HO HeO6XO,Z|,I/IMO€ ycaosne
OIITIMaAbHOCTU B c])opMe AVHEapM30BaHHOIO YCAOBMA MaKCMMyMa I MCCAeA0BaH C/ly‘laﬁ
€I'0 BhIPO>KACHIAL.

2. TIlocraHOBKa 3agaum
PaCCMOTpI/IM 3aza4y O MUHUMYME c])yHKLU/IOHaAa
I(u) = (o(a(Tl)va(Tz )""'a(Tk ))+ G(Z(Tl , xl)' ""Z(Tk Xy )) (2.1)

IIpu OTpaHNYIEHIIIX

u(t)eU cR", teT =[t,.t,], (2.2)
=B(t,X)z, + f(t,x,2,2,), (t,x)e D =[t,,t,]x[%,.x ], (2.3)

<ft S wex bl @

a(t,)=b(x,)=a,,

a=g(t,au), teT, (2.5)

alt,)=a,- (2.6)

34ech f(t X, z,zx) -3agaHHasl N-MepHas BeKTOP-QYHKIS HellpepbIBHAS 110 COBOKYITHOC-
TH IepPeMEeHHBIX BMeCTe C YaCTHBIMI IIPOU3BOAHBIMIU II0 Z,Z, A0 BTOPOIO IOpsAKa BKAIOYM-
TeAbHO, B(t,x) — 3adaHHas U3Mepumas U OrpaHndeHHast (n X n) MaTpuyHask PyHKINS, b(x) -
3agaHHas N-MepHas abCOAIOTHa HellpepbIBHasl BeKTOp-QyHKIMs, t,,t,X,, X, — (t0 <t; X, < xi)
—zagansl, (T,,X;), i=1k (t, <T,<T,<..<T <t; X, <X, <X, <..<X, <X) — 3a]aHHbIE TOUKI,
a, — 3aJaHHBIN IIOCTOSIHHBLIV BEKTOP, g(t,a,u) — 3agaHHasl N-MepHasl BeKTOP-PYHKIINS He-
OpephIBHAs IO COBOKYITHOCTY IIEPEMEHHBIX BMECTe C YaCTHLIMU IIPOU3BOAHBIMIU ITO (a,u) A0
BTOPOTO IIOpsiAKa BKAIOUUTEALHO, qo(a) n G(z) — 3agaHHBle ABaXKAbl HEeIIPepPBIBHO AMpde-

peHnpyemMbple CKaAjdpHbIE CIDYHKLU/H/I, u - 3a4aHHO€ HEIIyCTOe, OIpaHMY€HHOE U BBIITYKA0€e
MHO>KeCTBO, U(t) — sMepumMasl U OrpaHmnm4eHHas1 r -MepHasl YIIpaBAsgIOIIasl BEKTOp-(IJYHKLH/ISI.

Kaxxayio yrpapasioniyio QpyHKIIUIO u(t) C BBIIIENPUBEACHHBIMI CBOVICTBAMM Ha30BEeM

AOIIYyCTUMBIM YIIpaBA€HNEM.

IlpeamioaaraeTcs, 4TO IIpM 3a4aHHOM AOITyCTMMOM YIIpaBA€HNN u(t) 3agayva Korrn (2.5)-

(2.6) 1 3agaua I'ypca (2.3)-(2.4) nMeIOT eAMHCTBeHHOe aDCOAIOTHO HeIIpephIBHOe pellleHne (B
cmpiczae [17, 10]) a(t) u z(t,x) coorBeTcTBeHHO.

Jomnycrumoe ynpasaeHue u(t) AOCTaBAsIOIIee MUHUMYM PyHKI[MOHaAy (2.1) mpu orpa-

HygeHnsx (2.2)-(2.6) Ha3oBeM ONTMMAaAbHBIM YIpaBAeHMEM, a COOTBeTCTBYIOIINI IIPOIiecc
(u(t), a(t),z(t,x)) — ONTUMAABHBIM IIPOIIECCOM.

3. CmenmaabHOe mpupameHyie pyHKIIMOHAaAa KadyecTBa

Cuanras (u(t)alt),z(t,x)) PUKCHPOBAHHBIM AOITYCTMIMBIM IIPOLIECCOM BBeAeM ODO3HAYEHNs

M(t,a.u,q)=q'g(t.a,u),
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f,(t,x,z(t,x),z,(t,x)) = f,(t,x),

f, (€% z(t,x)z,(t,x)) = f, (t.x),
rae w =y (t,x) u q=q(t) moxa HemsBecTHHIE N-MepHBIe BeKTOp-PyHKIMY, a (') MTPUX O3Ha-
YaeT OrepaInio TPAHCIIOHUPOBAHIE.

Yepes (T(t)=u(t)+Au(t), a(x) = a(x)+ Aa(x), z(t,x) = z(t,x)+ Az(t,x)) 0GO3HAYMM TPOU3BOAB-

HBIN ,ZI,OHyCTI/IMI)IiI mponecc M 3allmiieM IIpupanieHre Kpureprs KadecTBa

Al(u)=1(@)-1(u) =[p(@(,)....a(T, )~ ¢la(r,)....ar, )]+ 3.1)

+[6(z(T,, X),....2(T, . X, ) = G(2(T,, X ). z(T, , X, ).

Aazee sCHO, 4TO NpuUpalleHNe (Aa(t),Az(t,x)) — COCTOSTHMS (a(t),z(t,x)) €CTh pellleHue 3ajaqdn

Aa=g(t,a,u)-gltau), (3.2)
Aa(t,)=0, (3.3)
Az, =B(t,x)Az, + f(t,x,2,Z,)- f(t,x,z,2,), (3.4)

Az(t,x,)=Aa(t), teT,

Az(t,,x)=0, xeX. (3.5)

YMHOXas obe yacty cootHommenus (3.2) ((3.4)) caesa ckaaspro Ha q(t) ((t,x)), a satem

VHTEeTpupys 00e YacTy I0Ay4eHHOTO cOOTHOMmeHu:A 1o T (1o D) moayunm

}q’(t)Aa(t)dt = }[M (t,a(t),a(t).q(t) - M(t,a(t)u(t)q(t))dt, (3.6)

X

[ [w/tx)az, (t.x)dxdt = [ [yt )B(.x)az, ¢ x)dxdt+
to % to X

+ﬁ[H (t,%,2(t,%), 2, (¢, ), (t, X)) - H{t, x, 2(8, %), 2, (¢, %)t x))]dxdt. (3.7)
C yuetom Toxaects (3.6) u (3.7) popmyaa npupammenns (3.1) 3anmceiBaeTcs B BAe
AI(0) = (8t ) - o(alt) + 6zt %)~ Glalt )+ [ A ©)AGR) - [ [ ¢ a(0).e)e)-

- Ml u(0) @)+ | [ x)az, (6 x)dxdt- | i x)BE XA, x)dxdt -

4 oX

—II[H(t,x,Z(t,x),Zx(t,x),z//(t,x))— H(t,x,z(t,x),z, (t, ).y (t,x))]dxdt.
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Orcioga ucrioansyst popmyay Teitaopa, Oysem nmers

()= 3 220 a) oy, 50 00EMX )2 X ) g i)

i=1 aak i=1 azk

t

- %T[Aa'(t)M LDaat)+2au )M, (t)Aalt)+ Au't)M,, (t)Au(t)]dt + Iﬁw'(t, x)Az, (t,x)dxdt -

ﬁw (t,x)B(t,x)Az,(t,x)dxdt - Jj [t x)Az(t,x)+ H (t,x)Az,(t, x)|dxdt -

;]”Az (t.x)H,, (t,x)Az(t, x)+ Az, (t, x)H, , (t, x) Az(t, x) + AZ'(t, X)H,, (t.x)Az, (t,x)+

X

+AZ(t,X)H, , (t,x)Az, (t,x)|dxdt + o{{zk:"Aa(Ti ﬂz] + 02[[2 |az(T;, X, )"TJ -
03(U|Au (t)]+ [aa(t)[f kit IOA(H|Ati}| +az, (6, x)[F )axdt,

rae o(a )/a —0 opn a - 0.

SIcHO, 9TO

aat)= [ aa(r)ar,

f

X

= Aa(t)+ _[Az (z,s)dsdz,

[ S——

B.(t,x) Az, (t,x)dxdt,

t,
a(1)-+| |
ty

F

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

rae «,(t) ((t,x)) xapakrepucrmyeckas pyakmms orpeska [t,,T,] (06aactu [t,, T, [x[x,, X, ]).

Vcnoansysa dopmyanr (3.9)-(3.12) u npumensa popmyay JAupuxae (cMm. Hamp. [17])

MO>KHO 40Ka3aTb, YTO
t
M. (t)Aa(t)dt= || M. A&(t)dt,
fsstgr- o]

22
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ir]}y/’(t,x) B(t,x)Az,(t,x)dxdt = TTW'(t,x) B(t,x)Aa(t)dxdt +

o b (3.14)
+I]|:]W t,s)B(t,s ds}Az (t,x)dxdt,
ﬁH;(t X)Az(t, x dxdt:}]ﬁH 7,X dr}Aa dxdt+].j[D.]‘H 7,8 dsdz}Az (t,x)dxdt, (3.15)
ﬁH (t,x)Az, (t,x dxdt—ﬁﬁH T x)dr}Az (t,x)dxdt, (3.16)
Zk: 6(0'(a(T161,1...,a(Tk ) Aa(T, )= tjai ) 6go’(a(Tlal,1...,a(Tk ) ad(t)et, (317)
oG (2(T, X, ),n2(T, L X)) 06 (2(T,, X)), 2(T,, X, ) e
Z > Az(Ti,Xi)f; azi Aa(T) 618
+ﬁi oG (z(Tl,xla);..,z(Tk Xk))ﬂ(t e ()l

=jai (t)aG’(z(Tl,Xl) ..... Z(Tk’X"))Aa(t)dt+jjﬁi(t,x)aG’(Z(T“xl) ..... 2(T, X ))AZ (tx)dxdt.
C ygeToM gokaszaHHBIX TOXKAecTB (3.13)-(3.18) popmyaa (3.8) aas1 mpupareHns GyHKIIN-
OHaJa KauecTsa (2.1) mpeacrasasiercs B Buae

:—IM dt+

k

+tj[ial(t)a(da(-r1)'mﬁ(-rk))+q(t)+za(t)aG( (T1’X1) ----- Z(Tk’xk)) —].Ma(‘r)dr—

' 0z,

—].i[ H,(r,x)dxdz - jth txdx}Aa dt+” Zﬂ G'(2(T,, X,),...2(T, X))

—%”[Az t.X)H,, (t,x)Az(t,x)+ AZ'(t, X)H,, (t,x)Az, (t,x)+ Az, (t,x)H,, (t,x)Az(t,x) +

Ecan IIpeAarioaaraTtb, 94TO (l// ( y X ) Q(t) SIBASIETCAI peIIE€HNEM CHICTEMBI MHTETPAaAbHBIX YpaB-

(3.19)

+AZ(t,x)H, (t,x)Az, (t,x)|dxdt + ol[[lzkl:Aa T] + OZHZ: |az(T,, X;)

 [ouaate) + faue)F ot - ]}04(\Aztx\ Y+ 8z, 6 Jaxdt.
)

HEeHUN

e S g XaG(z(Tl,Xl) ..... z(Tk,xk))+*1 . Swlt.s)ds
w(tx) gﬂ.(t, ) o j B/(t,s)y(t,s)d 020

h X

+“Hz(r,s)dsdr+i1[Hzx(r,x)dr,
t x t
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Y

)= —Z“i (‘)W ) Za‘ (t)ae(z(Tl,xlg,z.i..,z(Tk X)), ! M, (c)dr - (3.21)

- ﬂ H,(z,x)dxdz + T B'(t.x)y(t,x)dx,

Xo t Xy

To popmyaa npupanienns: (3.19) mpumer Bug

Al(u)= %zk: Aa(T, )—az(p(ag),a.;,a(n ) nalfr, )
k o N . (3.22)
7%;&,“%)6 G(Z(Tl.gzli)éz--.,z(n.Xk)) AT, ,Xj)—J.Mu’(t)Au(t)dt—

7%T[Aa’(t)M LOna(t)+2Au )M, (t)Aa(t) + Au'(E)M,, (t)Au(t)]dt -

tﬂ

4 ox

- %”[Az'(t,x)HH (t.x)Az(t,x)+ Az'(t,x)H,, (t.x)Az,(t,x)+ Azt x)H, , {t,x)Az(t,x)+

Ilycts ¢ €[0,1] mpoussoarHoe umcao, a v(t)eU , teT mpousBoabHas U3MEpPUMast 1 OT-

+AZ(tX)H,, (t.x)Az, (t,x)]dxdt + olﬂizkllAa(Ti Hz] n 02[{2&(] X))
- 303(HAa(t] + HAu(tM2 )dt - TTOA(H\AZ(I,XX\ + HAzx(t,xXH2 )dtdx.

to %

paHMM9€HHAasA r -MepHasl BeKTOp-Cl)YHKI_U/I}I (,ZI,OHyCTI/IMOQ praBAeHI/Ie).

B cnay Beimmykaoctu obaactu yrpasaeHust U crelnaapHOe IpupalileHre yIIpaBAeHIs
u(t) Mmoxwuo onpeaeaunts o Gpopmyae

Au (t)=e[v(t)-u(t)], teT. (3.23)

UYepes (Aa(t;g),Az(t,x;g)) 0003HaUMM cCIelladbHOe IpUpallleHlie BeKTOpa COCTOSHMA
(a(t),z(t,x)) orevarormee npupaiieHuio (3.23) yrpasaeHus u(t).

Vcroaw3yst oLleHKH ITpuBeJeHHbIe HallpuMep B padorax [1-4, 6, 7, 10, 11, 15] AokasbiBaeTcs,
4TO

|aalt;e)<Le, (3.24)
|az(t,x;e)|<Le, |Az(t.x;e)<Le, (t.x)eD,
rae L =const >0 HEKOTOpOe IMOCTOSHHOE.

