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RIYAZIYYAT

INTEQRAL OPERATORLARIN SONSUZ DIFERENSIALLANAN
FUNKSIYALAR FOZASINDA FREDHOLMLUGU

T.B.9S9DOV, N.H.QUMASOVA

Baki1 Dovlot Universiteti
Mexanika-riyaziyyat fakultosi
email nurane.qumasova@gmail.com
BAKI, AZORBAYCAN

XULASO

Togdim olunan igda bir sinif inteqral operatorun sonsuz diferensillanan funksiyalar fazasinda
funksiyalar nozoriyyssi vo funksional analiz, eloco do integro-diferensial tonliklor nazariyyasinin
metodlarindan istifads edorok fredholmluq meyar1 dyronilmisdir.

Acar sozlar: Inteqral operatorlar, sonsuz diferensialanan funksiyalar fozasi, operatorun simvolu,
Fredholm operatoru.

GIRIS

Bir ¢ox tobiot hadisalori funksional-diferensial, o climladan, integro-diferensial tonliklor vasitasilo
modellasdirilir. Inteqro-diferensial tonliklor nazoriyyssi funksional-diferensial tonliklor nozariyyasi ilo
six baghdir. Hotta integro-diferensial tonliklora inteqral operatorlar istirak edon funksional-diferensial
tonliklorin xiisusi hali kimi baxmagq olar(Kutateladze, 2000).

Son illords operator omsalli funksional-diferensial tonliklorin todgigins dair ¢oxlu islor meydana
golmisdir. Belo todqgiqatlara misal kimi R.Q.9liyevin, V.V. Vlasovun, Dj.Xeylin, G.Di.Blasionun,
K.Kunigin, M.Yamomotonun, S.M. Verduyu Lunelin va baggalarinin iglarini géstarmok olar.

Todqgiqat isi bir sinif inteqral operatorun sonsuz diferensiallanan funksiyalar fozasinda
fredholmlugunun &yronilmesino hosr edilmisdir(Gorin, 2013). Inteqral operatorlar nozoriyyosi
funksiyalar nozariyyasi vo funksional analizin metodlarinin genis totbigi ilo inteqral operatorlarin
fredholmlug xassosi operator terminlori ilo mixtolif Banax fozalarinda, o ciimlodon, comlonan
funksiyalar fozasinda baxilmaga baslanildi(Baskakov, 2000), Fredholmluq meyarlari meydana
galdi(Denisenko, Deundyak, 2020). Novbati morhalods iso Banax fozalarinda tosir edon operatorlar
tcln fredholmlug nazariyyasi qurulmasindan ibarat oldu. Bu baximdan éyranilan mévzu hom nozari,
hom do elmi-praktik cohotdon aktualdir.

TODQIQAT METODU

Toqdim edilon igdo inteqral operatorlara C}j (") fozasinda baxilir, burada H fozasi sonlu

olgtlidir. Asagidaki isaralomolori daxil edok: X fozasindan Y fozasina tosir edon Xotti kasilmaz
operatorlar fozasim L(X,Y) ilo isaro edok. X =Y olduqda iso sadoco L(X) ilo isaro edok. H

fozas1 C kompleks négtolor goxlugu olduqda Cy; (I7) oavezino C*(I") isarolomesindon istifado

edorik.

Torif. ©Ogor X fozasinda xatti kasilmoz A operatonun sonlu 6lgull nivesi (koniivasi) vo gapali
obrazi varsa, onda A operatoruna @, (®.) operatorun obrazi gapali, niivasi va konuivasi sonlu 6l¢ili
olarsa, onda A operatoruna Fredholm operatoru vo ya @ operatoru da deyilir.

A operatorunun yarimfredholmluq meyari olan asagidaki teoremi isbat etmak olar.

Teorem 1. Tutag ki, A operatoru X hesabi normali fazasinda kasilmez xotti operatordur. Onda
asagidaki sortlor ekvivalentdir.

1. Aoperatoru @, (Fredholm) operatorudur.

2. ixtiyari N>0 tgin elo M>0 odadi tapilar ki, Dn(X) sinfindon olan ixtiyari {Xf:_,

ardicillig tiglin {AXk }E;o ardicilligr D, (X) sinfino daxildir.
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3. Elo m>0 ododi var ki, Dy(X) sinfindon olan ixtiyari m>0 tgiin {Ax};_, ardicillig
Do(X) sinfina daxildir.
C”(I") fozasinda asagidaki kimi inteqral operatora baxaq.

(So)0) - j 20 g,

Tutaq ki, P :%(I +9S), Q :%(I —S).0Onda S operatoru C”(I") fozasinda kosilmoz olar vo

S?=1.0nagorods PvoQ operatorlart C*(I") fozasinda kesilmoz proyektorlardir.

+00
Istonilon @ e C*(I") funksiyastm C*(I")-do yigilan ¢(t) = Z(pktk Furye siras1 soklindo
k=—o0
goOstarmok olar.
P vo Q operatorlar {igiin asagidaki diisturlar dogrudur.

PO =S ot. Q)N = nt
k=—o0

k=1
Tutaq ki, t; € I'. C*(I") fozasinda asagidaki qanunla tosir edon Ry, operatorunu gotirok.

(1) — (L)
(Rto p) = :
Aydindir ki, RtO operatoru kasilmazdir. Onun bazi xassalorini geyd edok.

1. lstonilon natural n Ggtn istonilon @ € C* (1) funksiyasi iigiin asagidak: diistur dogrudur.

(k)
olt) - Z<” -t

R"p) =
(Ry@) = 1,
2. Istonilon iki t;,t, € I", nogtolori tgtin t; #t, asagidaki borabarlik dogrudur.
1
Rtl th = ——t (Rtl - th)
17

3. Istenilon iki t;,t, € I" néqtalori tiglin R, R, =R, R, borabarliklori dogrudur.

4. Tutag ki, tyel’. Onda R (t—t)"I=R:™, ogor n>m vo ogor N<m olarsa,
Ro(t—t)™ 1 =(t—t5)" "I

5. Istenilen ty e I Ugin SR, —R;,S operatoru C*(I') fozasinda kompaktdir.

6. Istonilon ty € 7 va istonilon CeC™(I") funksiyast i¢iin C(t)— R, —R, C(t)l operatoru

C”(I") fozasinda kompaktdir.
Bu xassalordan ¢ixir ki, istonilon A € L operatorunu asagidak: sokildo gostarmok olar.

pm )
A=Y > CitR! +C(t)I +K
i-0j-1 '
burada C,Cy; eC™(I), KeL(C*(I), tj ndqtolori iso ciit-ciit mixtolifdir. m;,m,,...,m,
adadlori igarisinda an boylyunli m ilo isars edok.
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Tutaq ki, AeL(C™(I")) ixtiyari operatordur vo t, noqtosi /' gevrasinin qeyd olunmus

noqtesidir. A operatorunun t, ndégtesindo simvolunu muioyysn edok. Bunun Ggin A operatorunu
asagidaki sokildo gostorok.

pm .
A=Co(R) +Ci(RY ™ +...+C 4 (OR, + D>, D (ORI +CH)1 +K
i=1 j=1
Burada C,C,,C;; e C™(I'), KeL(C*(I).

Asagidaki ganunla tosir edon o inikasina baxaq.

a® +o0_ (k+n)
O-to (A) Z (tO) k an _ o (t(l)) Zk
= (k+n)!
burada a(t) =C, (t)+C1(t)(t—t0)+...+Cn (t)(t—t;). Gostermok olar ki, o, inikasi korrekt

toyin edilib vo V' t; € I" noqtesi Ugin homomorfizmdir. oy (A) swrasma A

operatorunun t,
noqtesinds simvolu adlanir.

Simvolun torifindon ¢ixir ki, agar operator kompaktdirsa, onda onun simvolu hor bir te I’
ndqtasinds sifra barabordir.

Tutag ki, CeC™(I) vo A=C(t)l. Istonilon CeC™(I") funksiyasi iiciin

(Ap)(t) =C(t)e(t) oldugundan V' t, € I Ugiin o (A) = Z (kliftO) k
k=0

Tutag ki, ty € I" vo A=R, . Onda simvolun terifindon ¢ixir ki, oy (A) = 2t

o (A) = Zak (t)z* isaro edok. Tutaq ki, ixtiyari n (0<n<m) ticiin t, noqgtesindo agagidaki

k=—m
barabarlik 6donir.

a (o) =-.=a,4(t)=0
Onda A operatorunu asagidaki kimi gostarmok olar.

P m .
A=dy(®R] +d, (ORI +...+d, (DR, +DD'Cy OR +FO1+T
i—1 j-1
burada dg,d;,...,d,_;, Ci’j , T sonsuz diferensiallanan funksiyalardir vo t, ¢ {tl,tz,...,th }

Ogor a_p,(ty) =...=a(ty) =0 olarsa, onda A operatorunu asagidaki kimi gostormok olar.

P m )
A=>>C; OR + FO1+T
i1 j=1
burada Cj; vo f funksiyalari sonsuz diferensiallanandirlar
ty & {t.t,..1, }.
Operatorun simvolunun bir sira xassalarini isbat etmodon geyd edok.
1. ©gar har bir t € I” nogtasinds o, (A) =0 olarsa, onda Ae L(C* (1)) .

, T operatoru kompaktdir vo

+00
2. 0,(A) = Zak (t)z . Onda ay (t) omsallar1 asagidaki xassalori 6dayir.

r=-m

2a) Istonilon manfi k indeksli a, (t) funksiyasi yalniz sonlu sayda ndqtalerds sifirdan farglidir.
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2b) Ogorelo ty € I" varsa ki, a_,(t;) =...=a_;(t;) =0 olarsa, onda elo U otrafi var ki, a(t)
1
(k > 0) omsallari sonsuz diferensiallandir vo Vt €U Ugln a, (t) = W () (t) dogrudur.

