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Abstract
In this paper, we consider the existence of solutions for Choquard equation of the form

—Au+V(xDhu = [Ig * (QUxDF@)IQ(x) fw), x € R?,

where the nonlinear term f has exponential growth, the radial potentials V, Q : Rt — Rare
unbounded, singular at the origin or decaying to zero. By combining the variational methods,
Trudinger-Moser inequality and some new approaches to estimate precisely the minimax
level of the energy functional, we prove the existence of a nontrivial solution for the above
problem under some weaker assumptions. Our study extends and improves the results of
[Albuquerque-Ferreira-Severo, Milan J. Math. 89 (2021)] and [Alves-Shen, J. Differential
Equations, 344 (2023)].
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1 Introduction and main results

In the present paper, we consider the existence of solutions for nonlinear Choquard equations
of the form

— Au+ V(xhu = [y * (QUxDF@NIQ(x)) f ), x € R?, (LD

where f € CR,R), F(t) := f(f f(s)ds, the radial potentials V, Q : RT — R are
unbounded, singular at the origin or decaying to zero at infinity. The Riesz potential I,
with order « € (0, 2) is defined for x € R? \ {0} by

ré)

Ia(x) = Tr‘(%).

o .
e with Ay, =

We recall here that I is the classical Gamma function and x denotes the convolution on R2.
Explicitly, we introduce the following assumptions on V and f:

(V1) V € C((0, +00), (0, +00)), and there exist ag, a > —2 such that

lim sup ) < 400, liminf ") > 0;
rsot 1T r—+oo 14
(F1) f e C(R,R), and
t
lim lf(2)| =0, forall 8 > 0;
[t|>o00 Bt

or

(F1') f € C(R, R), and there exists By > 0 such that

Fol
m e = 0, forall B > By
and o
t
|/ 2| = 400, forall 8 < Bo;
[t|—>o00 Bt
o] _
(F2) zlg%‘to‘/z =1 €10, 4+00);

(F3) there exists i > 1 such that
= pF@) >0, VieR\ (0}
(F4) there exist My > 0 and #y > 0 such that
F(t) = Mol f (D], VIt = 1.

To facilitate the subsequent analysis, we introduce the following notations. Let

loc

E = {u € L} (R?) : uisradial, |Vu| € L>(R?) and / V(xDuldx < +oo}
R2

and define

(u, v) ::/ (Vu - Vv + V(x))uv)dx, VYu,veE; ||u||2 =+/(u,u) YuekE.
R2
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Then E is a Hilbert space with the above inner product (-, -) (see [1, Proposition 2.1]).
Furthermore, for s € [1, +00), we define

L*(R?, Q) := {u : R? - R : u is mensurable, /Rz O(x)) T [ul’dx < oo} )

It is widely known that the term |x =2 % (Q(x) F (1)) can be regarded as the convolution
between the Riesz potential |x|*~2 and Q(x)F (u). Thus, problem (1.1) is closely related
to the Choquard equation arising from the study of Bose-Einstein condensation and can be
exploited to describe the finite-range many-body interactions between particles. For N > 3,
the Choquard equation under the convolution of the Riesz potential is simply of the form

—Autu= (|x|°‘_N % |u|p) WPy, xeRV. (12)

In the relevant physical case in which N = 3, « = 1 and p = 2, equation (1.2) turns into the
Choquard-Pekar equation, which was used by Pekar [2] to describe a polaron at rest in the
quantum field theory. It was also investigated by Choquard to characterize an electron trapped
in its own hole as an approximation to the Hartree-Fock theory for a one component plasma
[3]. Subsequently, Lieb [4] and Lions [5] obtained the existence and uniqueness of positive
solutions to (1.2) by variational methods. It should be pointed out that equation (1.2) was
also proposed by Moroz-Penrose-Tod in [6] as a model for self-gravitating particles where
it can be viewed as the classical Schrodinger-Newton equation, see e.g. [7-9].

Problem (1.2) has attracted a lot of interest in recent years and has been extensively
investigated in the literature, such as, the existence and multiplicity of nontrivial solutions in
[10-12], the sign-changing solutions in [13, 14] and the semiclassical solutions in [15, 16].
We also refer to reference [17] for a broad survey of the Choquard equations. We emphasize
that all the results mentioned above require that the exponent N;\;“ <p< %f"‘, which is
deduced from the Hardy-Littlewood-Sobolev inequality (see Lemma 2.1) and the Sobolev
embedding theorem.