Ncnoawsys »tn onenkn u (3.23) npu nomomu (3.2)-(3.3), (3.4)-(3.5) a0ka3biBaeTcst

Teopema 3.1. Aas criermaapHoro ipupamienus (Aa(t; €),Az(t, x; ) cocrosmus (a(t), z(t,x))
VIMEIOT MeCTO Pa3A0sKeHs
Aa(t; &)= s 0(t)+ o(s;t),
Az(t,x; €)= em(t,x)+o(e;t,%), (3.25)
Az, (t,x;¢)=em,(t,x)+ o(s;t,%),
rae (

¢(t),m(t,x)) sBASIETCS pereHneM aHaA0Ta ypaBHeHWs B BAPUAITVX

1(t)=9.1) 1)+ g, ((t)-u(t)), (3.26)
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ot,)=0, (3.27)
m,, (t,x)= B(t,x)m,(t,x)+ f,(t,x)m(t,x)— f, (t,x)m,(t,x), (3.28)
mit.x,) = £(t),

m(t,,x)=0. (3:29)

C yuetoMm pasaoxxennit, (3.25) us popmyast npupatenns (3.22), moaydaem, 4To

Al (u)=1(u +Au,)- I(U)=—stjl M; (E)(v(t) - u(t))at +%Z{é'(tl)coaa(a(tl))f(tl% m'(t,,x,)G,, (2(t, x ))m(t, x,) -

- }[f’(t)Maa(t)é(t)+ 2(vt)- ut) M, (0)1(t) + (vt) - u(t)) M, ()v(t)- U(t))} dt +

Yo

[0, M0+ 0 H,, €m0+ mEOH, 0m(x) (330

to X%
+m(t,x)H,, (t,x)m, (t,x)]dxdt}+ o(e?).
4. HeoO0Oxoaumble yCAOBMsI OOTMMAAbHOCTH
s pasaoxenns (3.30) caeayer

TEOPEMa 4.1. ,Zl/l?[ OIITUMAaAbHOCTI AOITYyCTUMOTIO YIIpaBA€HUSI U(t) B paCCManI/IBaeMOﬁ

3agade HeoOXOAMMO, YTOOBI A5 BCEX V(t) eU, teT BBIIIOAHSIA0CH COOTHOIIEHNE
[M,©)(v(t)-u(t)dt<o. (3.31)

Heobxoanmoe ycaosue ontumaapHocTn (3.31) ecTh aHaa0r AMHeapu3oBaHHOTO (audde-
peHIaabHOrO) (M. Hatmp. [18, 19]) ycaosusa makcumyma aas paccMaTtpusaemolt 3agaun. Cae-
Ay paboram [20, 21] MOXKHO A0Ka3aTh caeAyloliee yTBepKAeHue.

Caeactsue 3.1. Heobxoammoe ycaosne ontumaapHoctu (3.31) MMeeT MecTo Toraa, TOABKO
TOTAa KOTAa AAs BCeX IMPaBUABHBIX TOUeK (Todek /lebera) (cMm. Hamp. [22-24]) aas Bcex We U
BBIIIOAHETCs HepaBeHCTBO

M/ (0)(w-u(6))<0. (3.32)
CoorHomenne (3.32) ecTh aHaAOT AMHEapU30BaHHOIO YCAOBMA MaKCMyMa U IIpUHajJe-

JKUT KAacCy HeOOXOAMMBIX YCAOBUII ONITMMAaAbHOCTH II€PBOTO HOpsAKa U HepeAKO BBIPOK-
Aaetcs (cM. Hanp. [25, 26]). Takue cayyan Ha3bIBaIOTCSI KBa3MIOCOOBIMI.

Omnpeaeaenne 3.1. Jomyctumoe yripasaenve U(t) HazoseM KBa3MOCOOBIM yITpaBAeHVIeM
B 3agaue (2.1)-(2.6), ecan gas1 Bcex Wel , d e [to ,tl)

M/ (0)(w-u(@))=0. (3.33)

s pasaoxenns (3.30) B cuay (3.33) caeayer

Teopema 3.2. Jas onTMMaAbHOCTI KBa3MOCOOOTO yIIpaBAeHNs u(t) B 3agaue (2.1)-(2.6)

HeOOXOAVIMO, YTOOBI HEPaBEHCTBO

ty

() (a(tl))é(tl)—j[f’(t)'vlaa(t)ﬁ(t)+ 2(u(t)-u(t) M., (Ot} (V) - uO) M, (t)(V(t)—U(t))}dt+

b

+m'(t,x)G, (z(tl,xl))m(tl,xl)—]'_xf[m'(t,x)Hu (t, x)m(t, x)+m'(t,x)H,, (t,x)m(t,x)+ (3.34)

- (E)H, (E)m(tx)+m; Ex)H,, (Ex)m, (¢ x)]dxdt >0

BBITIOAHSIA0CH AAS BCEX V(t) eU,teT.
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HepaseHnctso (3.34) ecTh HesiBHOe HEOOXOAMIMOE yCAOBME ONTMMAAbHOCTU KBa3MOCOOBIX
yIpaBAeHMi. VICroAb3ysl ero MOXKHO HOAYYUTh HEOOXOAVIMBIE YCAOBUS ONTUMAABHOCTU

KBa3MOCOOBIX yIpaBAeHMII HeIloCpeJCTBeHHO BhIpakeHHbIe yepes IlapameTpsl 3adaun (2.1)-
(2.6).

Pertenne AMHENTHOTO HeEOAHOPOAHOTO Au(depeHlImaabHOrO ypasHeHusa (3.26) c
HayaAbHBIM ycaoBueM (3.27) gomyckaeT npeacrapaenue [17, 27]

0(0)= [ Flt.e)g, () (u(e) - u(e)de. (3.35)

rae F(t,z) (nxn) Marprunas GyHKIMA ABASIONIAsCS PellleHNeM 3a4adqn
F(tr)=-F(t.7)9.(),

F(tt)=E,

(E (nxn) — eauumunas mMaTpura).

Vcnioansys pesyabTar paboThl [28] pemieHne KpaeBoii 3a4aul 3allMChIBAeTCs B BUAe

m(t. )= [ R xi)[f)- 1, (%) (0 (3.36)
rae R(t,X; T,S) (n X n) ManI/I‘{Ha}I Cl)yHKI_H/I}I peH_IeHI/Ie I/IHTeraAbHOFO ypaBHeHI/I}I.
R(t,x;7,5)=E +ij(t,x;a,ﬁ) fz(a,ﬁ)dadﬂ+jR(t,x;a,s) f, (a.s)de +jR(t,x;r,ﬂ)B(r,ﬁ)dﬁ.

M3 (3.36) c yueTom (3.10) nmeem

m(t,x)= J R(t,x;7,%)[g, (£)(2)+ 9, (1) (v(z) - u(z)~ £, (z.%,)(¢)]d =
: (3.37)

= [R(x57.%)0, () 0le)- (e )de + [ R xs %) [0, () T, (o5, e
[Moaaras

Qlt,x,7)=R(t.x;7,%)|g.(2)- T, (.%)], (3.38)
u3 (3.37) moaydmum

m(t,x) = j R(t,x;7,%,)9,(7)(v(r)-u(z))dz +jQ(t,x,r)£(r)dr.

A orcioga B cuay npeacrasaenns (3.33) umeem

t

m(t,x)= _[ R(t,x;7,%,) g, (r)(v(z)-u(z))dz + j'ﬁQ(t,x,r)F(r,s)gu(s)(v(s)— u(s))dle dr =

=jR(t,x;T,x0)gu(T)(v(r)u(f))dr+jﬁq(t,x,s)p(s,r)d{gu(f)(v(r)u(r))df.

IToaaras

t

L(t,x,7)= R(t,x;r,x0)+JQ(t,x,s)F(s,r)ds, (3.39)

OKOH4YaTeAbHO 6YAeM IMeTb
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m(t, )= L(t,x,r)gu(r)(v(r)— u(r))dr.

S

CaeaoBaTeaAbHO

m,(6%)= [ L, (L) g, () v(e)-u(e) e

(3.40)

(3.41)

Vcnoansys npeacrasaenns (3.35), (3.40), (3.41) saiimemcst TpeoOpa3oBaHeM OTAEABHBIX

caaraembIx B (3.34).

[Tpu momomn HpeACTaBAeHI/Ie (3.33) moayuum

0t I j ?)F (6., 7)¢. (alt) F(t,.5)g, (s)(v(s) - u(s))dsdz -

1| 4

}(v(t)_u(t))’ M. (t)(t)alt :j{ [ &e)M,, ()F e 0) df} o, (O(E) - ult)dt,

o Lt

U F(t.f)gu(f)(v(f)_u(r))er Maa(t)UF(t,s)gu(s)(v(s)—u(s))ds]dt:
- T { ’jF)'(t,aMaa(t)F(t,s)dt}gu<s)<v<s>_u<s>)dsd,,

Aaaee npu nomomu (3.40), (3.41) gokaspiBaeTcs CripaBeAANBOCTb TOXKAECTB

”m t,x)H, (t,x)m(t,x)dxdt = ”[J t,x,7)g, (r)(v(r)—u(r))drj H,,(t,x)x
[j L(t,%,5)g, (5)((s)— uls ))ds]dxdtz

:tj‘]‘ {T J(‘L t,x,7) L(t,x s)dxdt}g (s)(v(s)—u(s))dsdz,

)

”m t,x) m, (t,x)dxdt = ”U t,x,7)g, (r)(v(r)—u(r))dr] H,, (t,x)x
x{j L, (t,x,s gu(s)(v(s)—u(s))ds]dxdtz

=}T(V(T)—U(f))’ QL(T){T ]'L (t,x,7) )L, (¢, s)dxdt}g (s)(v(s)-u(s))dsdz,

¥, max(z,s

jTAz;(t x)H,, (t,x)Az,(t,x)dxdt = ”(J.L t,x,7)g,(z )(v(r)—u(r))drj H,., (t,x)x
x[].L t,x,5)g —u(s ))dstxdt_
“ {]. E!.L t,x,7)H,, (tx)L,(tx s)dxdt}g (s)(v(s)—u(s))dsdz.

Beeaem oOo3HaueH1sI
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K(z.8)=—F(t,, 7). (alt ) F(t.5)+

t, X

+ F'(t,7) I (tx,7)H,, (t.x) L x,5)+ L't x,7)H,, (t,x)L,(t,x,5)+ (3.48)

+L(tx,7)H,,(t, ) L(t,x,s)+ L. (t,x r)HZXZX(t,x)LX(t,x,s)]dx}dt.
Marpuunas ¢ynxius K(z,S) sBaseTcs aHal0roM MaTpudHbIX (PYHKIUI BBeAeHHbIE B
paccMmoTtpeHnne B pabotax [15, 16, 29].

YunrsiBasi obosHauenne (3.48) u toxaecrsa (3.42)-(3.47) nepasenctso (3.34) 3anuchbiBa-
€TCsl B BUAE

b

” 9. (r)K(z,s)g,(s)(v(s)-u(s))dsdr + (3.49)

+2| [0) 1)) Mo ()F () | g, 66(0)-u®)dt+ [ ((t)-ue)] M, )ult)- uE)et <O.
CdopmyanpyeM 1oaydyeHHbII pe3yabTar.

Teopema 3.3. 4451 onTMaAbHOCTM KBa31OCOOOIO yIIpaBAeHIs u(t) B 3agaue (2.1)-(2.6),

HEO0OX0AMMO YTOOBI HepaBeHCTBO (3.49) BBIIIOAHSIAOCDH 4451 BCeX u(t) eU,teT.

HepaseHnctso (3.49) ecTh MHTerpaabHOe HEOOXOAVMOE YCAOBME ONTUMAABHOCTY KBa3Jo-
COOBIX YIIpaBA€HNIT ¥ HOCUT 40BOABHO OOIIMII XapakTep. VI3 Hero MO>KHO MOAYIUTD, UCIIOAD-
3ys IPOM3BOABHOCTS V(t), psia Goaee AerKo MpoBepsIeMbIX YCAOBUIT OTITYMAABHOCTIA.

HeHOCpe,ZI,CTBeHHI)IM CAeACTBMIEM TEOPEMBI 3.3. ssBAsIeTCS

Teopema 3.4. I1pu BRINOAHEHNM YCAOBUI TeOpeMbI 3.3 A4 ONTUMAAbHOCTU KBa3MOCO-
6bix yrpasaenuit u(t) B sagade (2.1)-(2.6) HeOBGXOAMMO, 4TOBH Aas Beex O € [t,,t,), weU BEI-

IIOAHAACS HepaBeHCTBO
(w—u(®)) M, (0)w-u(®)<0. (3.50)

HepaseHnctso (3.48) ectp aHasor ycaosus /exanapa-KaeOma B caydae BBIITYKAON 00-
AaCTU yIIpaBAeHUSL.

Teneps n3yunm caydaii BBIpO>XXAeHNs aHaAo0Ta ycaosus /exxanapa-Kaebma.

Omnpeaeaenne 3.2. Ksasnocoboe yripasaenue u(t) HazoBeM KBa3roCoGHIM BTOPOTO TIOp-

sAKa yIpaBAeHIeM, ecan A4 Bcex Wel , O e [t0 ,tl)
(w—u(9)) M, (0)(w—u(9))=0. (3.51)

Teopema 3.5. Ecan u(t) KBa3110coD0e BTOPOTO IIOpsigKa yIpaBAeHNe, TO A4Sl €T0 OITU-

MaAbHOCTI HeOOXOAUMO, YTOOBI
(w-u(9)) [9:(6)K(6.0)g,(6)+ H, (0)g,(0)|(w-u(6)) <0 (3.52)
BBIIIOAHSAA0CH AAs1 Bcex WelU n 0 e [tO ,tl).