2c) Ogar elo ty e I” var ki, a_,(t;) =...=a,,(t;) =0 vo a_,(t;) #0 olarsa, onda asagidaki

diistur dogrudur.
min{k.n}

ak—n(to):t"_rft] > Calt—t))""a ()
o i

+00
3. Tutaq ki, o;(A) = Zak (t)z. ©gor A operatorunun simvolunun har bir t € I” nogtesinds
k=—m

torsi varsa, onda a,(t) omsalinin sifra gevrildiyi ndqtalorin say1 sonludur.

+00
4. Zak (t)Zk, t € I sirasina baxaq. Ogor bu siranin omsallar1 xasso 2a-2¢)-ni 6dayirso, onda
k=-—m
simvolu bu sira ilo t € 17 ndqgtasindo Ust-listo diison A operatoru var.
5. Tutaq ki, A operatorun o (A) simvolunun har bir t e /" ndqgtesinds torsi var. Onda elo B

operatoru var ki, onun simvolu &, (B) hor bir te I néqtesindo o, (B) = (o, (A))™" boraborliyini
Odayir.
Teorem 2. Tutaq ki, A operatorunun C* (") fozasinda @ operatoru olmas iigiin zoruri vo kafi

sort onun o (A) simvolunun hor bir t e 7" noqtasindo torsinin olmasidir.

NOTICO

Beloliklo, integral operatorun sonsuz diferensiallanan funksiyalar fozasinda fredholmlugu
operator terminlari vasitosilo 6yronilmisdir. inteqral operatorun simvolu anlayis1 daxil edilmis, onun
bir sira xassolori sadalanmigdir. Simvol anlayisi vasitasilo ilo inteqral operatorun Fredholmluq meyari
teorem soklinds verilmisdir.
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XULASO

Toqdim edilon isdo separabel Hilbert fozasinda kompakt torse malik, geyr-mohdud 6z-0ziino
qosma operatora tgiin operator funksiyaya vo bu funksiya Gglin spektral mosalalora baxilir. Laplas
cevirmasi naticasindo alman tonlik (glin operator-funksiyasinim spektrinin maxsusi giymatlarinin
xassoalori haqqinda teoremlor formalagdirilaraq isbat edilir.

Acar sozlar: operator-funksiya, moxssi giymat, spektral mosalo

GIRIS

Son illords operator omsalli funksional-diferensial tonliklorin todgigins dair ¢oxlu islor meydana
golmisdir (Rosovskiy, 2011). Bir ¢ox tobiot hadisalori integro-diferensial tonliklor vasitasilo
modellasdirilir. Inteqro-diferensial tonliklor nozoriyyasi inteqral operatorlar istirak edon funksional-
diferensial tonliklorin xiisusi hali kimi baxmagq olar.

Todqiqat isi bir sinif inteqral operatorun sonsuz diferensiallanan funksiyalar fozasinda
fredholmlugunun dyronilmasina hasr edilmisdir (Vlasov, Rautian, 2013, 2016). inteqral operatorlar
nozariyyasi funksiyalar noazoriyyassi vo funksional analizin metodlarimin genis totbigi ilo integral
operatorlar tcun spektral masalalorin 6yranilmasi son illarde genis viisot almigdir. Bu baximdan
dyroanilon mévzu hom nozari, hom do elmi-praktik cohstdon aktualdir.

TODQIQAT METODU

Tutaqg ki, H separabel Hilbert fozasidir, A operatoru iss bu fozada tesir edan, kompakt tarsi olan
Vo 0z-0zlino qosma miisbot operatordur. R, =(0;+00) yarimoxda asagidaki kimi birtortibli inteqral

tonlik Gglin masaloys baxag.

t
% + j K(t—s)A2u(s)ds = f(t),t eR, 1)
0
u(+0)=¢ )
Burada farz edilir ki, skalyar K(t) funksiyasinin asagidaki kimi ayrilisa malikdir.
o0 e—tr
K(t) = j du(z)
0 T

burada du(zr) kemiyyati sagdan kasilmaz, artan paylama funksiyasi u(r)—ya uygun misbat Olgudur.
Inteqral Stiltes manada basa diisiiliir. Forz edirik ki, asagidaki sort do ddonir.

KO =]% <z ®

Burada x funksiyasi (d;;+o0), d; >0 yarimoxundandir. Bozi hallarda asagidaki ort do istifado
edilocok.

—K®(0) = Td,u(r) zVary\: < +o0, (4)

Torif. Ogor u vektor funksiyasi miiloyyan y >0 Ugin Wzl,y(R+, A?) fozasia daxildirsa, (1) sortini

R, =(0;4+w) coxlugunda sanki hor yerds va (2) sortini 6dayirss, onda ona (1)-(2) masalasinin gucli
halli deyilir.
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(1) tonliyi Gglin ¢ =0 sorti daxilinds Laplas gevirmoesine baxsag, onda L(A)0(1) = f(/i) tonliyini
alariq. Burada L(A)= Al +K(1)A? operator-funksiyasi bu tenliyin simvoludur. G(1) veo f(1)
funksiyalart uygun olaraq u(t) vo f(t) vektor-funksiyalarmin Laplas ¢evirmoloridir. Burada K (1)
funksiyas1 K (t) nuvasinin Laplas ¢cevirmasidir vo asagidaki kimidir.

(i) [ 240
0 T(A+7)

A operatorunun a_: e,,» neN moxsusi giymotlorino cavab veron maoxsusi

ne

Ae, =3,
vektorlarindan ibarat ortnormal bazisi ie, }::1 kimi isaro edok. a, moxsusi giymotlori tortibi nozors
alinmagla nizamlanmusdir: 0< g, <a, <..<a,.... N —+oo olduqda a, — +oo.

L(2) operator-funksiyanin e, vektoruna Gokilmis bir 6l¢iilii altfozaya daralmasi olan asagidaki
funksiyaya baxag.

I (A1) =(L(A)e, e, )= A+a*K(A)

Belaliklo, ne N (giin fn (A) skalyar funksiyalarin hesabi kiilliyatin1 aliriq.

Torif. Ogor istonilon 4 € R(L) Uglin L™(1) operator funksiya mohduddursa, onda A € C nogtalor
goxluguna L(Z) operator funksiyasinin R(L) rezolvent goxlugu deyilir. o(L)={1eC\R(L)}
coxlubunaiso L(A) operator funksiyasinin spektri deyilir.

Teorem 1. Tutaq ki, (3), (4) sortlori 6danir. Onda kifayot qodor boylk a, -lor Gglin L(A) operator-

funksiyanin hagigi olmayan maxsusi giymstlori 4, (A, = /1_;) asagidaki asimptotikaya malikdir.
o = ii(man - O(alan + 2KK((%)) + O[:: J . a, >+ (5)
du(r) 6lcusu kompakt gokili olduqda teorem asagidaki kimi olar.
Teorem 2. Tutaq Ki, teorem 1-in sortlori Gdonir vo du(z) olcusii [d,;d,], 0<d, <d, parcasina
daxil olan kompakt ¢okilidir. Onda els bir y,, 0<y, <d, var ki, L(1) operator-funksiyanin spektrini
asagidaki kimi gostormok olar.

o(L)=0zUog;
Burada o, vo o, uygun olaraq L(Z1) operator-funksiyanin spektrinin hagiqgi vo hagigi olmayan
hissalaridir va hoam do o, < [-d,;~d, +y,],

o, =i eC\R 4 = Zfne N,

burada A; ododlori L(1) operator-funksiyanin (5) asimptotik ayriligina malik moxsusi

adadloridir.

NOTICO

Separabel Hilbert fozasinda tasir edon, kompakt torsi olan va 0z-6zline qosma miisbat operator
tigiin yarimoxda birtartibli integral tonlik (i¢lin spetktral masalays baxilir. Laplas ¢evirmasi noticasinda
alinan  tonlik Ugln operator-funksiyasinin spektrinin moxsusi giymatlorinin xassalori haqqinda

teoremlor formalagdirilaraq isbat edilir.
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SUMMARY
In the presented work considered the boundary problem for the 3rd order ordinary differential
equation where the principal part is the differential operator, with irregular boundary conditions. It is
proved the existence and uniqueness of the decision and the estimation inequality for the decision are
received.

Key words: regularity, coercivity, boundary value problem.

Spectral problems related to higher order differential operators and operators caused by irregular
nonseparable boundary conditions (i.e. including the completeness of the system of specific and
attachment functions on such a system, issue of separation) is one of the current actual topics.

Consider the following boundary value problem: equation

LoMu = MBu(x) + au'’(x) + bu"' (x) = f(x), x € (0,1), (1)
with boundary conditions
Liyu = au™d(0) + gu™d(1) = f;, )
where a, b, a;, B;, f; - are complex numbers, a # 0, |«;| + |5;|#0, i = 1,2,3.
The general solution of equation (1) with f(x) = 0 on |A|] -0 may be written as follows:
u(x)=cyef1* + c,et2¥+czets(x=1) 3
where c; — are arbitrary constants, and y;,i = 1,2,3 are roots of the corresponding characteristic
equation
au® + bu? + A3=0.
Let's enter notes like below

m m m
awy; 1 oaqw, b Piwgt
2

— m my my
0y = |aw, aw, Bawy 2|,

mg mg3 m3
azw, azw, B3ws

my—1 mq mq mq my—1 mq
a maw, aw, 1w, a;wy amaw, 1w,
_ m,—1 m, msp my m,—1 my
01 = |aymyw, aw, Paws | + |ayw, armow, Baws | +
m3—1 ms msz msz m3—1 msz
azmsw; azw, P3ws azw, azmsw, B3ws

m m mq—1
aw; toagw, b fimawg !

m, my my—1
+ [a,w, a,w, pomyw, '

m m. mz—1
azw; > azw, °  fymgws

2mi 4mi

where w;=1,w, = e s ,w; = e 3. Let’s denote also roots of the equation
an>+1=0 as w;, j=123. If denote w =min{argw, argw,argws;+m}, w =

max{argw,, argw,, argw; + n}, w —w < m, then w = n_irga , W =T — arfa , Where —-m<
arga < T.

Theorem. If a # 0,b # 0,0, = 0,0, # 0, then Be >0 [15>0: BA: §+ “Tf“ te<argh<
24592 ¢ Al > R,, for operator

2 3
LoMu:u = (LoMu, Lio(Mu, Lyg(Mu, Lz (Mw),
Lo(A): W} (0,1) » W}(0,1) + €3, with integer number [ > max{3,m;+ 1} andq € (1, )
operator is isomorphic and the following estimate exists for the solution of the problem (1)-(2) and for
these A's:

11
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- i—l
Zk 0M|l o 1||u||wk(o 1) <C(e) (”f”w’ =0 T A1 3”f”L q(0,1) +Z = " q|fi|>' (4)

where C(¢€) is constant.

Proof. Operator L, (A) is linear and continuous.

Let's look for the solution of the equation (1) like this u(x) = uy(x) + uy(x), where u;(x) is
the solution of equation

aulu'(x) + bulll(x) + /131,11()(') = f(X), X€eR, (5)
w7258

and u, (x) is the solution of problem

au,’”’(x) + bu," (x) + A3uy(x) =0, x € (0,1), (6)
Liu; = —Lyu; +f;, i=123.
We get from (5): [a(io)® + b(io)? + A%]Fu, = Ff, (7
where F —is Fourier transform. It is obvious, that
a(io)® + b(io)? +2* = a(io — ) (io — py) (i — p3). (8)
As for BIA: g—g+s<arg7\<37”—5—s,|7\|—>oo takes place
lic — ;| > C(e)(al + A, i =1,2,3, [5,p.2], 9)
and then from (7) and (8) follows:
ul® (x) = F1(i0)kFu, = F~(io)*[a(io)3 + b(io)? + A3]1Ff. (10)

From (8) and (9) follows, that functions
Ty (0,2) = A3 K(io)*[a(io)® + b(io)? + 23], k = 0,1,2,3,
when %—Q+e<arg7\<37”—5—s, |A| = oo,
are continuous differentiable on ¢ in R and holds conditions:
1T, (0, 0)] < C(&), |a Ti(o, M) < C(S) . k=03
According [2,p.437],if feL,(0,1), then u, (x)eW;? (R) from (10) on k = 0 s solution of (5)
and
AP3* ||u§")||Lq on < 1F @ OFF, ) < CONFN, oy < C@Iligion e =03,
Then, if f(x)eW;}=3(0,1), then u; (x)eW,?(0,1) and takes place inequality

Z%{:Ollll_k”ulllwéf(o,l) < C(E) (”f”W‘;—3(0,1) + |A|l_3”f”Lq(O,1))v (11)
which may be proved by induction method.
Now we can show the existence of a unique solution of problem (6) for an arbitrary complex f;,
i = 1,2,3, included in qu(O,l) and evaluate this solution.
The coefficients in general solution (3) of equation in the problem (6) has form

¢ =D 1(7x)za,l(7\)( Ligus + f7),

where a;(2) = [6; + () ATR M = 1, 2 3, Rj;(A) -0 when

= + ar‘ga +e<argh<- + arga —&,|A| » ,0;€C.
Then the problem (6) has unlque solution:
Uy (x) =
2] 1 D~ 10\)2 1[611 + R]l(l)]( Lloul + fL)AZkilmk eti* + +D~ 10\) Z 1[631

R3i ()] (~Liguty + f)APesi Mic gha(x—1), (12)
—+ar‘ga+s < arg7\< +

where D () is the determlnant of the system for determlning the coefficients ¢;,i = 1,2,3 inthe
general solution (3) and has the following form:

D) = 80 +5-0:471 + 0(7\-2)] (8,)Zi=1Mi+R(X), where R(A) - 0 when
I+ 46 < argh < - + ar‘ga

arga

—&,|A| = oo,

S+

—&,|A] > oo

12
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—mi+k+1—%

”ugk) ” < C(&) B (Lipug | + IFDIAI

s arga Lq(o’;) arga
when 24+ +e <argh <+

For estimation |L;yu4|, i = 1,2,3, we may use inequality from [3, p. 145]
[P gy = € (BH O, g0+ Bl 0 )
where 0<j<l[,0<h< ho,)(z(j + %):l. Forh = |A|=! according (8) we have
=1+ i+l _
" (1 s o + A2 g0

arga
3

k>0, (13)

—&,|A] > oo

|Lious| < Cllugllgmifo,1) < C()IAl

arga

%+ 3 +s<arg7\<§+
By substituting this estimation in (13) we have

k- k - t-mi—g
||t ||u§ )”L o < C(e) (||f”wl§—3(o,1) U f g0, + XizalA " qlfil)-
q ’

From this inequality and from (8) we get estimation (3) for solution of the problem (1) - (2).

References

1. M.N. Stone. Irreqular differential system of order two and related expansion problems.
Trans.Amer.Soc., 1927, v.29, p.23-53.

—&,|A] > oo,

2. N. Danford, D. Svars. JIuneiinsie onepatopsl. CriekTpanbHas Teopes. Mocksa, Mup, 1966.

3. Yakubov S.Y. Differential-operator equations. Ordinary and partial differential equations.
Chapman & Hall/CRC, USA, 2000.

4. Yakubov S.Y. On a new method for solving irregular problems. J. Math. Anal. Appl. 220, 224—
249 (1998).

5.Ucpadumor ®.A. KospuurupHas ¢ neekToM olleHKa pelIeHHs HepETYIIpHON KpaeBoi
sagaun. Proceedings of the 3rd International Scientific and Practical Conference. November 19-20,
2022. Prague, Czech Republic. p.279-285.

HULTEN VO YUKAVA POTENSIALLARI UCUN KLEYN-FOK-
QORDON TONLIKLORININ ANALITIK HOLLI
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XULASO

Togdim olunan isde Hilten vo Yukavanin birgs potensiali {i¢iin Kleyn -Fok-Qordon (KFQ)
tonliyinin analitik holli verilmisdir. Hom relyativistik kvant mexanikasinda, ham doa geyri-relyativistik
kvant mexanikasinda bu potensiallar genis istifado olunur. Umumiyyatlo, eksponensial potensial
modellori homiga diggoti calb etmis vo mixtalif fiziki sistemlords, 0 cimladan kvant kosmologiyasi,
nive fizikasi, molekulyar fizika, zorracCiklor fizikasi vo kondensasiya olunmus maddo fizikasinda
intensiv sakilda istifads edilmisdir. Hiilten, Morse, Manning-Rosen, Wood-Saxon, Eckart vo Rosen-
Morse potensiallar1 daxil olmagla ¢oxlu sayda eksponensial tipli potensiallar tadqiq edilmis vo bagh
vaziyyat Ugln bazi analitik hallor olds edilmisdir.
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Tadqiq etdiyimiz isdo Nikiforov-Uvarov metodu totbiq olunmusdur. Qeyd edok ki, Nikiforov-
Uvarov (NU) usulunda ikinci tortib diferensial tonliklorin halli, onlarin hiperhandasi tipli tonliklorlo
ifads olunur ki, bu da bdyuk praktiki shamiyyato malikdir. Bu masalalari ardicil etmok ¢uin skalyar,
vektorial potensialli sahado Kleyn-Fok-Qordon (KFQ) tonliyini yazaq. Bu tonlik sferik koordinat
sisteminds yazilir. Hiilten vo Yukava potensiallarinin sokli verilmisdir. Biz igimizdo har iki potensiali
ortaq islotmisik. Hiilten iistogol Yukavi potensialindan istifado etmoklo Kleyn-Fok-Qordon
(KFQ)tonliyini yazmag. Orbital kvant adadinin 1+ 0 giymatinds enerjinin vo uygun olaraq radial
dalga funksiyasinin analitik ifadosi alimir. Aldigimiz ifadolor hiperhondasi funksiyalarla ifads
olunmusdur.

ACAR SOZLOR: Klen-Fok-Qordon tonliyi, Hilten vo Yukava birge potensiali, Nikforov -
Uvarov metodu.

GIRIS

Kvant mexanikasinin siirotli inkisafi onu nozori fizikanin ayri bir qolu oldugunu gostordi.
Muxtolif potensiallar Gglin dogig halli olan mosalalor vacib hesab olunmaga basladi. Niive vo
elementar hissaciklor fizikasinda elacoda atom vo molekul fizikasi sahosindoki todgigatlarda
relyativistik va geyri-relyativistik kvant mexanikas ¢arcivasinds potensial modellar har zaman mihim
ohomiyyat kaosb edir. Potensialin soklindan asili olaraq miixtalif dalga tonliklori Sredinger, Kleyn-
Fok- Qordon (KFQ), Relyativistik sonlu forq tonliyi vo Dirak tonliyini hall etmoak olur[1-2]. Mors,
Manning-Rosen, Hulten, Makarov, Yukava va s. potensiallari hom relyativistik, hom do geyri-
relyativistik kvant mexaniksinda genis istifado olunur [3-10].

Potensial modelinin shomiyyati ilk ndvbodo nazordon kegirilon fiziki sistemin mioayyan
xassalorinin na doracods yaxsi tosvir etmasi ilo miiayyan edilir. Potensial modelinin onun dagiq hall
olunan olmasidir.

Dalga tonliyinin, relyativistik vo geyri-relyativistik kvant mexanikasinin dogiq analitik halli
yalniz V(r) potensilinin mahdud sinifi Ggiin malumdur.

Nikiforov-Uvarov (NU) tsulu ikinci tortib diferensial tonliklorin halli, onlarin hiperhondasi tipli
tonliklorlo ifado olunur bu da bdyik praktiki shomiyysto malikdir. [21]. Eyni zamanda, muxtalif
eksponensial va hiperbolik potensiallar Nikiforov-Uvarov( NU) metodundan istifads etmoklo mixtalif
yaxinlagmalardan istifado etmoklo analitik sokilda hall edilir.