Hepasencrso (3.52) ects anaaor ycaosus I'abacosa-Kupuaaosoit noayuennsiin 8 [30, 31]
B CAy4ae OOBIKHOBEHHO AMHAMMIYEeCKON CUCTeMBI.
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ABSTRACT
It is known that Charlier polynomials Cn(x; a) are defined in terms of ,F, hypergeometric functions and they

satisfy orthogonality relation with respect to a certain discrete measure. There is also well-known interrelation
between the Charlier and the Laguerre polynomials. Taking into account that the orthogonality with respect to a
certain continuous measure for the Laguerre polynomials already exists, then, new orthogonality relation for the
Charlier polynomials of the discrete variable X > m+n is proposed with respect to the continuous measure. The
correctness of this orthogonality relation is proved by using known properties of the Pochhammer symbol and
Gamma function. Some brief discussions regarding proposed new orthogonality relation for the Charlier polyno-
mials are provided, too.
Keywords: Charlier polynomials; orthogonality relation; hypergeometric functions.
COOTHOIIEHUE OPTOTOHAAbHOCTH 110 HEIIPEPBIBHOV MEPE /151 MHOT' OU/IEHOB IIAP/bE
AHHOTAIVS
UssectHo, uto MHOTOYAeHst [llapase C, (x;a) OMPeACASIOTCS B @AMHUIIAX THIIePreOMeTPUIeCKIX yHKITMI

2F0 1 OHN YAOBAETBOPSIIOT COOTHOMIECHNIO OPTOTOHAABHOCTHU ITO OTHOIIEHUIO KOHerTHOﬁI AI/ICKPETHOIZ MephbI.

Cy1ecTByeT Tak:kKe XOpOIIIO M3BeCTHOe COOTHOIIIeHNe, CBsA3bIBalollee MHorouAeHsl [llapare u Aareppa. ITpunumas
BO BHIIMaHMe, YTO y>Ke CyLIeCTByeT OPTOTOHAaAbHOCTh 110 KOHKPETHOI HeIIPephIBHONM Mepe AAs MHOTOYAeHOB /la-
reppa, peA40>KeHO HOBOe COOTHOIIIeHIe OITOTOHAaABHOCTHM IO HellpephIBHO Mepe AaAs MHorouaeHos Illapare
AuckpeTHoi niepemenHoit X > M+ N . Vcroassys nsBecTHBIe cBOIICTBa cuMBOA0B IToxraMmMepa 1 'amma QyHK-
1M, AOKa3bIBAeTCsl KOPPEKTHOCTh DTOTO COOTHOIIIEHNST OPTOTOHaAbHOCTH. HexkoToprre KopoTkme obcyKAeHus 110
II0BOAY ITpeAA05KeHHOTO HOBOI'O COOTHOIIIEHNsI OPTOTOHAABHOCTH 445 MHOrouaeHos Illapabe ToXe IIpeacTaBAeHbI.

Karouesble caoBa: oanHoMs! llapabe; OTHOIIIEHNE OPTOrOHAABHOCTH; TUIIepreoMeTpudecKue QyHKIUN.
SARLYE COXHODLILORI UCUN KOSiLMOZ OLCUYS MALIK ORTOQONALLIQ SORTI
XULASO

MBbolumdur ki, Cn(x;a) ¢oxhadlileri .F hiperhandasi funksiyalarmnin kémayi ils ifade olunurlar ve onlar mii-
ayyen diskret dl¢iiys gore ortoqonalliq miinasibetini 6dayirlar. Homginin, Sarlye ve Lager ¢oxhadlilerini bir-biri
ils baglayan ifads da yaxsi malumdur. Lager ¢oxhadlilari {i¢iin miiayyan kasilmaz 6l¢iiys gora ortoqonalligin mov-
cudlugunu nazers alaraq, X > M+ N diskret dayisenli Sarlye ¢oxhadlilari iiglin kesilmaz dl¢iiye malik yeni on-
toqonalliq miinasibeti toklif edilmisdir. Pohammer simvolu ve Gamma funksiyanin melum xasselarindan istifade

etmoakls, bu ortoqonalliq miinasibatinin dogrulugu isbat edilmisdir. Sarlye ¢oxhadlilari tigiin toklif edilmis yeni
ortoqonalliq miinasibati il bagli bazi qisa miizakiraler da toqdim edilmisdir.

Acar sozlar: Charlier polinomlari, ortogonality slaqasi, hipergeometrik funksiyalar.
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1. Introduction

The role that the orthogonal polynomials play to understand any analytical solution of
the dynamical systems from their statistical point of view is indisputable fact. Usually, all of
important problems of the quantum physics, which being solved explicitly have quantization
of their energy spectrum, lead to the wave functions described through the orthogonal poly-
nomial of certain type. One needs to note here that in mathematics, orthogonal polynomials
themselves arise as solutions to differential or difference equations related to the hypergeo-
metric equations. Currently, there is a list of so-called Askey-scheme of hypergeometric ortho-
gonal polynomials expressed through the certain hypergeometric functions from simple ,F,

to more high ,F; [1]. The simplest one in this scheme is well-known Hermite polynomial that

arises in quantum physics as a solution of the non-relativistic harmonic oscillator in the cano-
nical approach [2]. There are also generalizations of the non-relativistic quantum oscillator
problem leading to the wave functions expressed through the orthogonal polynomials from
Askey-scheme high levels. One-dimensional Wigner quantum oscillator [3] expressed through
the Laguerre polynomials [4], Charlier oscillators [5,6], Krawtchouk oscillators [7], Meixner
oscillators [6], the relativistic quantum linear and singular oscillators expressed respectively
through the Meixner-Pollaczek [8] and continuous dual Hahn polynomials [9] are among them.

Charlier polynomials being on the second level of the so-called Askey-scheme have very
interesting orthogonality relation that is the orthogonality with respect to a certain discrete
measure. In spite of the simplest well-known interrelation between the Charlier and the La-
guerre polynomials, the orthogonality with respect to a certain continuous measure for the
Laguerre polynomials fails in the case of the Charlier polynomials. Therefore, the question on
the continuous orthogonality relation for the Charlier polynomials still remains open. In this
paper, we try to answer to this question and present the new orthogonality relation for the
Charlier polynomials for some range of discrete values of the variable X. This orthogonality
relation is continuous with respect to the parameter a.

Our paper is structured as follows: Section 2 provides basic definition and already known
information about the properties of the Charlier polynomials. The new orthogonality relation
and its proof are presented in Section 3.

2. Basic properties of the Charlier polynomials

Charlier polynomials are defined as

Cn(x;a):zFO(_ " —1J=i(—l)k En)lex), (1)

a) & kla

They satisfy the following orthogonality relation with respect to the discrete measure
Z%Cm (x;a)C,(x;a)=a"ents,,, a>0, (2)
x=0 7\
and the following recurrence relation:
—-xC,(x;a)=aC,,,(x;a) — (n+a)C,(x;a) + nC, ,(x;a). (3)

One needs to note that they are the solution of the following difference equation

—ny(x)=ay(x+1)- (x+a)y(x)+ xy(x-1), y(x)=C,(x:a), “
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as well as the following forward and backward shift operators exist for the Charlier polyno-
mials:

C,(x+La)-C,(xa)= —gcn_l(x;a)/ @)

Cn(x;a)—gcn(x—1;a):Cn+1(x;a)- (6)

Their another important property is their following connection with the Laguerre polyno-
mials

C.(xa)=—" L), (7)

(-a)

where, the Laguerre polynomials are defined as

L) (x)= L Zn:(_in)k(a +k+1),  x - 8)

" e K

3. The new orthogonality relation

In this Section, we propose the new orthogonality relation for the Charlier polynomials
C, (X; a) with respect to the continuous measure a. Our proposal for this new relation is the
following:

J'e‘“ax‘lcm(x—m;a)Cn(X—n;a)da=w@nn ,X>m-+n. )
0 _

The proof of its correctness is easy. First, we use (1) here and rewrite left-hand side of (9)
as double sum of the integral relation:

i(_l)k (=m),(m—x), Zn:(_l)s (=n)(n—x), ]C.efaaxfk—s—lda' (10)
k=0 k! ~0 sl °

The integral leads to the well-known Gamma function [(x—k —s)=(x—k-s—-1)}, x-k-s>0.
One can also apply in both K and S summations the following known properties for the Po-
chhammer symbol (a)k:

(m)e (M) (M ) = (1K (e — _ 1
Eabk—a P | =) =2 (eomerai, an
which allows us to re-express (10) as the following:

i(-l)k(m J(x—m+1—k)kzn:(—l)s(:_SJ(x—n+1—s)s(x—k—s—l)!. (12)

0 m—k s=0

Now, we can reverse the order of summation for both kK and S series as k —-sm—k, S—n-s as
well as apply the properties of the Pochhammer symbol (a+k), , =(a),/(a), and (a) r(n)=r(a+n),

from where we obtain that

(=)™ (x-=2m+1), (x—2n+1),(x—m-n —1)!;:‘ (_kT(zl(‘ EXZ_n:T;)T)k SZO & nzi((::zn:;ri; o) . (13)

It is easy to observe that the summation by S is the , F, of the following form:

Z”:(—n)s(x—m—n+k)sl:2|:{—n,x—m—n+k;l J (14)

= sli(x—2n+1), X—2n+1
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One can apply now the Vandermonde summation formula

A0 ) )

that simplifies (13) as follows:

(-1)""(x—2m+1),(x—m—-n _1)!2(—&3:(_)(2;”1—1)‘:% (m-n+1-k),. (16)

One can use now another interesting relation for the Pochhammer symbol (@a-k),=5—

in order to re-express (m—n+1-k), as
(n—m),(m+1-n)
(_ m)k

Inserting (17) in (16) simplifies it as follows:

0=z ) c-mn -3 (G (18)

(m—n+1—k), = i (17)

Summation by K is also , F, of the following form

i(n_m)k(x_m_n)k:ZFl[n_m'x_m_n;lJ (19)

= Kl(x—2m+1), X—2m+1

as well as for (m+1—n), we have:

(m+1-n), = (1) (Cm), = n{m} 0)

n

We can use now well-known Gauss summation formula

ab_ | T(e)c-a-b) Re(c—a—b)>0 21
A" Ry e -

that allows writing (18) in more simple formula:

(=2)""(x—2m +1)m(:jn! (X(‘HT ;1;‘ (;1_)!5]’(_‘ nf;“)' (22)

One can combine (x—2m+1),and (x—2m) as (x—2m+1),(x—2m)=(x—m) and rewrite (22)

as follows:

(st

nim)x—n-m’

Due to appeared binomial coefficients in the expression, (23) becomes 0 in case of N#m
whereas the case N=m gives the correct right-hand side of (9), i.e. nl(x—n)/(x—2n).

4. Conclusions

Charlier polynomials are one of the orthogonal polynomials, which various properties
are studied in different aspects [10,11]. One can note here also their uniform asymptotic ex-
pansions [12-14], generalizations [15], combinatorics [16] etc. In this letter, we propose the new
orthogonality relation for the Charlier polynomials of the discrete variable X>m+n with
respect to the continuous measure a and prove the correctness of this proposal. One need to
note here that due to the known interrelation between the Charlier and Laguerre polynomials
(7), the orthogonality relation for the Charlier polynomials proposed here leads to the follo-
wing orthogonality relation for the Laguerre polynomials
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T ooxyam-n-t (a—2m) (a-2n) :M
Ie " Lm0 e nl(a —2n)

0

Oy &> M+N,

that arises and plays an important role in the analytical solution of the quantum mechanical
problem on the Morse oscillator [17]. One can see that it is quite different than well-known
orthogonality relation for the Laguerre polynomials [1]

Th+a+l)

Ie‘xxa L (x)L(x)dx = —— O a>L
! !
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ABSTRACT

Here we find sufficient conditions that guarantee the separability of degenerate abstract convolution-elliptic
equations in weighted L, spaces. By using these results the existence and uniqueness of maximal regular solution
of the convolution equation with parameters is obtained in weighted L,, spaces. In application, the infinite system
of degenerate elliptic integro-differential equations with parameters are obtained.

Key Words: sectorial operators, abstract weighted spaces, operator-valued multipliers, convolution equations,
degenerate integro-differential equations, coercive estimate, iinfinite systems.

PARAMETRLI CIRLASAN INTEQRO-DIFERENSIAL TONLIKLOR SISTEMI
XULASO

Isde arlasan konvolution abstrakt-elliptik tonliklarin ¢okili Lp-fozasinda separabelliyini tamin edan kafi
sortlor miiayyoanlasdirlir. ©lds olunan naticalarin kémayi ilo parametr daxil olan konvolution tenliklerin ¢okili
fozalarda maksimal-requlyar hallinin varli1 ve yeganaliyi gostorilir. Nohayaet, parametrli cirlasan elliptik inteqro-
differensial tonliklorin sonsuz sistemi Syranilir ve koersitiv giymetlondirma alinir.

Acar sozlar: sektorial operatorlar, abstrakt cokili fozalar, operator qiymotli multiplikatorlar, konvolution
tonliklar, cirlasan inteqro-diferensial tonliklar, koersitiv qiymatlondirma, sonsuz sistemlar.

CHUCTEMA BBIPOXX AEHHBIX UHTETPO- AV OEPEHIIVIA IbHBIX YPABHEHU C IIAPAMETPAMMU
PE3IOME

34ech MBI HAXOAUM AOCTaTOUHbIE YCAOBMS, FapaHTUPYIOIINe cellapabeAbHOCTY BRIPOKAQIOITUXCS aOCTpaKT-
HBIX 9AAUNTIYECKMX YpaBHeHMI B CBepTKaX B BeCOBLIX Lp- mpocTrpaHcTBax. Vcrioab3ys 911 pesyabTaThbl, MbI I10-
AydaeM CyLIeCTBOBaHIe U e4MHCTBEHHOCTh MaKCMMaAbHO-PEryAsPHOIO pelleHIs ypaBHeHIsl CBePTKH C IlapaMeT-
paMu B BECOBBIX IIpOCTpaHCTBax. B nipnaoskenun mccaeayiorcs 6eckoHedHas! CrCTeMa BBHIPOKAAIOMIMXCS DAAUII-
TUYeCKNX MHTerpo-AuddepeHnalbHbIX YpaBHEHNI ¢ TapaMeTpaMi U TI0AyJaeTcsl KOOPIIUTUBHAS OIleHKa.