Umumiyyoatlo, eksponensial potensial modellori homiso diggeti colb etmis vo mixtolif fiziki
sistemlards, 0 climladan kvant kosmologiyasi, niive fizikasi, molekulyar fizika, zorraciklor fizikasi vo
kondensasiya olunmus maddo fizikasinda intensiv sokildo istifado edilmisdir. Hiilten, Morse,
Manning-Rosen, Wood-Saxon, Eckart vo Rosen-Morse potensiallari daxil olmagla ¢oxlu sayda
eksponensial tipli potensiallar todqiq edilmis vo bagli voziyyat ¢ln bozi analitik hallor alds
edilmisdir.

TODQIQAT METODU

Tadgigatimizin asas magsadi Nikiforov-Uvarov (NU) metodundan istifads etmoklo adi kvant
mexanikasi ¢argivasinds Hiilten potensialinin vo Yukava sinfinin Xatti kombinasiyasi tigin
dayisdirilmis Kleyn-Fok-Qordon tonliyinin analitik hallidir. Masaloni hall etmak Ggiin 1 # 0 oldugda,
potensialin markazdangagma hissasinda xtsusi giymatlor tapilir. 1 # 0 orbital kvant adadinin istonilan
giymati Ggln enerji vo muvafiq radial dalga funksiyalari toyin edilir.

Nikiforov-Uvarov (NU) tisulu [6] formasina malik olan ikinci daracali diferensial tonliyin halli
ti¢lin ugurla istifads olunur:

©S) reys O(S) ooy
o(s) " (s)+ 2(9) x(s)=0 )

Burada of(s), 8(3) ikinci deracadon yiiksok olmayan ¢oxhadlilor, T(s) birinci doracodon yiiksok

x"(s)+

olmayan ¢oxhadlidir. Indi X(S) funksiya {igiin asagidaki faktorizasiyan1 gotiirsok.

1(8)=(s)y (), )
Bu zaman (1) tonliyi hiperhandasi tonlik soklinds yazilir:
o(s)y" (s)+1(s)y'(s) +2y(s) =0, @)

14
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Harada ki, t(s)=7(s)+2n(s), burada t(s)<O0gqobul olunur. n(s) funksiyas: asagdaki kimi
muoayyan edilir:

SSRLCRON

, ~ 2
\[" (5)2‘ "'(S)) _5(s) +ko(s) (@)

k- sabit paramerdir. n(s) polinom oldugu tigiin kdkalti ifads har hansi bir polinomun kvadrati
soklinda tosvir olunmalidir. Bunu da (4) ifadesindon kvadrat kok diskriminantini sifira
borabarlagdirmoklo muoyyon edilir. Asagdaki ifadodan istifads edorak enerjini miiayyan edo bilarik.
n(n 1)

A=k+m'(s)=-n7'(s) - c"(s) (5)
Coxhadli hallor Rodrigue tonliyi ilo ver|I|r
= 6
n(s)= 2 | ©)
C,, -normallagma sabitidir. p(s) asagdaki tonliklo mliayyon olunan ¢oki funksiyasidir.
(a(s)p(s))'=t(s)p(s) - ()
Digar torafdon (I)(S) funksiyasi asagdaki sorti 6doyir:
$'(s) _ m(s)
=== (®)
¢(s) o(s)

Hulten Ustagal Yukava potensiali ii¢iin Kleyn-Fok-Qordon (KFQ) tanliyinin analitik
hallidir.
Skalyar S(r), vektorial V(r) potensialli sahads Kleyn-Fok-Qordon (KFQ) tenliyini yazag. Qeyd
edok ki, bu tonlik sferik koordinat sisteminds yazaq ( atom vahidlori c = A = 1)
[=V2 + (M + S@)21W(r, 9, @) = [E = VIOI*Y(r, 9, @) 9
M-skalyar hissanin stkunot kitlasidir. E- relyativistik hissaciyin enerjisidir. ys(r, 9, ¢)-sferik
koordinat sistemindo dalga funksiyasidir. Bu dalga funksiyasini agagdaki kimi yazmaq olar:

(9, ¢) = Xl )Ylm(s ) (10)

Burada Yj, (9, @)- sferik harmonik funksiyadir.
(9) tonliyini (10) tonliyinda nozars alsaq Kleyn-Fok-Qordon (KFQ) tonliyi asagdaki soklo
diisocak:
10+ 1)

X' 4 [EZ — M2 = 2(MS(r) + EV()) + (V2(r) — S2(r)) — ]X( ) =0.(11)

Bu isdo asas moagsad Nikiforov- Uvarov (NU) metodundan istifado etmoklo, Hulten potensialinin
Xatti kombinasiyasi tigiin (9) diisturunun analitik halli vo olagsli halda Yukavi sinfini tapmaqdir.

Hiilten potensialindan atom va molekulyar fizika, kondenss olunmus madds va hissaciklor
fizikasinda va digar tadgigat sahslarinds istifads olunur. Bu potensialli sahads olan zarraciklar tgiin
kvant effekti boylk maraq kosb edir.

Hiilten potensial1 asagdaki sokilo malikdir:

V() = ~ 1" eor (12)

§-ekranlagma parametridir. Z- Mendeleyev cadvalinds atomun sira nomrasidir.

Hiilten potensiali iigiin radial Kleyn-Fok-Qordon ( KFQ) tanliyi yalniz 1 =0 giymati Gglin
analitik hall olunur.

Koordinatin r-in Kigik giymatlarinds radial Hiilten potensiali 6ziinii Kulon potensial kimi aparir.
r-in boyuk giymatlorinds isa eksponensial sokilds azalir, Kulon potensialindan daha az olur.

Bu potensial hom do iki atomlu molekulun titrayislarini tasvir etmak Ggln istifads olunur va diger
fiziki hadisalor tigiin uygun model tomin edir.

Ikinci potensialimiz nuklonlarin giiclii qarsiligh tosirlorini ¢ox yaxsi tosvir edon effektiv geyri-
relativistik potensial kimi Yukava [10] torafindon toklif edilon Yukava potensialidir. Yukava potensiali
eksponensial faktora goro 1/r-don daha tez azalir. Yukava potensiali agagdaki soklo malikdir:
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Voe—Sr Vloe—ZSr
V@) = - - (13)

Vo, V' - potensialin darinliyini géstorir. Hiilten potensialin1 vo Yukava sinfini tmumilosdirmok
ti¢lin biz Yukava potensialinin unikal yaxinlagmasindan istifads edirik.

1 28e70r
1 48%e7%0r
(15)

Buna goro do, Hilten vo Yukava sinif potensiallarinin comi kimi tomsil oluna bilar:
27e28e728T  28V,e72%" 482V e 40T
(1 _ e—28r) - (1 — e—28r) - (1 — e—28r)2

_ (A+B)e2r (e

- (1- e—28r) - (1- e—28r)2

V(r) =—

(16)

A = 2Ze%8, B = 28V, C = 48°V/,

Bu iki potensialin xatti kombinasiyasi deformasiyaya ugramis niiva ciitiiniin qarsiliqh tosirini vo
potensial sahodo hissacik Ug¢lin spin-orbit birlogmasini dyranmok Ugiin istifado edilo bilor. Bu
potensialin dyranilmoasinds vacib moagamlardan biri do harmonik sistem daxilinds ragslorin tasvir
olunmasidir. Bundan slavs, bu potensial digor fiziki hadisalor U¢lin slverisli model kimi istifads edilo
bilor.

(16) potensialin ifadasini (11) tonliyinds nozars alsaq Kleyn-Fok-Qordon ( KFQ )tonliyi asagdaki
soklo diisacak:

=28
P, [z 490 +1)e 26r
dr2 (1 —e 28r)2
( ) —26r —48r

(17) tonliyini Nikforov-Uvrov metodu tatbiq edarok hall etmok tigiin onu asagidaki soklo salag.
(17) tonliyini hiperhondasi tonliys gotirmok tingiin s = e~2%" ovozlomosi aparag. Nikforov-Uvarov

metodundan istifads etmaklo enerji spektri ti¢iin ifads almis olurugq:
2

o —l(l+1)—%—n(n+1)—(2n+1)\/%+1(1+1)—[32
E? —M? = — 8| (18)
1 1

l 7+n+\/1+1(1+1)—82

Burada
, (M+E)A+B)
B2 — M+ E)C
262
Hilten Ustagal Yukava potensialinin radial hissasini toyin etmok ¢iin x(s) asagidaki kimi ayiraq
X(s) = ¢()y(s) (19)

d(s) ifadasi (8) soklinda verilib. (8) tanliyini hall etmak igiin d(s)

o(s) = s°(1 — S)%+ /%+l(l+1)_‘32 20)

yn(s) funksiyasi iso Rodrigo disturundan toyin edilir:
Cp d* ,
=—— 21
Ta(®) =~ 3en (0" (9p(9) @1)

THA+1)-p2

p(s) = s25(1 —s)” (22)

16



VIII INTERNATIONAL SCIENTIFIC CONFERENCE OF YOUNG RESEARCHERS

1
2£+n(1 n+2 ZH(HD_BZI (23)

yn(s) = [
528(1 ) / Z+1(+1)— [32

Bunu nozars alaraq

1
d" 1 _g2 1 2 (28,2 /—+l(l+1)—[32)
[stﬂl(l - S)n+2 ai? ] =s%*(1 - s)2 gl P * (1-2s) (24)

ds?

yn(s) funksiyasi tigin yekun olaraq asagidaki ifadoni alariq:

<2£,2 /%+1(1+1)-32>

Yn(s) = CoP, (1 - 29). (25)

Indi (20)-ni vo (25)-i (19)-da nazars alsaq radial dalga funksiyast iiciin asagdaki ifadeni alariq:

Xn(8) = Cas®(1 — $)KRP2K D (1 — 25) (28)
Burada C,-normallagma sabitidir.

K—l ! 10+1 2 29
=5+ [zTA+D-B (29)

Hipergeometrik funksiyanin komokliyi ilo x, (s) ticiin asagidaki ifadoni almis olariq:
Xn(s) = Cpse(1 — 5)K Fﬂﬁ‘;jj:))zFl(-n,zg+21<+n,1+2s;s). (30)
Jy IR@)Pr2dr = [7Ix@)[2dr = 28 f) = [x(s)|*ds = 1 (31)

Normallagma sartindon istifads etmokla C,-normallagma sabitini tayin eds bilorik.
NOTICO
Beloliklo ,biz

28n!(n+K+&)I'(2e+2K+n)I'(2e+1)
Cn = \[ (n+K)T(n+2K)F(26)T (n+25+1) (31)

aldiq.

Beloliklo, biz Nikiforov-Uvarov (NU) metodundan istifads etmoklo adi kvant mexanikasi
cargivasinda Hiilten potensialinin vo Yukava sinfinin xatti kombinasiyasi ti¢iin Kleyn-Fok-Qordon
(KFQ) tonliyinin analitik tonliyini yazdiq. Moasalaya 1 # 0 orbital kvant adadinin istonilon giymoti
Uclin enerji vo miivafiq radial dalga funksiyasinin ifadasini toyin etmis oldugq.
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EHTIYATLARIN ARTIRILMASI UCUN (S, Q) QAYDASINDAN
ISTIFADO EDILDIKD® KATASTROFLARI OLAN XIDMOT-
EHTIYATLANMA SISTEMININ 9D9DI ANALIZI

POLADOVA LOMAN

IDARSETM®O SISTEMLORI INSTITUTU
lamanpoladova@gmail.com
BAKI, AZORBAYCAN

XULASO

Katastroflar1 olan xidmot-ehtiyatlanma sisteminin (XES) riyazi modeli yaradilmigdir. Sistemds
ehtiyatlarin artirilmasi ii¢lin (S, Q) qaydasindan istifads olunur. Sistemin stasionar ehtimallarinin vo
xarakteristikalarinin hesablanmasi {i¢iin analitik diisturlar tapilmisdir.

Acar sozlar: ehtiyatlarin idara edilmasi sistemi, katastrof, Markov zanciri, hesablama
algoritmi

ABSTRACT

A mathematical model of the queuing-inventory system (QIS) with catastrophes has been
created. The (S, Q) replenishment policy is used to increase inventory level in the system. Analytical
formulas for the calculation of stationary probabilities and performance measures of the system have
been found.

Key word: queuing-inventory system, catastrophes, Markov chain, calculation

GIRIS

Klassik ehtiyatlarin idare edilmosi sistemlorinda (EiS) forz olunur ki, ehtiyatlarin istehlakgilara
satilma vaxti sifirdir vo sistemin ehtiyatlar1 he¢ vaxt siradan ¢ixmirlar. Elo sistemlor do vardir ki,
sistemin ehtiyatlart mohv olur. Belo sistemlor iki sinifo ayrilirlar: (1) ehtiyyatlar1 miioyyon zaman
intervalinda mohv olan sistemlor va (2) ehtiyatlar1 hor hansi katastrof naticosinds ani olaraq mohv olan
sistemlor. Ehtiyyatlar1 miisyyon zaman intervalinda mohv olan sistemlor [1-5] adebiyyatlarinda genis
Oyranilmigdir. Ehtiyatlart hor hansi katastrof naticasindo ani olaraq tok-tok mohv olan sistemlor
nisbaton az Gyranilmisdir, bax [6-8]. Biitiin ehtiyatlarin ani olaraq mohv olan vo xidmot miiddati sifir
olan sistemlor [9, 10] adobiyyatlarinda 6yronilmisdir. [9]-ci magalods ehtiyatlarin artirilmasi tigiin “Up
to S” doldurulma qaydasmdan istifade olunmusdur. “Up to S” doldurulma qaydasinda ehtiyatlarin
Saviyyasi miayyan s, 0 < s < S, saviyyasina ¢atdiqda ehtiyatlarin artirilmasi Ggiin sifarig verilir vo
yeni ehtiyatlar daxil oldugda sistemin ehtiyatlarinin saviyyasi anbarin tam hocmins ¢atir. Burada vo
galacokda S parametri sistemin anbarinin maksimal hocmini gostorir. [10]-cu maqalads ehtiyyatlarin
soviyyasinin artirtlmasi {iglin tosadiifi doldurulma gaydasindan istifads olunmusdur. Bu doldurulma
gaydasinda ehtiyatlarin saviyyesi sifra endikds, ehtiyatlarin artirilmasi tiglin sifarig verilir vo toklif
olunan sifarigin hacmi tosadufi kemiyyatdir. Baxilan moagalods oxsar model ehtiyatlarinin artirilmasi
Uclin (S, Q) doldurulma gaydasindan istifado etmoaklo dyronilmisdir, burada Q = S — s toklif olunan
sifarigin sabit hacmini gostarir.
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MODELIN TOSVIRI VO MOSOLONIN QOYULUSU
Oyroanilan sistemin sturuktur sxemi sokil 1-do gostorilmisdir.

Xarici tachizat

v (S, @)doldurulma gaydasi

Daxil olan talablar A . Xidmat g&starilmis
™ talabler
Ehtiyatlarin saviyyasi
sifira barabar olarsa,
talabler sistemi terk edar

S
Bathn ehtiyatlarin l T Katastrof

mahv olmasi x

Sokil 1. Sistemin sturuktur sxemi

Todqiq edilon EiS-do anbarin maksimal hocmi S-dir vo toloblor A intensivlikli Puasson selini
toskil edir. Baxilan EIS-do sifarisloro xidmot miiddati sifirdir, yoni sistem &ziinoxidmat xiisusiyyating
malikdir. Hor bir talob vahid 6l¢iilii ehtiyat alir. Ogor hor hansi tolobin daxil olmasi zamani ehtiyatlarin
saviyyasi sifra barabardirse, onda o vahid ehtimalla itir. Sistemin anbarinda katastroflar bas vers bilir.
Bu katastroflar selinin do k intensivlikli Puasson seli oldugu forz olunur. Katastroflar noticesindo
sistemin biitlin ehtiyyatlar1 ani olaraq mahv olur. Ogar sistemin ehtiyat saviyyasi sifra barabardirsa,
onda katastroflar sistemin isino tosir etmir.

Sistemds ehtiyatlarin artirilmasi iiciin (s, Q) qaydasi istifads olunur. Bu qayda asagidaki kimi
tayin olunur: sistemin ehtiyat soviyyasi s-o ¢atdiqda iso yeni sifaris gondorilir vo gondorilon sifarigin
hacmi S-s komiyyatino barabor olur. Sifarislorin yerina yetirilmo middoti parametri v olan Ustli
paylanmaya malikdir. Masolo baxilan sistemin stasionar paylanmasi vo onun asagidaki
xarakteristikalarinin tapilmasindan ibaratdir: ehtiyatlarin artirilmasi ti¢iin géndorilmis sifariglarin orta
intensivliyi (RR), ehtiyatlarin orta soviyyasi S, toloblorin itmo ehtimal1 (P;).

MOSOLONIN HOLLI

Zamanin istonilon aninda sistemin vaziyyati, ehtiyatlarin soviyyasi ilo tasvir oluna bilor. Sistemin
ehtiyatlarmin saviyyasi m = 0,1, ..., S, giymatlorini ala bilir, burada S sistemin anbarinin maksimal
Olcuslini gosterir. Sistemos daxil olan sellar (taloblar vo Kkatastroflar) Puasson sellari vo ehtiyatlarin
daxil olmasi liglin tolob olunan zaman istlii paylanmaya tabe oldugundan, sistemin riyazi modelinin
birdlgili Markov zonciri oldugunu deys bilorik. Bu zancirin voziyystlor fozasi E = {0,1, ..., S}
coxlugu il verilir.

Sistemin voaziyyatlot diagrami Sokil 2-do gdstorilmisdir.

v
v

T

;1/1 /1 l i s \d i /w2 ,1

Sakil 2. Sistemin vaziyyatlot diagrami
Hor hans1 m voziyyatindon m' vaziyyatins kecidin intensivliyi g(m,m"), m,m’' € E kimi isara
odok. Onda Markov zancirinin generatoru asagidaki disturla verilir:
Aifm>1,m' =m—-1
A+kifm=1,m' =0 1)
kifm>1m'=0
vifo<m<sm' =m+S—s

g(m,m’) =
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Oyranilon sonlu Markov zencirinin stasionar rejimi vardir yoni, getirilobilmayandir. Sistemin
m € E vaziyystindo olmasi ehtimalini p(m) ilo isaro edok. Onda (1) disturundan istifado edorok
Vaziyyatlorin stasionar ehtimallari tiglin balans tonliklori asagidaki kimi yazilir:

—vp(0) + (A + k)p(1) + k(p(2) + -+ p(S)) =0 (2)
—-wv+k+Dpm)+Ap(m+1)=0, 1<m<s (3)
—(k+A)p(m)+ Ap(m+1) =0, s+1<m<Q-1 (@)
vpm—Q)— A+ k)p(m)+Ap(m+1)=0, Q<m<S—-1 (5
vp(s) — (A + Kk)p(S) =0 (6)
Alinmis (2)-(6) balans tonliklarino asagidaki (7) normallagdirma sorti alave olunur:
Ym=op(m) = 1. (7)
(3)-(5) tonliklorindon uygun olaraq asagidaki diisturlari ala bilarik:
PN+ 1) = Gyrp(D), Gy =(A+ED™, 1<m<s (9)
pm+1) = apy1p(1), aper =1+ %)m—s ) s+l<m<Q-1 (9

k\™S - Kym—0—
P +1) = Qy1p(D) = baap(0),  Gr = Goy (1+3) =~ Ziol (1 +5)"70F,
bmar = 3 (1 +3)™C Q<m<S-1 (10)

Daha sonra (2)-ci balans tonliyindan istifado etmakls, p(0) va p(1) ehtimallar tiglin asagidaki

diisturlart alariq:

p(1) = p(0) = -3 (11)