KaroudeBble caoBa: ceKTopuaabHbIe OIlepaTOpPhl, aOCTpaKTHbIE BECOBBIe ITPOCTPAHCTBa, OIlepaTOPHO-3HaYHEbIe
MYABTUILAMKATOPEI, YpaBHEHNsI CBePTKHU, BRIPOKAEHHBIe UHTerpo-Anuddepeniaibable ypaBHeHsI, KODPIIUTUB-
Has OlleHKa, OeCKOHeUHbIe CCTeMBI.

1. Introduction

Differential operator equations, have been studied extensively e.g., in [1-3], [8-11], [15-19]
and the references therein. Convolution-differential equations (CDEs) have been treated e.g.,
in [12-14]. The convolution-differential operator equations (CDOEs) are relatively less inves-
tigated subject. Note that, the regularity properties of infinite system of integro-differential
equations were studied e.g., in [7], [16] and the references therein. In [15] and [16] regularity
properties of degenerate CDOEs are studied. The main aim of the present paper is to study the
maximal regularity properties of the system of degenerate integro-differential equations with
parameters

Z £q Ag * D ¥u,, + Z dj*u; = frr,m=12,.., (1.1)

|a|st j=1
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in weighted space L, (R"; l;), where [ is a natural number, a, = a,(x) are complex-valued

functions, d; = d;j(x), up = un(x), fn = fm(x), @ = (ay, a,,...,a,), @, are nonnegative integers,
ay
la| = Xk=1ak, € = (€1,82,...,8n),€¢ = [Ik=1 ¢, , & are positive parameter. Here, the convo-

lutions a, * DIy, d; * u; are defined in the distribution sense (see e.g., [2]), where y = y(x)
is a positive measurable function on 2 ¢ R" and

ai

d
_ plail plazl [an] [a;] _
D[a] = Dx11 szz ..D ) Dxi = <]/(X) a—xl) .

=Yy

In this paper, we establish the uniform separability properties of the parameter dependent
infinite system of degenerate integro-differential equations (1.1). The main tools of this work
is the theory of operator-valued Fourier multipliers. This fact is derived by using the represen-
tation formula for the solution of (1.1) and operator valued multipliers in L, , (R™; l;).

The present paper is organized as follows. The first section in this paper contains an intro-
duction. Secton 2 collects definitions, some notations and basic properties of E —valued func-
tion spaces, in particular, weighted L, ,(R™; l,) space. The third section is devoted to maximal
regularity in weighted L, —spaces and prepares for the proof of the main result of this paper.
In section 4 by applying this results the maximal regularity of problem (1.1) is proved.

2. Notation and Definitions

Let us first some notions. Denote the set of natural numbers by N, the set of real numbers
by R and the set of complex numbers by C.

For 1 < g < oo we set

oo 1/q
Ly = {6:6 = G2 IS, = (Zw) <w,§ € c}.
i=1

Let E be a Banach space and y = y(x), x = (x4, x5, ..., X,) be a positive measurable weighted
function on a R™. Let Ly, (R™; E) denote the space of strongly E —valued functions that are
defined on R™ with the norm

( o
Py(x)d
I Nle,,, = If ey, @me) = J (l If COllE v (x) x> L <p<o

ess S;?zgl[y(x)llf(x)llsl, p = .

Moreover, if p € (1,) and y(x) is a positive measurable function, then

1/77
Loy (R 1) =4 £ f = (fi(0)}2s, ||f||Lp_y(Rn;lq)=< f RGO, ¥ (x) dx) <oy,
Rn

Clearly, L, (R™; l;)is a Banachspace. For y(x) = 1 we write L,(R™; l,).
The weight y = y(x) satisfy an A, condition, i.e.,y € A,,p € (1, ) if there is a positive

p-1
1 1 _1
sgp (mf y(x) dx) (mf y P1(x) dx) <C

Q Q

constant C such that

for all cubes Q c R™ (see e.g., [8, Ch.9]).
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The result [18] implies that the space [, for g € (1, ) satisfies multiplier condition with
respect to p € (1, ) and the weight functions y(x) = [[jz-1|xx|" for — % <v< %(p —-1).

Here,
Sp={1€C, largl| < @} U {0}, 0<op<m.
Let E; and E, be two Banach spaces and let B(E1, E;) denote the space of bounded linear
operators from E;to E,. For E; = E, = E we denote B(E, E) by B(E).
Let D(A), R(A) denote the domain and range of the linear operator in E, respectively. Let

Ker A denote a null space of A.

A closed linear operator A is said to be ¢ — sectorial (or sectorial for ¢ = 0) in a Banach
space E with bound M >0 if Ker A ={0},D(4) and R(A) are dense on E, and |[(4 +
/'lI)‘lllB(E) <M|A| L forall 1 € Sy, ¢ € [0,m), where I is an identity operator in E. Sometimes
A + Al will be written as A + A and will be denoted by 4;. It is known (see e.g., [17, §1.15.1])
that the fractional powers of the operator A are well defined.

Let E(A%) denote the space D(A?) with the graph norm
1
el g a0y = (Ilullg + ||A9u||2)p 1<p<o, —0<fh<oo,

Note that the above norms are equivalent for p € [1, ©).

Here, S = S(R™; E) denotes the E —valued Schwartz class, i.e., the space of E —valued ra-
pidly decreasing smooth functions on R", equipped with its usual topology generated by se-
minorms. S(R™; C) will be denoted by just S.

Let S'(R™ E) denote the space of all continuous linear operators, L: S — E, equipped with
topology of bounded convergence. Recall S(R™; E) is norm dense in L, ,,(R™; E) when
1<p<om,ye€Ai,.

C(R™ E)andC ™ (R™; E) will denote the spaces of E —valued bounded uniformly strongly

continuous and m —times continuously differentiable functions on R", respectively.

Here, a = (a4, @, ..., a,), where a; are integers. An E —valued generalized function Df
is called a generalized derivative in the sense of Schwartz distributions of the function
f €S(R™E) if

< D%, >= (-1)* < £, D% >
holds for all ¢ € S.

Let F denote the Fourier transform. Throughout this section the Fourier transformation
of a function f will be denoted by fand F~1f = f.Itis known that

F(DEf) = (i&)™... (i&)*™f,  DE(F(N)) = FI(=ix)... (—ixy)*nf]
forall f € S'(R™; E).

Suppose E; and E, are two Banach spaces. A function¥ € L, (R™; B(E}, E3)) is called a
Fourier multiplier from L,,(R"™; E;) to L,,(R™E;) for p € (1,0) if the map u— Tu =
F'W(&)Fu,u € S(R™; E,) is well defined and extends to a bounded linear operator

T: Lm,(R”; E)) - Lm,(Rn; E;)

A set K c B(Ey, E,) is called R-bounded (see e.g., [5], [19]) if there is a constant C > 0 such

that for all T}, Ty, ..., ), € K and uq,uy,...,u,, € E;,meN
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1
/
Where {r;} is a sequence of independent symmetric {—1; 1}-valued random variables on

[0,1]. The smallest C for which the above estimate holds is called the R —bound of K and
denoted by R(K).

A Banach space E is said to be a space satisfying the multiplier condition with respect to
weighted function y and p € (1, ) (or multiplier condition with respect to p € (1,0) when
y(x) = 1) if for any ¥ € C™ (R™\{0}; B(E)) the R —boundedness of the set

{161#1Dfw (£):€ € R™\(0}, 8 = (By, Bor- .. Bu). B € {013}

implies that ¥ is a Fourier multiplier in L, (R™; E).

1
dySCf

Ey 0

[oe]

Z Ty

i=1

m

Z 1 (¥)y;

i=1

dy,

Eq

A sectorial operator A(x),x € R™ is said to be uniformly R —sectorial in a Banach space E
if there exists a ¢ € [0, ) such that

sup R({[AC)(A) +ED7M:E € S,}) < M.

Note that, in Hilbert spaces every norm bounded set is R —bounded. Therefore, in Hilbert
spaces all sectorial operators are R —sectorial.

Let A = A(x),x € R™ be closed linear operator in E with domain D (4) independent of x.
The Fourier transformation of A(x) is a linear operator with the domain D(4) defined as

Aulp) = A)u(p) for u € S'(R™; D(A)), ¢ € S(R™).
(For details see e.g., [2, Section 3]).
Leth € RRm e Nand e, k = 1,2,...,n be the standard unit vectors of R",
A (Wf(x) = f(x + he) — f(x)
A(x)is differentiable if there is the limit

<6_A) u = lim A, (MA(x)u

€ D(A).
o, lim A ,  u€D(4)
in the sense of E —norm.

Let Ey and E be two Banach spaces, where E; is continuously and densely embedded
into E. Let | be a natural number. Wpl,y(R”;EO,E ) denotes the space of all functions from

l
S'(R™; Ey) such that L, (R™; Ey) and the generalized derivatives Dju = :Tlf € Ly, (R™ E) with
k
the norm

n
— l
”u”Wé_y(Rn;Eo,E) - “u”Lp'-y(R";Eo) + Z||Dku||Lp,y(RnFE) < oo
k=1

It is clear that
WL, (R™; Eg, E) = W), (R E) N Ly, (R™; Ey).
W})[,ly](R";EO,E) denotes the space of all functions from S'(R™; E,) such that u € L,(R™; Ey)
and D["'u € L,(R™; E) with the norm

n
[1
u = ||lu 2y + ”D u” < oo,
I ”W;Ef]]/(R";Eo.E) I ||Lp(R",E0) ,;_1 k Ly (R™SE)
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Note that if [ > 2, E is a space satisfying the multiplier condition with respect to weighted
function y and p € (1, ), then the above definitions are equivalent with usual definitions (see
e.g., in [14]), i.e.

ltllyt oy = 1l ey + ) 1Dl oy,

la|st

~ [a]
el 10 oy ) = Wileycany + D N0,

|la|sl

A functionu € Wp['l)l (R™ E(A), E)satistying the equation (1.1) a.e., on R", is called a solution
of the equation (1.1).

3. Infinite system of integro-differential equations with parameters

Consider the following nondegenerate integro-differential equations with parameters

Z Eq Qg * DUy, + Z di*u; = frp,m=12,.., 3.1

la|<l j=1
where, €, ¢, are parameters, a, are complex-valued functions defined in (1.1).

In this section we find sufficient conditions that guarantee the separability of the problem
(3.1). Note that, section 3, prepares for the proof of the main result of this paper. This facts is

derived by using is a Fourier multiplier theorem for operator-valued multiplier functions on
vector-valued Banach spaces.

Consider operator functions,

G066, 2) = A([d()jm] + Le(@) + 1), 016, D) = [, 8] (48] + L) +2) 7,

lal N -1
026 = D e T A @O (GO 8m] + L +21)

la|<sl
Where 6j,,, , m,j = 1,2,..., o0, is the Kronecker symbol.

Lemma 3.1.Assume [d]- (¢ )6jm] is a uniformly ¢ - sectorial operator in [,with ¢ € [0,7) and
aq € Ly (R™) such that

Le(®) = D €ala(D)® € Sy ILe(D] = €Y eulaga] 16l (32)
k=1

|la|<l

For a(l,k)=(0,0,...,,,00,...,0), ie, a;=0,i#ka,=0,i=12,...n,9¢, €[0,1),& =
(§1,¢2,---,€n) ER™ and 1 € S, with ¢, € [0,), where ¢ + ¢, + ¢, <, then the operator
functions 0;. (¢, 1) are uniformly bounded, i.e.,

loie (€, Dl < C,i =0,1,2.
Proof. By virtue of [6, Lemma 2.3], for L.(§) € S, ,4 € S, and ¢, + @, < 7 there exists a
positive constant C such that
|24 Le(O) = CUA + [L(E)D. (33)
Since L.(£) € S, in view of (3.2), (3.3) and resolvent properties of [dj (f)6jm], the operator

function ([dj €3 )5jm] + L5+ /1)_1 is uniformly bounded for all ¢ € R",1 € §,,,. Moreover,
since [ﬁj (¢ )5jm] is a sectorial operator we have
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60 (€, Dllay < MIAIA + 121 + LD < M.
Moreover, by resolvent properties of sectorial operator [d;(£)8;,,] we obtain
o€, Dllaey <1+ MIA+ Le(OIA + 1A+ LD < My,
It is clear to see that
[ 1™ 5 -1
llo2e (€, Mllse) < € l;lm ,1\1 [s,g|f||,1| z] ([ ©)8m] + Le(€) +2) ||B(E) . (34

By using the following well known inequality

n

k=1

1 1 Ok
For y, = (e,zurﬂfkl) we get

lo2e (6 Dllaey < € ) 121 (1 £ elgl! mrl) A+ LI

|a|<l k=1

Taking into account the (3.2)-(3.5) we obtain

loze (S, DllpE) < C<|/1| + Z Sklfk|l> (Al + LDt < C.
=1
Lemma 3.2. Assume (3.2) holds. Suppose @,,d; € C™(R™), and there exist positive cons-
tants C;, C,, such that
§1¥1DPaq ()] < €y,

§1P1|DPd; ()] < €. i € {0,13,§ € R0} 0 < B] <.
Then, operators |¢ |18 |Df 0:(§, )i = 0,1,2 are uniformly bounded.
Proof. By using a similar technique as in [13] we obtain the

E1"¥1D% 5,0 (8, )i = 0,1,2.

Now first we establish coercive estimate for nondegenerate case equation (1.1) and apply
them to study regularity of the degenerate equation with parameters. Consider the following
nondegenerate CDOE

Z Eq0q * DU,y + Z(dj + /1) * U = fo, (3.6)

la|<l j=1

in weighted space Ly, (R™; l;), where [ is a natural number, a, = a,(x) are complex-valued

functions, d; = d;(x), Uy = U (X), frn = fm(X), @ = (a1, ay,...,ay), @y are nonnegative integers
ax
e= (&1, &, &n)€q = [1i=1 skl , € are positive, 1 is a complex parameter. Here, the convo-

lutions a, * D*u,,, d; * u; are defined in the distribution sense (see e.g., [2]).