(7) normallagdirma sartindon va (8)-(11) diisturlarindan istifado etmoklo p(0) ehtimali tigiin
asagidaki (12) diisturunu alariq:

p(0) +p(1) + P(kl)(az + ot agy1) (D (Ag4p + 0+ ag) — P(O)(bQ+1 + -t bs) =1
() P (12)

1+(T ) an=1 am‘an=Q+1 by,
Sistemin xarekteristikalar1 vaziyystlorin stasionar ehtimallar1 miioyyan edildikden sonra
asagidaki kimi hesablanir.
e Ehtiyatlarin artirllmasi ti¢iin gondorilmis sifarislorin orta intensivliyi (Reorder Rate, RR):

RR = 2p(s + 1) + k(1 — p(0)) . (13)
Ehtiyatlarin orta soviyyasi ( Avarage inventory size, Sg,,):
Sav = an:l mp(m) (14)

e Toloblor daxil oldugu anda ehtiyatlarin soviyyasi sifira barabar olarsa, onlar ehtiyat almadan
sistemi tork edir. Buna gors, talablarin itmo ehtimali (Probability of Lost, P;) asagidaki kimi toyin
olunur:

P, = p(0) (15)

Yaradilmis diisturlarin komayi ilo baxilan sistemin xarakteristikalar1 hesablanir vo uygun proqram
tominati osasinda adadi experimentlor aparilmisdir. Magalonin hacmina qoyulan talablora gore
aparilmis oadadi experimentlorin naticolori burada verilmomisdir.
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MANNING - ROSEN VO YUKAVA POTENSIALLARININ XOTTI
KOMBINASiYASI UCUN DiRAK TONLIYININ PSEVDOSPIN
SIMMETRIYASI HALINDA ANALITIK HOLLI
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BAKI, AZORBAYCAN

XULASO

Aparilan todqiqat isindo Dirak tonliyi sferik simmetrik potensial {iglin psevdospin simmetriyasi
halinda analitik hoall edilmisdir. Burada kvant sistemlori sferik simmetrik potensial olarag Manning-
Rosen vo Yukava potensiallarinin xatti comindan ibarst morkoazi sahads todqiq olunmusdur. Belo
potensialli sahalordo orbital kvant odadinin ixtiyari giymatlori t¢lin dalga tonliklorinin optimal
hollorinin qurulmasi noazari fizikanin aktual problemlarindon biri hesab edilir. Bu tadqgiqgat isindo
Dirak tonliyi psevdospin simmetriyasi halinda Manning-Rosen vo Yukava potensiallarinin xatti comi
tcln Nikiforov-Uvarov metodunu totbiq etmoklo analitik sokilda holl edilmisdir. Noticods enerji
spektri, moxsusi funksiya vo normallanma sabitlori t¢lin Kk spin-orbital kvant odadinin ixtiyari
giymetlorinds anaiitik ifadslor tapilmisdir, normallanmis moxsusi funksiyalar Yakobi polinomu il
ifado olunmusdur. Enerji spektrinin vo maxsusi funksiyanin spin-orbital kvant adadinin secilmasindan
asili oldugu gostorilmisdir.

ACAR SOZL®OR: Manning-Rosen potensiali, Yukava potensiali, psevdospin simmetriyasi,
Nikiforov-Uvarov metodu

GIRIS

Bu tadqigat isindo asas mogsad xususi potensiallar ti¢lin Dirak tanliyinin analitik hall edilmasidir.
Ciinki, kvant mexanikasinda dalga tonliklorinin hallindon tapilan dalga funksiyalar1 kvant mexaniki
sistem haqqinda tam molumat verir [1]. Relyativistik kvant mexanikasinda Dirak tonliyi nlve vo
hadron fizikasinda miixtslif fiziki hadisalorin arasdirilmasi iigiin genis totbiq edilir va spini-1/2 olan
sistemlori tam tosvir edir [2]. Belo proseslorin todgiginds Dirak Hamiltonianin iki név simmetriyaya
malik oldugu hal gobul edilmisdir: daqgiq spin vo psevdospin simmetriyasi [3]. Bu hallar Dirak
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Hamiltonianinin SU(2) simmetriyasindan V(r) vektor vo S(r) skalyar potensiallari arasindaki
konkret miinasibatlordon alinir, yani potensiallarin farginin  A(r) =V (r)—-S(r) Vva caminin
>(r) =V (r) + S(r) sabito barabor olmasi sortindan. ©gar dA(r)/dr =0 olarsa, onda A(r) = const bu hala
uygun simmetriya doqiq spin simmetriyasi, agor X(r) =const olarsa, onda d=/dr =0bu hala uygun

simmetriya psevdospin simmetriyast adlanir. Psevdospin simmetriyasi halinda orbital kvant adadinin
tam vahid godor forglonon iki halina uygun kvazicirlasma movcuddur. Bu hallara hamginin

(nl,j=1+1/2) A (n-11+2,j=1+3/2) kvant  odadlori ilo  xarakterizo  olunan
(n=n-1, I =1+1, T:Ti's”) psevdospin dubleti kimi baxa bilorik. Burada n -psevdo radial hn=n-1,
| -psevdo orbital I=1+1vo § -psevdospin s =1/2 kvant ododlari adlanirlar. Bir ¢ox potensiallar

uciin, Dirak tonliyi analitik sokilda hall edilmisdir vo gOstorilmisdir ki, tenzor qarsiliqli tasir potensiali
nozars alinmagla biitiin dubletlor cirlagmalarini itirirlor [4].

TODQIQAT METODU

Atom vahidlor sisteminds (7 =c=1) M Kkutlali zarracik t¢iin Dirak tonliyini asagidaki formada

yaza bilorik [1]:
[+ M +S (M) (1) = [E-V (Nl () ()
Burada « vo g dord oOl¢ili dirak matrislori, S(r) skalyar caziba vo V(r) vektor itoloma va
sahalarini tosvir edirlor. E - sistemin relyativistik enerjisidir. Dalga funksiyasini asagidaki formada

yazmag olar,
(1) Yin (6,
w[ <0 J“”)}()
r IGnk (r) Y|m(€ (0)
F (r) Vo G, (r) hogigi kvadratik integrallanan funksiyalardir, m- impuls momentinin z oxu

Uzro proyeksiyasini xarakterizo edon magnit kvant ododidir. Y j'm 6,9) Y jEn (0,9) funksiyalar1 sferik

harmonik funksiyalardir. Homginin 1(1+1) =kk+1) vo I(I +1)=k(k—1) sortlorini 8doyirlor.
Baxdigimiz potensial sferik simmetrik potensialdir vo zamandan asili olmadigindan stasionar Dirak
tonliyini hall edacayik.

Manning-Rosen potensiali iki atomlu molekulun ragslorinin vo vibrasiyalarinin riyazi
modellosdirilmasinds genis istifado edilir. Homginin do digor fiziki hadisslorin riyazi tesviri tUcun
uygun modellorin qurulmasinda istifads edilir, asagidak: sokildadir:

2 a(a —l)e_zr/5 Ae~"?
Vur(r) = - 3
wr{r) 2/152[ (1_e—r/6)2 1-e7"/9 )

Nuklonlar arasindaki giiclii qarsiligh alageni tosvir etmak (¢l tasirli bir potensial olarag gobul
edilon Yukava potensiali

Ve ¥
Vy (r) =--0

burada Avo « Olguslz sabitlor, § ekranlasma parametridir. V, qarsiliqlt tosir giiclini tayin
edir.

Manning-Rosen va Yukava potensiallarinin xatti comini asagidak: sokilds yaza bilarik:

28%a(a—1)e " 25% Ae‘m 20V Ve Vg™ )

\Y r)y= -
MRY( ) M (1_e725r)2 M 1 g2 1—e 2 (1_e725r)2 1-e 2
Burada
252a(ct -1 25%A
Vo1 = % Va Vg3 =Voz +Vo3 = ™ 20V, (6)

Manning-Rosen va Yukava potensiallarinin Xatti comi tigiin Dirak tonliyini hall etmak G¢tin,
tonliyi asagidaki hiperhandasi tip tonliys gatirmok lazimdir:

z(s) G(S)
() +— X ()+
d o’ (s)

os)” x(s)=0(7)
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oyrixatli koordinat sistemlarinds bu tip tonliklar Laplas va Helmholts tonliklorinin, harmonik
ossilyator, Kulon potensiali ii¢iin Sredinger, Kleyn-FokQordon, Dirak tonliklorinin zarraciyin harokati
Vo homginin kvant mexanikasinin bir ¢ox masalalarinin halli zamani, hamg¢inin zarraciyin sferik-
simmetrik sahodo vo bircins elektrik vo magnit sahslorinds harokoti zamani meydana ¢ixir. Bundan
olavs, atom, molekul vo niive fizikasinin bir ¢ox model masalalori do (7) tonliyina gatirilir. Sferik,
silindirik va hiperhandasi funksiyalar, klassik ortogonal polinomlar, Yakobi, Lager, Ermit polinomlari,
bu tip tenliklorin xtsusi hallarins aiddir.

(2) funksiyasini (1) tonliyinds nozars alsag, onda iki slagsli tanlik alariq:

(%éjm (r)=[M +E +S(r) -V (NG, (r) (8)

d k
[a_FJGnk(r) =[M = Eq +S(r) +V(N]Fu () (9)
Buradan G, (r) funksiyasini (8) tenliyindon tapib, (9) tonliyinds va F, (r) funksiyasini (9)

tonliyindon tapib onu (8) tonliyinds nazars alsaq onda bu funksiyalar ii¢iin agsagidaki formada ikinci
tortib diferensial tonliklor alariq:

, dA(r) (d+kJ
{37_ k(tjl) ~[M+E, -AM]M -E,, +Z(r)]+m F.(r)=0, (10)
d=(r) (d_kj
{%_ k(tz_l) ~[M+E, -AM]M -E,, +Z(r)]—m G, (=0 (11)

Burada A(r)=V(r)-S(r) vo Z(r)=V(r)+S(r) soklinda tayin olunurlar. Eyni zamanda bagl
hallar tiglin Dirak spinorlari F (0) =G, (0) =0 Vo F,, () =G, () =0 sortini do ddayirlar.