For 1 < g < oo we set
o Yq
Ly = 16§ = 320 1€, = (Zmlq) <o, & - complex numbers .
i=1
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Moreover, if y(x) is a positive measurable function, and if 1 < p < oo, then

1/p
Loy (R 1) =3 3£ = (h@¥20 If ey, (ansay) =< f LA CONE, ¥(x) dx) <o,

Clearly, Ly, (R™; l,) is a Banach space. It is known that

1/p

o P/
| (Zlﬁ(xw) Y dx) ,

RN \i=1

"f”Lp.V(Rni lg) = (

Letd(x) = {dn()}, dm > 0,u ={uy,}, d*u={d,*uy,}

oo 1/q
Ly (d) = {u € g, Il = (Z | () * umw> <o } 1<q<o.
m=1

Let
X=1L,,(R% 1,),Y = WL (R™ 1,(d),1y),p € (1, ).
Theorem 3.1. Assume that the all conditions of the Lemma 3.2 are satisfied and [, satisfying
the multiplier condition with respect to weighted function y € 4, and p € (1, ). Let [d;(§) 8]

be a uniformly R —sectorial operator in [, with ¢ € [0,7),1€ S,, and 0 < @ + ¢, + ¢, <.
Then, problem (3.6) has a unique solution u and the coercive uniform estimate holds

_lal
£ I T llag * D ully + ||d; ()8 * ul|, + |2l llully < Clifllx (3.7

la|<l
forall f € X.

Proof. By applying the Fourier transform to equation (3.6) we get

() = ([4()8jm] + Le(©) +2) 7 (©). (3.8)

Hence, the solution of (3.6) can be represented as u(x) = F~1([d;(§)8n ] + L:() + A)_l f.

Using [14, Theorem 2.1] from (3.8) we obtain

[Alullx < Collfllx, I|[d; ()8} ] * u||X < Giifllx,
lal
o 11" T llag * Dully < C,lIf llx,
|a|<l

for all f € X. By using a similar technique as in [13] and [15] we get the assertion.

Let O, be an operator in X generated by problem (3.6) for A = 0, i.e.,
D(0,) cY,0.u= Z Eq Qg * DU + dj * u;.
|a|<l
From Theorem 3.1 we have:

Result 3.1. Assume that the all conditions of Theorem 3.1 hold. Then, for all 1 € S,,, the fol-
lowing uniform coercive estimate holds

_lal
Z £ I T llag * D* (0 + D) lpxy + [|[d; () 8jm] * (0 + 7|

|a|<t

s T 1200 + D~ lpxy < C.
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Theorem 3.1 particularly implies that the operator O,is uniformly sectorial in X; moreover,
if [dj €3 )Sjm] is uniformly R —sectorial for ¢ € ((/2),m), then the operator O, is a negative
generator of an analytic semigroup in X (see e.g., [17, §1.14.5]).

In this work we rely on the recent paper by [12] and [14] where the corresponding prob-
lem is studied extensively.

4. Infinite system of degenerate integro-differential
equations with parameters

Now we are ready to present our main results. We find sufficient conditions that guarantee
the seperability of the problem (1.1). Consider the following infinite system of convolution
equation

Z £q Og * D%, + Z(dj +2A) *u = fin, (4.1)

|la|<l j=1

wheresg, €4, A are parameters, a,are complex-valued functions defined in (1.1) and

n ag

a=(0,0a...,q,), Qg = Ax(X), &4 = l_lskT,u]- =uj(x),d; = dj(x), fon = frm ().

k=1

Here, the convolutions a, * D!®u,,, dj * u; are defined distribution sense (see e.g., [2]) and
Ak

" Han 0 P

]
la] _ plaalplaz]  plan] plad _
plel = pyalp el pianl p @i = <y(x) Oxk>

y(x) = [Tr=1lxxl¥, —% <v< p_;l is a positive measurable weighted function.
Let Q. denote the differential operator in L, (R™; ;) generated by (4.1) for 1 = 0.
X= Lp.y(Rn? lq)' Y= Wp[.g(Rn5 ly(a), lq)' B = B(X)
In this section we show the following result:

Theorem 4.1. Assume that the all conditions of the Lemma 3.2 are satisfied and {d; (x)}i0 € lg,

for all x € R™ and some x, € R™,
C1|d;(xo)| < |d;(0)| < €, ]d; (xo)]-
Then: (a) for all
@) = ()} € Ly (R 1, (@),

For 1€ S,, ¢ € [0,m) problem (4.1) has a unique solution u = {u,,(x)};’that belongs to

Jof el ()

Y and the following coercive estimate holds

3 w-’é"(i <i|aa*D[u]um|q>de>%+ f(i

lal=t m=1 gn \m=1

Qs

i(d;’ +2) xy

Jj=1

(b) For A € S, there exists a resolvent (Q; + A~ tand

_lal
DA [ aq x [P + D7 g, + 1 x @0+ D7 lacy + IAQe + D Hllpery < €.

|la|sl

Proof. For this proof first we consider the following substitution

43



Hummet K. Musaev

Xk

Vi = f Yy ' (@dz, k=12,..,n (4.2)
0

It is clear that, under the substitution (4.2), D@y transforms to D*u.Moreover, the spaces
Ly(R™1,), Wp[l]; (R™;1,(d), 1, )are mapped isomorphically onto the weighted spaces L, (R™; 1,),
and W}, (R™; 1,(d), 1) respectively where,

y =70) =v(x)) =y 0, %2 02), ., % 3n))-

Moreover, under (4.2) the degenerate problem (4.1) considered in L,(R"; ;) is transfor-

med into the nondegenerate problem (3.6) in L, (R™; ), where
ag = a,(y) = a,(F)), u = (y) = ;7))
[dj5jm] = [d~j(}’)5jm] = [dj(f(J’))fsjm]: fm = (@) = mFO)).

Then it is easy to see that [d;(§)8},] is uniformly R —sectorial in [, and the all condtions
of Theorem 3.1 hold. Moreover, the space [, satisfies the multiplier condition with respect to
power weighted function y(x) = [x[", —% <v< pT_l and p € (1, ). Therefore, by virtue of

Theorem 3.1 we obtain the

la|<l

m oo
> e lag « DWup |, + |1 (¢ < w)|| + 121l < Clfnls
Jj=1 X

From this we get that assertion (a). Taking into account Theorem 3.1, substitution (4.2) and
Result 3.1.we have for all 1 € S, there exist the resolvent of operator Q. and has the estimate

la|
D el | g+ [ + 7|

la|<l

sy 14 Qe+ D7 Mlacey + 1A(Qe + D lacey < C.

From this we get that the assertion (b) is obtained.
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O CBOVMICTBAX ®VHKIIVN U3 TPAHA TPAHA ITPOCTPAHCTBA
COBO/AEBA-MOPPU

Aanx M. HAAXKA®OB 2, Caun T. AAEKBEPAN

1 . . .
Aszepbaiiasxancknit ApxuTeKTyHO-CTpOUTeAbHbI Y HUBePCUTET
2 .
Mucruryt Maremarukn n Mexannkn HAH Asep6aiigyxana

3 baxkunckuit VirxenepHsIil Y HUBepCUTET
Baxy, ASEPBAVI/KAH

PE3IOME

B pabGote nocrpoens! rpang rpa"arnpocrpanctsa Coboaesa-Moppy, ¢ HOMOIIBIO METOA0M MHTETpaabHOIO
IIpeACTaBAHVAV3YIeHbI ¢ TOUKM 3PEeHNsI TeOpMs BAOXKEHUsI HeKOTOpble CBOViCTBa (PYHKIINIL, OmIpejeleHHBIX B N —
MepPHBIX 00aCTsIX YA0BAETBOPSIONIUX YCAOBUIO TMOKOTO A -pora, U3 ITOCTPOEHHBIX ITPOCTPaHCTB. ApyrumMu cao-
BaMIU, JOKa3aHa TeopeMa BAOXKEHM:I B DTUX IPOCTpaHCTBaX U U3ydeHBI TpMHaAAeXKHOCTh Kaaccy ['eapaepa 0606-
II[eHHBIX CMEeIIaHHBIX TPOU3BOAHBIX(YHKIINI U3 DTUX IIPOCTPAHCTB.

Karouesble caoBa. “rpang rpang ” npocrpanctsa /Jedera-Moppu u Coboaesa-Moppu, TeopeMa BAOXKEHMUs,
ycaosue I'eapaepa.

MSC (2010) 46E35, 46E30,26D15
GRAND GRAND SOBOLEV-MORRI FOZASINDAN OLAN FUNKSIYALARIN XASSOLORI
XULASO

Bu isde yeni grandgrand Sobolev-Morri fozasi qurulur ve daxilolma nazariyyesi noqteyi-nazarincs, “cevik
buynuz” sartini 6dayen N — 6lgiilii oblastlarda toyin olunmus ve qurulan fozalardan olan funksiyalarin inteqral
gostoarilislori tisulu ile bir sira xassaleri dyrenilir. Basqa sozls, bu fozalarda daxilolma teoremlori ve bu fazalardan
olan funksiyalarin timumilasmis qarisiq toramalarinin Hélder sinfina daxil olmasi isbat olunur.

ON PROPERTIES FUNCTIONS FROM GRAND GRAND SOBOLEV-MORREY SPACES
ABSTRACT

In this paper, a grand grandSobolev-Morrey space is constructed and with the help of the integral represen-
tation method, from the point of view of the embedding theory, some properties of functions defined in N—di-
mensional domains satisfying the flexible horn condition were studied from the constructed spaces. In other words,
the embedding theorem was proved in these spaces and the generalized mixed derivatives of functions from these
spaces were studied as belonging to the Holder class.

BBegenue

B »T011 pabote cHayasa nmoctpoeHa MmoauduKauy npocrpaHcTsa Jedera-Moppu, HasbI-
BaeMble I'paH/, I'paHg, IIpocTpaHcTsa Jebera-Moppu 1 Ha Oaze ®TOro MpOCTpaHCTBa IIOCTPOeHa
rpaH rpasg, npocrpancrsa Coboaesa-Moppu. Jasee ¢ IOMOIILI0 METOAOM MHTETPaAbHOTO
IpeacTaBAeHus PYHKIINIL, OIpeJeAeHHbIX B 71- MePHBIX 004aCTsIX, YAOBAETBOPSIOIINX YCAOBUIO
rmbkoro A -pora usydenst guddepenimaaptsie u anddepeHaibHo-pasHOCTHbIE CBOJICTBA
(pyHKUIMM M3 IOCTPOEHHBIX IIPOCTPAHCTB. BDTOT HPOCTPAHCTBO OOO3HavYaeM uepes
W), ,.(G) (1eN", pe(l,), y €(0,0)", ac[01],G = R", MesG <o) . OTmeTn™, 4TO TpaHs mpoc-

TpaHcTBa /leGera Lp) (G)l< p<w, mo orpaHn4YeHHOMY MHOXecTBy G C R"peean B 1992 1. T.

Iwaniec u C.Sbordone[3 ], a B AaabHeliIIIeM Maable IpOCTpaHCTBa /ebera, TpaHA rpaHg, IIpocC-
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TpaHcTBa /lebera-Moppu, rpang npocrpancrsa Coboaesa-Moppu BBedeHa ( pa3AMdHBIMM HOP-
MaMM) 1 u3ydeHsl B pabotax [ 2,5-9,11-14]. OrmeTum, 4TOB 9TOI pabOTe 40KA3aHO, 4TO «IIO-
KaszaTeAb reabJpOBOCTI» DOAbllle yeM B paboTax [4,10 ].

[Tyctp G -orpanndennas obaacts nmpocrpancrtsa R",t>0 aas a6oro X € R" moaoxum
1., .
G,()=Gnl,(x)=G m{y:yi —x].‘ <Et"‘ ,i=12,.., n},

Onpegeaenue. O6oznaunm depes W, (G) IpOCTPaHCTBO A0KaAbHO CyMMUPYeMbIX Ha

p).x)a

G ¢ysxnmi f umeromux Ha G 060011IeHHBIe IIPON3BOAHBIE DlIt f (1=12,...,n) c xoneuHoIt HOp-

MO
n
L L R +ZHD,"fHW.)A)_ (1)
i=1 P).2)ae
1 P )
T L — ( i Ol J ’ @
O<t<d tZ G 2 (X)

0<&<Smax
_ i Izl
3aech d- amametp G,s . =min{ p—1,~=—} a>0.

OrmeTuM psig CBOVICTB IPOCTPAHCTB Loy a(G) X w! ) a(G)

1. ITpu a10651x y € (0,0), @ €[0,1] mmeroT MecTo BaAOKEHIST

(G) L, (G), W,,,,.(G)—>W,;(G)

D)z)a p).x).a

T.e.