Dirak tanliyindo psevdospin simmetriyasini nazors almaq tgin iss (11) tonliyinde d=(r)/dr=0
goturmaliyik. Buradan X(r) =C =const oldugunu yenidon (11) tonliyindo yazsaq onda homin tonliyi
asagidaki sokildo yaza bilorik:

d®  k(k-1 Voie ™ Ve ™
{P‘ (r2 )—[M—Enk+C:{(l_°t_25r)2—lo_23e_m M2 e e+ E[oun =0(12)

(12) tonliyini analitik sokildo holl etmak Ucun yeni s=e 2% doyisonini daxil ve 1/r%-m
1 45%7% . _
— = ———=— ifadasi ilo avoz etsok:
r- @1-e=%)

2 2
45252d—+45251+[M—Enk +c] Yous” _ VoosS |
ds? ds 1-s)? 1-s

—[M 2_EZ +C(M+ Enk)]—

Aldigimiz bu (13) tonliyini (7) hiperhondasi tonliyi ilo mlgayise edorok 7(s),o(s) Vo & (s)
omsallari ii¢iin alariq:
7(s)=1-s
o(s)=[1-s)s
5(s) = %>~ %% (1-s) - 72 (1-s)> —k(k -Ds (14)
7(s), o(s)vaa(s) -in malum ifadslorindan istifads edorok 7(s) funksiyasi ligiin alariq:
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r() =TT \/["'(S>f(s))z ~5(s) +Ko(s) =

2 _~
:—%i\/%—[izsz L B%(1—-5)+72(1—35)2 + k(K ~D)s +Kk's(L—s) =

2 - ~
=—%i\/%—(&2 B2 K)sE - (2272 —K(k-1) —K)s+ 72 =

:—%i%\/(l—4—(&2 B2 72 4 K)sE —4(—B% 4272 —k(k—1)—K')s +472 =

=—%i%\/(4a—4k')sz—4(b—k’)s+4c=—%i\/(a—k’)sz—(b—k’)s+c (15)
Buradan bilavasits aliriq ki,
a=%+52+;72 +a’
b=p%+27%—k(k-1) (16)
c=7°

(15) ifadasinda k' sabitini tapmaq Uglin avvalca kok altindaki kvadrat tighadlinin diskriminantini
tapib sifira borabor etsok, onda k' -a nazaron kvadrat tonlik alariq, yani

D=(b-k')?—4c(a—k") =k'? + (4c—2b)k’ + (b —4ac) (17)
D =0 sortindon asagidaki kvadrat tonliyi alariq:
k’? +(4c—2b)k’ + (b? —4ac) =0 (18)
(18) tonliyindan k; vo kj liglin asagidaki naticoni alariq:

ki = (b—2c)+2yc? +c(a—h) (19)
kp = (b—2c)—2y/c® +c(a—b) (20)

(15) ifadasinds kok altindaki ifadoni asagidaki sokildodo yaza bilarik:
(a-k")s® —(b—k')s+c :(a—b+2c—2wlc2 +c(a—b))s2 —(ZC—ZJCZ +c(a—b))s+c = (As—B)?

(21)

Buradan alinq:
A? =a-b+2c-2yc?+c(a—h)
2AB =2c—2,/c2 +c(a—h) 22)
B?=c
A=yc—Jc+a-b
Je=7

2
«/c+a—b=\/;72+%—[5’2+772—&2+ﬂ2—2;72+k(k—1)=\/%+k(k—1)—§2 - (k—%j _§?

(23)
Belaliklo 7(s) funksiyasi ligiin agagidaki ifadalori alariq:
©) s, (\/E—\/c+a—b)s—\/g, k' = (b—2c)+24/c? +c(a—b) (24)
z(s)=—=+
2 <\/E+\/c+a—b)s—\/g, k'=(b—2c)—2y/c? +c(a—b)
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Nikitov-Uvarov metoduna asasen A parametri iki ifads ilo tayin olunur:
A=7x'(s)+k, (25)
Vo
A=-n7' - . (26)

Hor iki ifadonin barabarliyi sortindan enerjinin moxsusi giymatini hesablamag miimkinddr. Onda
alariq:

n(n-1 1)
2

A=(b-2c)- 2Jc-Je+a- ———\/_+\/c+a

=% —k(k-1)- 271{ k—— —a? ———7 —‘f - +52
= f*-k(k-1)-7 ZJ[k—%j +a’ +1 —\/(k—%j 52—%.
12
A=2n1+y + (k—zj +a? [+n(n-1).

1)? ~ 1 1) 1)
2n+2n7 +2n [k—Ej —&2+n(n—1)=—ﬂ2—k(k—l)—5—77 2 [k—ij +a’ +1|- [k-EJ +a? .

(27)

Buradan enerji spektri {igiin alariq:

~ 1 1)
ﬂz—k(k—1)—5—(2n+1) (k—z) +a? —n(n+1)
7= (28)

1 2
n+1+2 (k—zJ p

(28) ifadasinin hor torofini kvadrata yiksaltsok onda psevdospin simmetriyas1t halinda enerji
spektri {iglin agagidak: analitik ifadoni alariq:

2

Rk G R
PP k(k=D)—2 —(@n+1) [ k= | +a® —n(n+D)

2
n+£+ k—1 +a?
2 2

Psevdospin simmetriyasi halinda G, (s) moxsusi funksiyani tapmagq {i¢iin onu asagidaki formada
faktorizasiya etsok:

M2 —E2 +C(M +Epy) =

5| (29

Gni(S) = ()Y (s) (30)

onda 5 (s) va y(s) funksiyalari ti¢lin alariq:

S
pe)=5-1-9° " ¥ (@
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-7 -9 i)

[ i
(33)
(31) va (33) funksiyalarini (30)-da nozars alsaq onda G, (s) funksiyas {igiin alariq:

2
2 . 1) -
1 (k_gj 5?2 [2}/,2 (k—ij +a
2
Py

G () =Cps” - (L-53)°

p (32)

yn(s):CnP ](1_25)

](1— 25) (34)

C, normalanma sabiti normallasma sartindon tapilir vo asagidaki sokildadir:

Cn:\/25-n!(n+k—1+;7)r(2;7+1)r(n+2;7+k) (35)

(N+k-DIr @2y r(n+2y +Hr(n+2k —2)

NOTICO
Dirak tonliyi Manning-Rosen va Yukava potensiallarinin xatti kombinasiyast ti¢ciin psevdospin
simmetriyasi halinda Nikiforov-Uvarov metodunu totbiq etmoklo analitik sokildo holl edilmisdir.
Relyativistik zarraciyin harokotine Manning-Rosen va Yukava potensiallarinin comindan togkil
olunmus sahodo baxilmigdir. Enerjisinin moxsusi giymoti, moxsusi fuinksiyalari ti¢iin analitik
ifadolor tapilmigdir. Gostorilmisdirki, Dirak tonliyinin psevdospin simmetriyasi halinda enerji spektri
Vo maxsusi funksiyasi spin-orbital vo radial kvant adslarinin segilmosindon asilidir. Alinan naticalor
proton Vo neytronun spin balansinin todgigindo elementar zorrocikorin yeni modellarinin

qurulmasinda, istifads oluna bilor.
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ABSTRACT

In this work, the existence and uniqueness of solutions for a system of nonlinear first-order
implicit ordinary differential equations with three-point boundary conditions are investigated. We
use the Green function for solutions and convert the given considered problem into an equivalent
integral equation. Existence and uniqueness of the solutions of boundary value problems are studied
using Banach contraction mapping principle.

KEYWORDS: Implicit nonlinear differential equations, nonlocal boundary conditions, existence,
uniqueness.

INTRODUCTION

In this paper, we study existence and uniqueness of solutions for a system of nonlinear first-order
implicit ordinary differential equations with three-point non-seperated boundary conditions. It should
be noted that there has been a great interest in the study of nonlinear implicit differential equations in
recent decades (see, e.g., [1, 2]). Besides, the study of differential equations with nonlocal boundary
conditions has been an important field of mathematics, that has recently received much attention of
researchers ( see e.g. [3, 4, 5] and the references therein).

In this paper, we present the existence and uniqueness of the system of nonlinear implicit
differential equations of the type

X(t) = f(t,x(t),x(t)) for te[0,T], 1)
subject to three-point boundary conditions
Ax(0) + Bx(t,) +Cx(T) =d, (2)

where A, B,C are constant square matrices of order n such that
detN =0, N=A+B+C; f:[0,T]xR"xR" — R" is agiven function, d € R"is a given vector,
and t, satisfies the condition O <t, <T.

Theorem 1. Assume that f e C([0,T]xR" xR",R"), detN =0, N = A+ B+C. Then, the

function X(t) is a solution of the boundary value problem (1)-(2) if and only if X(t)is a solution of
the integral equation

x(t)=D +]-G(t, 7) f (7, x(7), X(r))d 7,

where G(t, 7) is Green function of problem (1)-(2) and defined as following:
G,(t,7), 0<t<t
G(t,T) — 1( z-) 1 ,
G, (t,7), t, <t<T
D=N"d,
with
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N~'A, 0<7r<t,
G,(t,r)=.-N*(B+C), t<r<t,
-N7C, t, <7 <T,
and
NA, 0<r<t,
G,(t,7)= N*(A+B), t, <7<t
-N7C, t<r<T.

Theorem 2. Assume that, there exist continuous functions M, > 0, M, < (0,1) such that
| f (t’ X11 Xz) ~f (t’ y1’ Y2)| < M1|X1 - y1| + M2|Xz - y2|
for each t e [0,T] and all X, X%, Y, Y, €R" and

STM,

L:
1-M,

<1,

Where S ZmaX[o,T]x[o,T] HG(t’ T)H
Then, boundary-value problem (1)-(2) has a unique solution on[0,T]. Note that the existence and

uniqueness of the solutions are proved by applying the Banach fixed point theorem.