SC” f ||p),;(),a;G; ” f ”W"))(G) - C” f ” W) a(G)’ ©)

1

[1e

P
fl ., .= £ f "d
” "WD)(G) Oiligl(p' 23[ | (X)| X]

2. Ilpocrpanctsa L, , (G)1 W) ~ (G)ABAAIOTCS IIOAHBIMIA

p).x).a p)x)a

[ty 00 =10 1fhay o0 =1k o)
[Mycrs @(-y,2) €eCy (R") n

1.
S(p) =sup ppc I1={y:|y,-|<§,J=1,2,...,n}

0<T<T, A=A, 4), 4; >0, j=12,...,n U TIOAOXKUM

v=Ulr(E)esw)

ITycrs U - oTKpBITOE MHOXKECTBO, COAepKaitieecst B oOaactu G 1 OyaeM cautaTs, 410 U +V cGu
GU)=U+1,(x))NG=Q

3amernm, uro ecan 0< y; <4; (j=12,.,n) |, =, 10, caeposarearnolU +V <G

A +ae

Aemma. ITyctp 1< p<g<r<oo,|y]< , 0<t,p<T <1, O<y<y,
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(7o-PuKcHpoBaHHOE IOAOXKUTEABHOE 4YMCA0), V= (Vy,...,V,), V ; 20-1easte(j=12,..,n),

v e Lp),;(),a(G) U IIyCTh
- 1 1
=2 —(M)—u—za—waa)[ - j )
p—& q-¢
rae (V’ﬂ)zzn:‘/jﬂj' szn:lj'
j=1 j=1
n
E:] (X) :J't—l—\i\—(v,/i)wi IV/(X+ y)w(t% ,p(t _ ) P (t X)]dydt (5)
0
A, A)+ A y ( ) Ve A 6
E,r ()= jt [w e yigl 2 P (0 et (6)
. 0
p'(u,x) =— p(u, x). Torga
ou
l —
le;IE“ ‘q eU L0 1||l//||P))()aG pignﬂﬂ (/7| >0), (7)
T2 >0
1

i e I R 8
SWIEL], oy < Cellly poct (i1 7 =0 ©

n", <0
3aecs U, (X) ={X1Xj _yj‘<£7/i, j :1,2,_.,,1}, C, nC,-xoHcraHTsI He3aBUCsIINE OT @,7,7,T.
4 2

AoxasaTeancTBo. Ilpumensas o0OoOIIeHHOe HepaBeHCTBO MIHKOBCKOTO A4s1 A1000TO
XeU u 0<é& <S8, umeem

[E;

tae A(x )= [ y/(x+y)(p(y p(tt X x)j

dt, )

A&l , (%)

n
< [ A
0

g-eU (%)

B cuay nepasenctsa I'eanaepa (4 < I) mmeem

|ACD) e (10)

qu (x)<|| (t)|r gU (x)y

Ilycte )y -xapaxrepuctudeckas PyHKImss MHOXectBa S(@) m 1< p<r<o, s<r

(1 1 1 J
—=1- +—
S p-& r—¢

ot ol Yo 2ot

U IpUMeHsist HepaBeHcTBa [eabaepa (% + (i_i] L % - 1) u |(0(X, Y, Z)| < C|(01(X)|
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nMeeM
1 1 1
e y p-& r—¢ r-¢ s g
T e 5 e N O U
IIpn a1060M 0<t<1, y <A, xeU, 10 Q,(X)=Q, (x) ¥ HOAyINM
J O y)" ( jdy< [l dy< [lwy)" dy=
Qi () Q)
=l 69,00 = ”‘/’"p)Q /@ 0™ paae® U, 12)
npu y eV
[l dxs [l O™ dealy o) <M, e Qe [l fage ™y (9)
Uyz(i) U, (X+Y)
[l %) @yt a9
R
Vs nepasencrsa (1.10-1.14) mpu I' = noayunm
| v|a+| z|-as
[ACO, s, 0 <CilelWlypaes ™ 7" (>0 (15)

IToacrasass (15) B (9) npuxoaum K (7). AHaAOTMYHO AOKa3bIBaeTCsl HEPaBeHCTBO (8).

JoxaxxeM ae TeopeMsI O cBoiicTBax PyHKImit u3 mpocrpancrsa W) 2a(G):
Teopemal.IlycTh OTKPBITOE OIpaHMYEHHOE MHOXECTBO G — R YA0BAETBOPSIET YCAOBUIO
rnokoro A -pora (1€ (0,0)") (eM.[1]);1< p<q<es; |5|< M; (i=12,...,n); &, >0 (i=12,...,n) LileAblen
l+a
mycts f eW;)’Z)’a(G).

Toraa pv-w'

b a@) L, (G) (0<&<s,, ) clIpaBeAA1BO HepaBeHCTBa

pr),z),a:G +§Hva ‘p),l),a;g j’ (16)

rae p,=u, —Al,. Buacraocry, ecan

< C(g)[w

q-¢,

,u,ozllli—(V,xl)—Ql—;(a—;(+ae)p1 ~0(3i=12,...,n)
—&

to D" f HenpepriBHa Ha Gu

phf| |, (17)
tlp)ypac

34€Ch ,1_10,0 = ,1_11 o — A1, 0<T <1, C(&) xoucranra He 3aBucut ot fu T.

s;L:g‘ D" (x)| < C(g)(T S L ZlT s

AOK&S&TEZH)CTBO. B YCAOBMIX Halmemn TeOpeMbI CYIIeCTBYET O606].L[€HHI>I€ IIpOM3BOAHbIE

D" f . AeiicTBUTEABHO, €CAU ;i >0, 7] < /1+ag’ TO A1 —(v,2)>0 (i=1,...,n) . TlockoabKy
x| +a
feW,  .(G)>W, (G)>W,  (G) (p—&>1).Toraa 44s oyt KaxxA0M TOUKM X € G umeer

MeCTO TOXAecTBO, noaydennsie O.B. becosrim [1]
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D" f (x) = fT<;>(x)+] [etena x|_§V>[ Y PR X)JD f (x+ y)dydt, (18)

<4 tt ot
(v)(x) T (M)J‘f(x_l_y)g(z)( y p(T% X)Jd (19)

0<T <min(LT,), pysxums Q" (,y), L(,y,2) asamores dyakumamu kaaccaCy (R") a
ux Hocurtean cogepxarcs B |, Hocuteaw mnpeacrasaenns (18), (19) coaepxurcs B rmOkom

pore X+V (1) c G.Ha ocuosanun HepaseHcrBaMuHkosckoro u3 (18), (19) nmeem

‘ q-¢,G _‘ TVA‘ q-¢,G T q—g,G' (20)
C nomorsio Hepasencrsa (15) mpu U =G,t =T, f =y, p= Qv II0AY4UM
1], e <C@TIT,, ) ac 1)
a c momomkio HepaseHcTsa (7) mpu U =G, DlIi f=y =LY, n=T IIOAYyIUM

! i . 22
‘E q-¢,G <C2 (£)T ‘ p).x)aG ( )

C nomomnisio HepaseHcTBa (20)-(22) moayyaeM HepaBeHCTBO (16).
ITycrp Tenepn Zti >0(i=1,2,...,n) n nokaxem, uro D" f nenpeprisua Ha G. V13 paseHcTBa

(18), (19) u Hepaserctsa (22) pu § =, 4,(q=00= 1, , >0 (i=1,2,...n) umeem

‘ <ZT#0

Orcioaa caeayert, uto ipu | —> 0 zeBas yacTh HepaBeHCTBa CTpeMUTCs K Hyal0. Tak Kak

D V VA

D! ]
)G
f.’. merrpeprisaa Ha G, cxoanmocts Ha L, (G) cosragaet B sannOM caydae ¢ paBHOMEpHOTE 1,

caegoBateapHo, peaeasHast Gyukryst DY f nenpeprisaa Ha G. Teopema gokazana.

Teopema 2. ITycts BoirtoaHeHs! ycaosust Teopems! 1. Toraa mpu u, >0 (i=1,2,...,n) mpons-
soanas D" f yaosaersopser na G ycaosuio I'eabaepa B merpuxe L, . (G)c mokasareszem o,
TOYHee

(23)

p);()aG| |a’

<
weo SCEN]
rae O -a1000€ q11CA0, YAOBAETBOPIIIOIIee HeEpaBeHCTBaM

0<o<1 ecmn >1,

(24)

=1,

B

A’O

—0
0<o<l ecmnm “—
A

—o _
O§a<’u—, ecliu Z—<1,

0 0

a’=min z, (i=1...,n); 4, =max A, (j =1...,n).
Ecau g1, >0 (i=1,2,...,n)

sup\A(g,G)DVf(x)\<C(g)H H (25)

|
W) 2)ai6 ’

rae 0,yAOBAETBOPsET TEM Ke yCAOBUAM, YTO O, HO C 3aMeHBbIN M, Ha U, .
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OB OAHOV KPAEBOM 3AAAYE HA KOHEUHOM OTPE3KE
AA51 OTEPATOPHO-AU®DDEPEHIIVIA AIBHBIX YPABHEHUN
BTOPOI'O IIOPJIIAKA

I'. 3AMAHOB
baxkuncknit VinxenepHslil Y HMBepcureT
Baxy, ASEPBAVIAKAH
e-mail.hasan.zamanli2018@yahoo.com.
PE3IOME

B paboTe moaydeHsI yCcA0OBS pa3pelIMMOCTV OAHOV KpaeBoll 3aJaul ITepUoANIecKOoro TUIla, KoTrda IpaHmd-
HbIE YCAOBMS COJep>KaT AMHENHEI YHUTapHBI orepaTop. Bee ycaosus BeIpakeHsl KoopPuImeHTaMu KpaeBbiX
3agau. CriepBa oIrpegeAeHsl HeKOTOphIe IIPOCTPaHCTBa, COOTBETCTBYIOIINE AQHHON KpaeBoii 3agade. V1 B 9ToM mpoc-
TpaHCTBe OIIeHMBAIOTCSI HOPMEI OIIepaTOPOB IIPOMEKYTOUHBIX TPOoM3BOAHBIX. KOO PUIIMEHTH DTHX OITeHOK MI-
PalOT OCHOBHYIO pOAb IIPU ITOAYYE€HUN YCAOBIUA Pa3pelInMOCTy 4aHHOM 3a4aul.

KarodgeBrre caoBa: rman0epTOBO IIPOCTPAHCTBO, PEryAsSpHOe pellleHne, IIepuojudeckas 3ajada, KpaeBble yc-
OB

IKINCI TORTIB OPERATOR-DIFERENSIAL TONLIKLOR UCUN BIR SORHOD MOSOLASI HAQQINDA
XULASO

Isdo ikinci tortib operator-diferensial tonliklor {iciin sarhad sertinds unitar operator olan periodik tip bir sar-
had masalasinin hall olunmas: sortlori tapilmisdir. Biitiin bu sertlor sarhod maesalesinin amsallar1 vasitasils ifade
olunur. Ovvalca sarhad masslesine uygun olan foza qurulur. Bu fozada araliq téroms operatorlar: giymatlondirilir.
Bu giymatlandirmalards alinan emsallar verilmis masalonin hall olunma sartlarinde asas rol oynayir.

Acar sozlar: Hilbert fazasi, requlyar hall, periodik masals, sarhad sartlar.

ON A BOUNDARY VALUE PROBLEM ON A FINITE INTERVAL FOR
OPERATOR-DIFFERENTIAL EQUATIONS OF SECOND ORDER
ABSTRACT

In this paper, solvability conditions for a single boundary-value problem of periodic type are obtained, when
the boundary conditions contain a linear unitary operator. All conditions are expressed by coefficients of boundary
value problems. First, some spaces corresponding to the given boundary value problem are defined. And in this
space, the norms of operators of intermediate derivatives are estimated. The coefficients of these estimates play a
major role in obtaining the solvability condition for this problem.

Key words: Hilbert space, regular solution, periodic problem, boundary conditions.

I[Tycts H cenapaGeabtoe ruanGeproBo mpoctpanctBo, A- M0A0KUTEABHO OTpeeeH-
HBLi1 caMOCOIIpsDKeHHbli ortepartop 8 H , oneparopst B, = AlA_l, A, A~ orpannuenssre 5 H .

PaccmoTpuM KpaeByio 3ajagy

= O'::Z(t) + AZu(t) + AU'(t) + Au(t) = f () (1)
u®©0)=uu® @), k=01, ()

rae f(t),u(t) sexrop-dpynxrmu co smavenmsmu 8 H, onpesesennsie 5 unrepsase (0,1)

IIOYTU BCIOAY, OIiepaTop U YHMTaprIfI B IIPpOCTpaHCTBE H .
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06 00noti kpaeeoii 3a0a4ue HA KOHEUHOM ompe3ke A Onepamopio-oudPepenyuaronovix YypasHenuii 6mopozo nopaoxa

Obosnaunm gepes L,((0,1);H) rmnasbeproBo mpocTpaHCTBO BCeX BEKTOP-(PYHKINIT CO
sHauennsamu 8 H , nmpuaem

1 1/2
2
I, omimy :(If(t) dtJ <o
0

Jazee onpegeanM rmab0epTOBO IIPOCTPaHCTBO [1]
W (0 H) = :u” € L () H), A%u € Lo (02)iH)
C HOpMOM

2
Lo ((0.0):H)

14

u

o

2
H”vazz (OA:H) — ( u L, (04);H) ) '

Onpeaeanm caeayiolee pOCTPaHCTBO
W2, ((0); H) = fu:u eW2((0); H),u® (0) =Uu® @)} k =01
Obosnaunm yepes Hy (¥ >0) mKaay rmapOepTOBBIX IPOCTPAHCTB, T.e. H;/= D(A”) u

(X, Y)y =(A'x,A”y), ipn ) = O cuanraem, uro H, = H . VI3 Teopemsl o caeaax [1] caeayer, uro

k k
ecan ueWy((01);H), T0 u(0) Hs—k—l’ u@e H3 L k=01 Aasee, nspecrro, uro ecan

ueWS (0);H), 10 AZu® e Ly ((01);H) k=01 mmpu 1y e oW (01 H).-
2

AHaA0TUYHO OTIPeAeASAIOTCS IIPOCTpaHcTBa L, (R;H) n Wz2 (R;H), R=(—0,»).

Omnpeaeaenne. Ecan npu aobom f(t) e L,((0,1);H) cymecrsyer sexrop-QyHKIs

u eW22 ((0,1); H), xotopas yaosaetsopser ypasnernmio (1) mourn scioay s uarepsaze (0,1),

T'pPaHN4YHbIE YCAOBIII (2) B CMBbBICA€ CXOAVIMOCTI

lim Hu(k)(t) —uu® (1—t)H 1, k=01
t—>+0 2-k—
1 IMeeT MeCTO OLIEeHKI

vz o:) = oMt 1L o510y

TO 3agaya (1),(2) HaspIBaeTCs peryAsapHO-pa3pelMoIi.