RESEARCH METHOD

Some sufficient conditions for the existence, uniqueness of solutions for the first order nonlinear
implicit ordinary differential equations with three-point boundary problem are established for the
problem (1)-(2). Furthermore, several theorems are given concerning the existence and uniqueness of
solutions to the boundary value problems for the first order nonlinear system of implicit ordinary
differential equations with nonlocal conditions for the problem (1)-(2). The existence and uniqueness
of the solutions for the given problem are analyzed by using the Banach contraction principle.

CONCLUSION

In this research, the existence and uniqueness of the solutions for first order nonlinear implicit
differential equations with nonlocal conditions are generated under sufficient conditions. Given
methods can be used in similar multipoint problems for ordinary differential equations as follows:

Zij(tj) =q
() = f(t, x(t), x'(t)) fort €[0,T], .

Here, 0=t, <t,..<t , <t =T; L, eR™ are given matrices; & € R"is a given vector

detN =0, N=)L,
j=0
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APPLICATION OF MATRICES TO CHEMICAL REACTIONS
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Baku Engineering University
Baku, Azerbaijan

Linear Algebra is one of the areas of Algebra that has many applications in all fields of exact and
technical sciences. Linear Algebra has long been one of the main tools for mathematical disciplines
application in chemical engineering. It introduces working methods for geometry, mathematical
analysis, differential equations and especially in the study of chemical reactions. We emphasize that
one of the important aplications of linear Algebra is writing perform chemical reactions correctly
using matrix calculus concepts. The most common problem facing researchers in chemical
engineering is balancing chemical reactions. Chemical reactions can be considered mathematical
models. We know that any mathematical model is governed by specific rules and principles, especially
the law of conservation of mass. Using this law, we will consider chemical reactions as a system of
linear equations and thus we will be able to use the Gauss-Jordan solving algorithm. In an
algebraically balanced equation, the coefficients show us the number of molecules of each chemical
element involved. In general, chemical equations can be used better understand how many products
are produced by a reaction, given the number of reactants present.

An elementary reaction is one in which there are no intermediate reactions. This kind of reactions
occur in one step. The term molecularity is applied only in elementary grades reactions refers to the
number of elementary paticles involved in a microscopic chemical event. Description of a chemical
reaction using chemical symbols and formulas is called a chemical reaction equation. To use a
chemical reaction correctly, it needs to be properly balanced. If the ratio between the components of
the reaction is imprecise then the products resulting from these reactions cannot be correctly
approximated which this is not possible scientific researchs. | have found that, this method has helped
me balance some chemical reaction that are traditionally diffucult for many students.

A linear equation in n variable is shape:

Xy + aXo+ K+ ax, = b

Where the coefficients: a; a,, K, a,, b are real numbers usually known. In this article, we will be
interesred in studying the meeting of several linear equations. The meeting of these linear equations is
called the sistem of linear equations.

If we consider the system: = X;—3X;+X3=6

2X; + 3%, + 6X3 =-2
3X1— 2%, + 4X3: -8
X1 — 6X3=-3
Then:
2 [1 -3 1
2 3 6
A= 3 -2 4
1 0 -6
The system matrix is shaped:
- 1 -3 1 6 6
2 3 6 -2 -2
A= 3 -2 4 -8 b l—s\
1 0 -6 -3 -3
The extended matrix is: Matrix of coefficients:

The Gauss-Jordan algorithm for a system of homogeneus linear equations consist of following
steps:
o We will write the system matrix as well as the extended matrix.
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o We will try to transform the coefficient matrix into columns of the unit matrix Im with the
help of elementary transformations.

e Variables that contain columns of the unit matrix will be called main.

e Variables that do not contain columns of the unit matrix will be called secondary and we will
write them in Greek letters or sometimes we will equal them with zero.

o It is up to the reader to choose the main and secondary variables.

o We will find the solution of the system, writing the main variables according to the secondary
ones.

Iron (I11) oxide is the inorganic compound with the formula Fe,Os It is one of the three main
oxides of iron. It is generally used in the production of iron. Iron (I11) oxide and carbon react to create
elemental iron and carbon dioxide.

The chemical reaction is in shape:

X; Fe,034 X, C— x5 Fe + x,CO

2 0 1 0 x — Fe
Fe,Os: <3> C: (0), Fe: (0), CO.: <2> <y - C)
0 1 0 1 z—-0

Mole distribution in the chemical reaction:
To balance the chemical reaction, the coefficient X1, X, X3, X4 check the system:

Xo-X4=0

2 0 1 0 i
X1<3> +X2<0> -X3 <0> ¥ X4<2> > 2X1- X3= 0

0 1 0 1

3X1'2X4=0
S={(oc,§(x,%oc)oceR}

2 0 -1 0 0 =201 0 0 5
3 0 0 -2 0]« 3 0 0 -2 0]«

01 0 -1 0 0O 1 0 -1 o0

-2 01 0 0 -2 01 0 O

_3/2 0 0 1 0 |l —3/2 0O 01 O X

0o 10 -10/ \-3, 100 0

For a=2 the balanced chemical reaction is:
2 F6203+ 3 C — 4Fe + 3CO,

From a mathematical point of view, the theory of differential equations is well developed
both qualitatively and numerically. As a disadvantage, they cannot model phenomena with a high
degree of heterogeneity. These model can be used succesfully in developing inverse methods for
determining one or more reaction parameters involved in the model. An extremely useful principle
used in modeling chemical reactions has proven to be the principle of mass conservation.
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Mathematics is used a great deal in chemical engineering, especially since chemical engineers
design materials and the processes by which those materials are made. To solve chemical problems,
many types of mathematics are used, not least of which is calculus (including partial differential
equations). Even simple calculations, such as working on chemical formulas and equations, involve
mathematics.

Traditionally, chemical engineers worked in the petroleum and large-scale chemical industries.
More recently, they have spread out to the pharmaceutical, foodstuff, polymer and material,
microelectronics, and biotechnology industries. Using mathematics, they are involved in such studies
as thermodynamics, chemical reaction processes, and process dynamics, design, and control. They
help to develop new chemical products and processes, test processing equipment and instrumentation,
gather data, and monitor quality.

Chemical engineers also build mathematical models and analyze the results, mostly to help
understand the performance of a process. In fact, the “solution” to a math problem is often in the
understanding of the behavior of the process described by the mathematics, rather than the specific
numerical result.

Linear Algebra and Tensor Calculus

Linear algebra is a natural fit for the treatment of stagewise processes and the application of
vectors and matrices in chemical engineering. Thus, macroscopic mass balances on isothermal,
multicomponent systems in contacting operations naturally lead to linear equations (except when
invaded by nonlinear equilibrium relationships) that can be expressed in terms of matrices and vectors.
Stoichiometry of chemical reactions allows for their elegant treatment using the mathematical theory
of (finite dimensional) linear vector spaces.

Matrix theory

Although linear equations had been recognized early, curiously, a systematic application of
matrix theory as, for example, presented by Amundson, did not occur until later. Some noteworthy
instances of the initial use of matrix theory is by Acrivos and Amundson, who were able to calculate
from the tops (or bottoms) composition of a distillation column the liquid and vapor compositions in
any plate without involving intermediate plate calculations through Sylvester's expansion for
the n™ power of a matrix. (Apparently the first attention to distillation was that of Sorel, and is
described along with its many later modifications in Robinson and Gilliland. Every third year, a
chemical engineering student is exposed to the graphical method for binary mixtures, and with such
mixtures, analytical methods became available by reference for the equilibrium Raoult's law.

A formal introduction of finite differences and matrices was made in Acrivos and Amundson. In
this article, a compact short course in how a matrix can be used in multicomponent problems is spelled
out in some detail. For example, the plate-by-plate method of Sorel is developed in an analytic way,
and it shows that the numerical result is the same as the nonmatrix procedure. There are other
applications presented.

Calculation of number of plates using the Lewis-Sorel method

If a unit is operating as shown in Figure 11.13, so that a binary feed F is distilled to give a top
product D and a bottom product W, with x x4, and x,, as the corresponding mole fractions of the more
volatile component, and the vapour V,, rising from the form the top plate is condensed, and part is run
back is liquid at its boiling point to the column as reflux, the remainder being withdrawn as product,
then a material balance above plate n, indicated by the loop 1 in Figure 11.13 gives:

Vi=Lps+D (11.13)
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Expressing this balance for the more volatile component gives:

YnVn = LnsaXne1 +DXg
_ Ln+1

D
Yn= o Xner T X (11.34)

Thus:
This equation relates the composition of the vapour rising to the plate to the composition of the
liquid on any plate above the feed place. Since the molar liquid overflow is constant, L, may be

replaced by L., and:

L D
Vo= 7 Xt o X (11.35)

The matrizant, which will occur later, is presented as well as the solution for the transient
problem of N continuously agitated tank reactors with two consecutive reactions and three
components. Finally, we also mention the articles of Amundson and Pontinen and Amundson et al., in
the computerization of distillation calculations, which were programmed in machine language where
almost every number had to be scaled, and were performed on the Remington Rand Univac Scientific
Computer 1103 in St. Paul; this machine had 1,000 words of rapid access memory stored in tubes and
32,000 words on a drum, and the whole was programmed on paper tape by Arlene Pontinen, a new
math BS graduate from Hamlin University.) Toor and Stewart and Prober independently made
effective use of Sylvester's expansion in solving transient multicomponent diffusion problems.
Ramkrishna and Amundson present even more general applications of such spectral expansion for
“finite dimensional problems.” A profoundly interesting application of the spectral expansion of a
matrix was demonstrated by Wei and Prater, who showed how understanding of a spectral behavior
can lead to designing experiments for extracting spectral data (that is, the eigenvalues and
eigenvectors of a matrix) in the identification (that is, the determination of rate constants) of first-order
reaction systems. Gavalas shows an interesting