B aanHOII paboTe MBI HaiigeM yCAOBIS Ha ollepaTOopHble KO®(pPUITMEHTH! KpaeBoil 3ajaun
(1),(2), xoTOpBIe OOecrieunBaIOT peryAspHO paspemmMmocTs 3agadun (1),(2). Ormernm, uro

takue 3azaun, koraa U = ei“ E, o € R nuccaesosans paborax [2,5].
ObosHaunM yepes
Pou =—u"(t) + A%u(t), ueWz,((01);H),
Pu=AU'(t) + Au(t), ueWgy ((01);H).

VmeeT MecTo caeayromas
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Teopema 1. ITycts A- 0a0XUTEABHO OIIpeAeA€HHBIII CAMOCOIIPSIKEHHBII OIIepaTop,

U - yrurapusiit onepatop nepecronosouet ¢ oneparopom U | T.e. mepecronosouen c ero pas-
2 .

aoxenneM eauanIipl. Toraa oneparop By n30MOpdHO 0TOGpaKaeT IPOCTPAHCTBO W, ((0,1);H)

Ha L,(R,;H).
Aoxazareabcrso. Criepsa 40KakeM, 4T s4po oneparopa Py ects Hyaesoe npocrpancTso.

C 9TOI1 11€4BI0 PaCCMOTPUM CAeAyIOIee paBeHCTBO 4451 BeKTOp-(PYHKIIUI U EWZZU ((0,1);H):

” ZH

2
e A 2 H — 2Re(u", AZU)LQ((O,D;H)' (3)

2
L, (0.):H) =W, omy +HA Ul o)

Tak Kax mpu y eWZZ'U ((0,);H)

HPOUHiZ((o,l);H) = H

1

x 13
(U"(®), AU, oy H) = f(u”(t), Au(t))dt = [AZU'(t), A? (U(t)]
0

0

2

1 1 3 1 3
- I(Au’, Au’)dt = [Azu’(l), Azu(l)] - (Azu’(O), A%(O)J —|Au’
0

L ((01:H) —

1 3 1 3 )

=| A2u'(1), A2u(l) |-| A2Uu'(1), A2Uu(Y) —HAZU'L o
2 ((0,1);

1 3 1 3
=| A2u'(1), A2u(Q) |- UA2u’(l),UA2Uu(1)]—Au’iz((m)_H):

1 3 1 3

20 2 2 2 "2 112
=| AZu'(D), A%u() |- A2u(1),A2u(1)]—Au I, 0y =AY, omomy: (4)

CaeaosaTteabHo, 13 (3) moaydaeMm, 4ToO IIpU U EWZZU ((0,1); H) umeet HepaBeHCTBO

2 .
L2 ((0.2);H)

©)

2 2 2,1 f
Pl o:) =IMTE, o1y +HA ”HL2 ©1:H)

Ecan Pyu =0, To orcioaa caeayer, uto U = 0, T.e. 1apo oneparopa PO €CTh Hy/€BOe ITPOC-
TPaHCTBO.
Tenepr moka’xem, 4To PO oToOpakaeT IIPOCTPaHCTBO W2, ((01);H) Ha L,((01);H), Te.

ypaBHeHe POU = f umeer pemenne pu Beex f e L,((0,1); H). O6o3naunm, gepes

C[f().te(0Y),
R0 _{o, teR\(01)

u ero nnpeoOpasosanue Pypre fl (f ) . Paccmotpum ypasHeHne
—uy(t) + A2uy(t) = (1), te R =(—o0,00).

ITocae npeobpasosanus Pypbe, MMeeM:

(E°E + A)U(&) = T (&), £eR,

Toraa Uy (&) =(& 2E+ A%) fl (&) . Ompegeanm BeKTOp-PYHKIIUIO

()= [(EE + A i@z
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[TokaxkeM, 9TO U (t) eW22 (R;H). derictBureanHo,

2 2

uy

2 _Iaz
W (R;H) _HA !

! +|&%a, (&)

2 _ 2 A
u Ly (RiH) _HA ul(i)H

L, (R;H) L, (R:H) LZ(R;H).

C apyroi1 CTOpOHBI
2 2 2

<
Ly (RiH)

|A%a, ()

=|ee A , <swlateE A e

L, (R;H) L (R;H)

2 2 2
<swp 50 [+ ) [0 ey <11 o
AHnaaornyro nMeeMm, 4To

I, ey <

2
L, (R;H) _HfHLZ(R;H)’
toraa U, eW2(R;H) u HU1HW22(R;H) S\/EH

T

f H Ly(RiH)
Obosnaunm, yepes

o) = {ul(t), t<[0]],
0, R|[0.]].

OueBnaHo, 410 @O(t) eW22 ((0);H), Toraa a)(k)(O) cH L a)(k) @) eH (k=02).
3-k-= 3

1

Ouesngno, uto @(t) yAoBaeTBOpseT ypaBHEHUIO —y”(t) + A2u(t) =0 IOYTH BCIOAY B MHTepBale

(0,1). Toraa, uroObI pemuTh ypasHenue Pyu = f uinem U(t) B BUAE
u(t) = o(t) + e Px +etDAx,,

rae X{, Xy € H 3 ITOKa HEM3BECTHBIE BEKTOPHI. "3 YCAOBUSI u(t) €W22,U ((0,1); H)

2
u®©0)=uu® ),k =0,1) moaysaem

@(0) + X +e %, =U (0(1) + e~ X, + X,),

@'(0) — Ax, + Ae "X, =U (0'(1) — Ae™*xq + AX,),
T.e.

(E-Ue ™)X + (e ~U)x, =Un(1) - »(0),

Ue A —E)x, + (e " —U)x, =UA ' (1)) - A 0'(0).
OueBnaHo, 4TO

v, =Uo(1) —o(0) e Hj, w, =UA0'()) - A 0'(0) e Hj.
2 2

Tak xak

(E-Ue )= @-e )« | " -U)|=@-e*)|x

rae ,Llo €CTh HVPKHAIL I'paHIIIa CIIEKTPa Oo11eparopa A , TO BTN OIlepaTOpbL 06paTI/IMbI B AI000M

H y - Takym 0BpasoM, MBI MOXKEM HaITH BEKTOPHI y, = (E ~Ue™)x,, ¥, = " =U)x,,
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caegoBateabHO X1 U Xy . JeiicTBUTeABHO,

T.e.

{Y1+Y2:‘//1
Vit Y=y,

1 1, _
VZZE(V’PL‘//Z) " X2=§(E A—U) 1(‘//1+V/2)€H§'
2

AHazorn4yHo

1
V2 =50 V2l T x = (€ Ve My -y <Hy
2

CaeaoBaTeabHO, | EWZZ,U ((0);H)-
Tenepsb AokaxkeMm, uTo oreparop P = PO + Pl TaK>Ke M30MOP(HEII OITepaTop.

Teopema 2. IlycTh BBITIOAHSIOTCA BCe yCAOBUsI Teopembl 1 m omeparopsl B, = AlA’l,

B,=A, A2 TaKue, 94To

T.e.

naAn

9= 3Bl + B ] <1
Toraa oneparop P m3omopdro oToGpaskaer mpocTpaHcTBo W2y ((0,1);H) Ha L,((01);H)-
AokazareabcTBO. PaccMoTpuM ypasHeHne
Pu=Pyu+Pu=f,ueWs, ((01);H), f eL,(R,;H)-
ITocae samennt PyU =V moaydaem ypasnenue
v+ PP v=f

B mpocrpanctse L, ((0,1); H) . C apyroit cropoms:

HPlPO_lVHLz conery ~ 1P, oy =AU+ Aol g <
<18l 1A gy B[R, ©
N3 paseHcTBa (5) caeayet, 4To

)

HAZUHLZ ((01);H) = HPoqu-z D:H)

C apyroi1 CTOpoHBI IPU €W22,U ((0,);H)

1

112 _ ! _ 2 " 2
|Au HLZ((O,l);H) = (AU, AU, oaymy = —(ATUU") L oaymy < E(HA u

o o)
L, ((0.1):H) L, ((0.1):H)

Toraa u3 pasencrsa (5) caeayer, 4To

) 1q 2 ) )
HAU HLz ((01);H) 35 ‘POUHLZ OD;H) ZHAU HL2 ((0,1;H)

2 Lip 2
2|Au HLz ((02);H) S§HPOUHL2((OV1):H)’
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|Au (8)

<Ly
L2 ((0.0);H) = oM 0%, (01 H)

YunrsiBas HepaseHcTBa (7) 1(8) B HepaBeHCTBe (6), T0Ay4JaeM, 4TO IIpU A1000M
vel,((0,1); H) nmeeT MecTo HepaBeHCTBO
RA :

PPV oy = 2Bl 1Pl osry *+ 1Bl - 1Poull, oy =

1
= EQ‘EHH + HBZMVHLZ Oa):H) = qHVHLZ (01):H)"

Tak xak (<1, T0 v=(E+PP;}) 1 f ,a u=Py (E+ PP, f). Orcroga mmeem, 4to

kv 0.1y <S03y
TeopeMa AOKa3aHa.
MS DTONI TeopeMbI HO/lyqaeM

Teopema 3. Ilyctp BoIOAHAIOTCA ycaoBus Teopemsl 2. Toraa zagaua (1),(2) peryaspHo
paspemnma.
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INSTRUCTIONS FOR AUTHORS

"The Baku Engineering University Mathematics and Computer Science” accepts original unpublished
articles and reviews in the research field of the author.

Articles are accepted in English.

File format should be compatible with Microsoft Word and must be sent to the electronic mail
(journal@beu.edu.az) of the Journal. The submitted article should follow the following format:
Article title, author's name and surname

The name of workplace

Mail address

Abstract and key words

The title of the article should be in each of the three languages of the abstract and should be centred on the
page and in bold capitals before each summary.

The abstract should be written in 9 point type size, between 100 and 150 words. The abstract should be written
in the language of the text and in two more languages given above. The abstracts of the article written in each
of the three languages should correspond to one another. The keywords should be written in two more
languages besides the language of the article and should be at least three words.

.UDC and PACS index should be used in the article.

The article must consist of the followings:

Introduction

Research method and research

Discussion of research method and its results

In case the reference is in Russian it must be given in the Latin alphabet with the original language shown in
brackets.

Figures, pictures, graphics and tables must be of publishing quality and inside the text. Figures, pictures
and graphics should be captioned underneath, tables should be captioned above.

References should be given in square brackets in the text and listed according to the order inside the text at
the end of the article. In order to cite the same reference twice or more, the appropriate pages should be
given while keeping the numerical order. For example: [7, p.15].

Information about each of the given references should be full, clear and accurate. The bibliographic description
of the reference should be cited according to its type (monograph, textbook, scientific research paper and etc.)
While citing to scientific research articles, materials of symposiums, conferences and other popular scientific
events, the name of the article, lecture or paper should be given.

a)

b)

10.

11.
12.

Samples:

Article: Demukhamedova S.D., Aliyeva 1.N., Godjayev N.M.. Spatial and electronic structure af monomerrik
and dimeric conapeetes of carnosine uith zinc, Journal of structural Chemistry, Vol.51, No.5, p.824-832,
2010

Book: Christie ohn Geankoplis. Transport Processes and Separation Process Principles. Fourth Edition,
Prentice Hall, p.386-398, 2002

Conference paper: Sadychov F.S., Aydin C., Ahmedov A.1.. Appligation of Information — Commu-nication
Technologies in Science and education. II International Conference.”Higher Twist Effects In Photon- Proton
Collisions”, Baki, 01-03 Noyabr, 2007, ss 384-391

References should be in 9-point type size.

The margins sizes of the page: - Top 2.8 cm. bottom 2.8 cm. left 2.5 cm, right 2.5 cm. The article main text
should be written in Palatino Linotype 11 point type size single-spaced. Paragraph spacing should be 6 point.

The maximum number of pages for an article should not exceed 15 pages

The decision to publish a given article is made through the following procedures:

The article is sent to at least to experts.

The article is sent back to the author to make amendments upon the recommendations of referees.

After author makes amendments upon the recommendations of referees the article can be sent for the
publication by the Editorial Board of the journal.



YAZI VO NO9SR QAYDALARI

“Journal of Baku Engineering University- Riyaziyyat vo kompiiter elmlori” - ovvellor nagr olunmamig
orijinal asarlari vo miiallifin tadqiqat sahasi tizra yazilmis icmal maqalalari qobul edir.

Maqalalor Ingilis dilindo gobul edilir.

Yazilar Microsoft Word yazi programinda, (journal@beu.edu.az) iinvanina géndorilmslidir. Gondarilon
mogqalolords asagidakilara nozors alinmalidir:

Mogqalonin bagligi, miisllifin adi, soyadi,

s yeri,

Elektron tinvani,

Xiilaso vo agar sozlor.

Mogqalads bashq hor xiilasadan avval ortada, qara vo boyiik horflo xiilasolorin yazildigi hor i¢ dildo
olmalidir.

Xiilasa 100-150 s6z araliginda olmagqla, 9 punto yazi tipi boyiikliiyiindo, moqalonin yazildig1 dildo vo bundan
olavo yuxarida gostarilon iki dildo olmalidir. Magalonin har {i¢ dilde yazilnug xiilasasi bir-birinin eyni olmalidir.
Agar sdzlor uygun xiilasalorin sonunda onun yazildig: dilds verilmokls an azi ii¢ s6zden ibarat olmalidir.

Magqalads UOT va PACS kodlar1 gostarilmalidir.

Mogqalos asagidakilardan ibarat olmalidir:

Giris,

Tadqiqat metodu

Tadgiqgat isinin miizakirasi vo onun naticolori,

Istinad adebiyyat: rus dilinds oldugu halda orjinal dili m&tarzo icorisinde gdstormoklo yalmz Latin alifbasi
ilo verilmolidir.

Sakil, rasm, grafik vo cadvallar ¢apda diizgiin, aydin ¢ixacaq vaziyyatds va moatn igarisindo olmalidir. Sakil,
rosm va grafiklorin yazilari onlarm altinda yazilmalidir. Cadvallards basliq cadvalin iistiinds yazilmalidir.

Manbalar motn igarisinde kvadrat moéterize daxilinds gdstorilmoklo maqalonin sonunda matn daxilindaki
stra ilo diiziilmolidir. Eyni manbays iki vo daha cox istinad edildikds ovvalki sira say1 saxlanmaqla miivafiq
sohifolor gostarilmolidir. Masalon: [7,s0h.15].

BOdobiyyat siyahisinda verilon her bir istinad haqqinda molumat tam va doqiq olmalidir. Istinad olunan manbonin
bibliografik tesviri onun ndviindon (monoqrafiya, dorslik, elmi moqalo v s.) asili olaraq verilmolidir. EImi mo-
qalslara, simpozium, konfrans, va digor niifuzlu elmi todbirlorin materiallarina vo ya tezislorine istinad edorkon
magqalonin, maruzanin va ya tezisin ad1 gostarilmalidir.

a)
b)

c)

Niimunolar:

Mbqals: Demukhamedova S.D., Aliyeva I.N., Godjayev N.M.. Spatial and electronic structure af monomeric
and dimeric complexes of carnosine with zinc, Journal of structural Chemistry, Vol.51, No.5, p.824-832, 2010

Kitab: Christie ohn Geankoplis. Transport Processes and Separation Process Principles. Fourth Edition,
Prentice Hall, 2002

Konfrans: Sadychov F.S., Aydin C., Ahmedov A.1.. Appligation of Information-Communication Technologies in
Science and education. II International Conference. ”Higher Twist Effects In Photon- Proton Collisions”,
Baki, 01-03 Noyabr, 2007, ss 384-391

Maoanbolar 9 punto yazi tipi boyiiklitylinds olmalidir.

10.

11.
12.

Sohifo ol¢iilori: listdon 2.8 sm, altdan 2.8 sm, soldan 2.5 sm va sagdan 2.5 sm olmalidir. Matn 11 punto yaz: tipi
boyiiklityiinds, Palatino Linotype yazi tipi ilo ve tok simvol araliginda yazilmalidir. Paraqraflar arasinda 6
punto yazi tipi araliginda mosafs olmalidir.

Orijinal tadqiqat asarlorinin tam motni bir qayda olaraq 15 sshifodon artiq olmamalidir.

Mogqalonin nosra toqdimi asagidaki qaydada aparilir:
Hor mogqallo on az1 iki eksperto gondorilir.
Ekspertlorin tovsiyslorini nozars almaq ti¢iin moqalo miisllifa gondarilir.

Mogqals, ekspertlorin tonqidi qeydlori miisllif torafindon nozere alindiqdan sonra Jurnalin Redaksiya Heyati
torofindon ¢apa toqdim oluna bilor.


mailto:journal@beu.edu.az

8.

YAZIM KURALLARI

“Journal of Baku Engineering University- Matematik ve Bilgisayar Bilimleri” onceler yayimlanmamug orijinal
calismalari ve yazarin kendi arastirma alanin-da yazilmis derleme makaleleri kabul etmektedir.

Makaleler ingilizce kabul edilir.

Makaleler Microsoft Word yazi programinda, (journal@beu.edu.az) adresine gonderilmelidir. Génderilen
makalelerde sunlar dikkate alinmalidir:

Makalenin baslig1, yazarin adi, soyadi,

Is yeri,

E-posta adresi,

Ozet ve anahtar kelimeler.

Ozet 100-150 kelime arasinda olup 9 font biiyiikliigiinde, makalenin yazildig1 dilde ve yukarida belirtilen iki
dilde olmalidir. Makalenin her ii¢ dilde yazilmis 6zeti birbirinin aynt olmalidir. Anahtar kelimeler uygun 6zetin
sonunda onun yazildigi dilde verilmekle en az {i¢ s6zciikten olugmalidir.

Makalede UOT ve PACS tipli kodlar gosterilmelidir.

Makale sunlardan olugsmalidir:

Giris,

Aragtirma yontemi

Aragtirma

Tartigma ve sonuglar,

Istinat Edebiyati Rusca oldugu halde orjinal dili parantez icerisinde gdstermekle yalniz Latin alfabesi ile ve-
rilmelidir.

Sekil, Resim, Grafik ve Tablolar baskida diizgiin ¢ikacak nitelikte ve metin igerisinde olmalidir. Sekil, Re-
sim ve grafiklerin yazilar1 onlarin alt kisimda yer almalidir. Tablolarda ise baslik, tablonun iist kisminda
bulunmalidir.

Kullanilan kaynaklar, metin dahilinde koseli parantez igerisinde numaralandirilmali, ayn1 sirayla metin so-
nunda gosterilmelidir. Aym kaynaklara tekrar bagvuruldugunda sira muhafaza edilmelidir. Ornegin: [7,seh.15].

Referans verilen her bir kaynagin kiinyesi tam ve kesin olmalidir. Referans gosterilen kaynagin tiirii de eserin tii-
riine (monografi, derslik, ilmi makale vs.) uygun olarak verilmelidir. [Imi makalelere, sempozyum, ve konferanslara
miiracaat ederken makalenin, bildirinin veya bildiri 6zetlerinin ad1 da gosterilmelidir.

a)
b)

c)

Ornekler:

Makale: Demukhamedova S.D., Aliyeva I.N., Godjayev N.M.. Spatial and Electronic Structure of Monomerik
and Dimeric Conapeetes of Carnosine Uith Zinc, Journal of Structural Chemistry, VVol.51, No.5, p.824-832, 2010
Kitap: Christie ohn Geankoplis. Transport Processes and Separation Process Principles. Fourth Edition, Prentice
Hall, p.386-398, 2002

Kongre: Sadychov F.S., Aydin C., Ahmedov A 1. Appligation of Information-Communication Technologies
in Science and education. Il International Conference. “Higher Twist Effects In Photon- Proton Collisions”,
Balka, 01-03 Noyabr, 2007, ss 384-391

Kaynaklarin biiytikliigii 9 punto olmalidir.

9.

10.
11.

12.

13.

Sayfa olculeri; tist: 2.8 cm, alt: 2.8 cm, sol: 2.5 cm, sag: 2.5 cm seklinde olmalidir. Metin 11 punto biiyiik-
lukte Palatino Linotype fontu ile ve tek aralikta yazilmalidir. Paragraflar arasinda 6 puntoluk yazi mesa-
fesinde olmalidir.

Orijinal aragtirma eserlerinin tam metni 15 sayfadan fazla olmamalidir.

Makaleler dergi editér kurulunun karari ile yayimlanir. Editorler makaleyi diizeltme icin yazara geri gonde-
rilebilir.

Makalenin yayina sunusu asagidaki sekilde yapilir:

Her makale en az iki uzmana génderilir.

Uzmanlar tavsiyelerini dikkate almak i¢in makale yazara gonderilir.

Makale, uzmanlarin elestirel notlar1 yazar tarafindan dikkate alindiktan sonra Derginin Yaym Kurulu tarafindan
yayina sunulabilir.

Azerbaycan disindan gonderilen ve yayimlanacak olan makaleler i¢in,(derginin kendilerine gonderilmesi za-
mani posta karsiligr) 30 ABD Dolar1 veya karsiligi TL, T.C. Ziraat Bankasi/Uskiidar-Istanbul 0403 0050 5917
No’lu hesaba yatirilmali ve makbuzu iiniversitemize fakslanmalidir.
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ITPABUJIA JIA ABTOPOB

«Journal of Baku Engineering University» - MaremaTuku u WHOOPMATUKH MyOIHKYEeT OpUTHHAIBHEIE,
HayYHBIC CTAThU U3 00JIACTH UCCIICIOBAHKS aBTOPA U PaHee HE OITyOIMKOBAHHBIC.

Cratbu TIPUHUMAIOTCS Ha AHTJINCKOM SI3BIKE.

PykomuicH TOIKHBI OBITh HaOpaHs! coryiacHo porpammbel Microsoft Word u oTripaBiieHs! Ha 37IEKTPOHHBIH
anpec (Journal@beu.edu.az). OtmpasiseMble CTaThbH A0JKHBI YIUTHIBATH CIICAYIOIIHE TPABHIIA:

HazBanue ctatbu, uMs U paMUIIHs aBTOPOB
Mecto paboThI

DICKTPOHHBIN a/ipec

AHHOTAIMS 1 KJIFOYEBBIC CIIOBA

3ariaBue CTaThH IIHUIIETCS JIJIA KaXKJI0M aHHOTAaIMU 3arjaBHBIMU 6yKBaMI/I, JKUPHBIMU 6yKBaMI/I U pacrioJjiara-
€TCA TI0 LEHTPY. 3ariaBue u AHHOTAIlMH JOJI?KHBI OBITH TMPEACTABJICHBI HA TPEX SA3BIKAX.

AHHOTAIM, HAIICAaHHAS HA S3bIKE TPEACTaBICHHON CTaThH, NOJKHA coaepkaTh 100-150 cmoB, HaOpaHHBIX
uipudToM 9 punto. Kpome Toro, mpeAcTaBisrOTCs aHHOTAIIMK HA IBYX APYTHX BBINIC YKAa3aHHBIX S3BIKAX,
MepPeBOJT KOTOPBIX COOTBETCTBYET COJIEP:KaHUIO0 opUruHaia. KitoueBble ciioBa JOJKHBI ObITh MPEACTABIEHBI
mocyie KaXKI0i aHHOTAIMK Ha ero S3bIKE U COAEPIKaTh He MEHEe 3-X CIIOB.

B crarbe momxub! ObTh yKa3anbl kol UOT u PACS.

IIpencraBneHHble CTaThbU AOJKHBI COAEPKATh:

Beenenue

MeTton ucciaemoBaHus

OO6cyxneHne pe3yIbTaToOB HCCICOBAHUS H BEIBOJOB.

Ecmu ccrmmarorcs Ha paboTy Ha pycCcKOM sI3BIKE, TOTJAa OPWUTWHANBHBIA S3BIK YKa3hIBacTCsA B CKOOKax, a
CCBUIKA JJACTCS TOJIBKO Ha JTATHHCKOM ai(aBUTE.

PuCyHKH, KapTHHKH, TpaGUKH ¥ TAOHIBI JOJDKHBI OBITH YETKO BBIMOJIHEHBI M Pa3MEIeHBI BHYTPH CTATHH.
INoamucu K pUCyHKaM pa3MEIIIaloTCsl MO PUCYHKOM, KapTHHKON i rpadukom. Ha3BaHnue TaOIMIbI MHIIETCS
HaJ TaOJIULEH.

CChUIKH Ha HCTOYHHKH JAI0TCA B TEKCTE IU(POH B KBAIPATHBIX CKOOKAX U PACIIONAraloTcs B KOHIIE CTaThH
B TIOPSIZIKE IATHPOBAHUS B TeKcTe. ECITM Ha OJTUH U TOT K€ MCTOYHUK CCBUIAIOTCS J1Ba M GoJiee pas, Heo0Xo0-
JIMMO YKa3aTh COOTBETCTBYIOIIYIO CTPAHHILY, COXPaHAS MOPSAKOBHIM HOMep nuTupoBanus. Hanpumep: [7,
crp.15]. bubmuorpaduueckoe onMMcaHue CChIIAEMOM JTMTEPATYPBI JOJKHO OBITH MPOBEICHO C YIETOM THIIA
UCTOYHKKA (MOHOTpadust, yIeOHHK, HAydHas CTaThs U 1p.). [IpH CCBUTKE Ha HAYYHYIO CTaThiO, MaTepHAIbl CHM-
No3uyMa, KOH(PEPEHIINH WK IPYTHX 3HAYNMBIX HAYYHBIX MEPOIPHATHH TOJKHBI OBITH YKa3aHbl Ha3BaHUE
CTaThH, JOKJIAJA WK TE3HUCA.

Hanpumep:

Cmampwsa: Demukhamedova S.D., Aliyeva I.N., Godjayev N.M. Spatial and electronic structure of monomeric
and dimeric complexes of carnosine with zinc, Journal of Structural Chemistry, Vol.51, No.5, p.824-832,
2010

Knueza: Christie on Geankoplis. Transport Processes and Separation Process Principles. Fourth Edition,
Prentice Hall, 2002

Kongpepenuua: Sadychov F.S, Fydin C,Ahmedov A.l. Appligation of Information-Communication Nechnologies

in Science and education. Il International Conference. “Higher Twist Effects In Photon-Proton Collision”,
Bak1,01-03 Noyabr, 2007, s5.384-391

CHycoK IMTHPOBAHHOM JIUTEpaTyphl HabupaeTcs mpudToM 9 punto.

10.

11.
12.

Pa3mepbl crpaHunbl: cBepxy 2.8 oM, cHu3y 2.8 cM, creBa 2.5 u cripaBa 2.5. Tekcr nedaraercs wpudrom Pala-
tino Linotype, pasmep mpudra 11 punto, uareppan-oauHapHbli. [laparpadsl T0KHBL OBITH pa3leicHbI
paccTosiHuEM, COOTBETCTBYIOIUM MHTEpBaIy 6 punto.

[TonHb1i 00beM OPUTHHAIBLHOM CTaThH, KaK IPaBHIIO, HE JOJDKEH MPEeBHIIIaTh 15 cTpaHuil.

IIpencraBienue cTaTbu K NEYaTH NPOU3BOJUTCS B HUXKE YKA3aHHOM IOPSIIKE:

Kaxnast cTathst mochlIaeTcss HE MEHEe IBYM dKCIIepTaMm.

CraThs MOCHUTACTCS aBTOPY IS yUeTa 3aMeUaHuil SKCTIEPTOB.

CraTps, TIOCNE TOTO, KaK aBTOP yd4es 3aME4YaHHs KCIEPTOB, PEIAKIIMOHHON KOJJIETHell KypHama MOXET
OBITh PEKOMEH/IOBaHA K MICYATH.
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