Notably, the case N = 2 is very special, as the corresponding Sobolev embedding yields
H'(R?) C L*(R?) for all 5 € [2, +00), but H!(R?) ¢ L>(R?). In dimension N = 2, in
order to address problems with exponential growth, one of the most important tools is the
Trudinger-Moser inequality, which can be seen as a substitute of the Sobolev inequality. The
first version of the Trundiger-Moser inequality in R? was established by Cao in [18], see also
[19, 20] and reads as follow:

i) if 8 > 0andu € H'(R?), then

/]RZ (eﬁ"z — 1) dx < oo;

ii) ifu € H'(R?), [[Vul3 < 1, |lull, < M < oo, and B < 47, then there exists a constant
C(M, B), which depends only on M and 8, such that

/Rz (eﬂ“2 - 1) dx <C(M, B).

Based on Trundiger-Moser inequality, we say that f has subcritical exponential growth
on R? at infinity if (F1) holds, and f has critical exponential growth on R? at infinity
if (F1”) holds. Now let us recall some related works for (1.1) with subcritical or critical
exponential growth.
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35 Page4of30 P.Jinetal.

When Q(x) = 1, (1.1) reduces to the following Choquard equation
—Au+V@u= Iy *x Fw) f(u), xeR>. (1.3)

Consider the case V (x) > Vy > 0 forall x € RZ. In[21], Alves-Cassani-Tarsi- Yang studied
(1.3) with the critical exponent By = 47 under (F3) and the following assumptions on f:

(fi) f(©) =0fort <0,0 < f(1) < Ce*™ V1 >0;
(f2) there exists p > 7 and C), > 0 such that f(t) ~ Cpt?,ast — 0;
(f3) thereexistt; > 0, M1 > 0 and g € (0, 1] such that 0 < th(t) <Mif@),Vt=>t;

. tf@)F (1) . Ca(l+a)2+a)? ay 2 ‘
(f4) tlgglow > k with k > égiz)w *P", where V, :=
sup V(x).

[x|<p

They obtained nontrivial solutions for (1.3) by using the mountain pass lemma and showing
that the mountain pass level shall be less than 2+“ provided that the potential V is periodic
or satisfies the Rabinowitz type condition mtroduced in [22]. We point out that the threshold
of the mountain pass level can be directly deduced from the condition ( f4). By considering
a sequence of measures which have uniformly bounded total variation and using the Radon-
Nicodym theorem, they [21] showed that the weak limit of a Palais-Smale sequence for the
energy functional associated with (1.3) is a solution, moreover, the weak limit is proved to be
nonzero by using the condition (f4) which constitutes the core of the proof. For the case that
V change sign, Qin-Tang [23] developed a direct approach to deal with the equation (1.3)
with both critical exponential growth and strongly indefinite features when 0 lies in a gap of
the spectrum of the operator —A + V. They proved the existence of nontrivial solutions for
equation (1.3) under (F1"), (F2) with [ = 0, (F3), (F4) and the following assumption:

SO N+ @+ 401am(140)28} /2 t0)
ebor’ V2 Ag plte/2

22 + a)nsz(% < 1 and By > 0 is an embedding constant.

(fs) liminf where p > 0 satisfies
—00

(fs) in [23] plays the same role like (f4) in [21]and enables taking advantage of the Moser
functions to pull down the critical value to a particular threshold value (2;& and then
showing that the weak limit of a Palais-Smale sequence is nonvanishing. They also established
the existence of ground states and geometrically distinct solutions for the equation (1.3) when
the nonlinearity has subcritical exponential growth.

Compare with equation (1.3), the weight function Q will cause difficulties in estimating the
threshold value of equation (1.1), and thus more efforts are required when studying the equa-
tion (1.1). Albuquerque-Ferreira-Severo[ 1] established a new version of the Trudinger-Moser
inequality (see [1, Proposition 2.9]), which will plays an important role in their arguments.
Based on the weighted Trudinger-Moser inequality, Albuquerque-Ferreira-Severo [1] proved
that (1.1) has a nontrivial weak solution provided that V, Q and f satisfy (V1), (F1'), (f3)
and the following assumptions:

(Q1) Q € C((0, +00), (0, +00)), and there exist by > —ﬂ and b < “(2+a) such that

lim sup Q) < 400, limsup Q( ) < +o00;
r—0t T bo r—+00
. 0@)
/ .
(Q2") liniéllf o > 0;
t
(fe) f € C(R4+,R)and 11m A =0;

ro/2
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(f7) there exists 6 > 1 suchthat 6F(t) < f(t)t, YVt >0;
L FO)
(f3) Ky = llanJ:gof o’ > 0.
Later Shen-Radulescu-Yang [24] studied the equation (1.1), where the potential V and the
weight Q satisfy the following hypotheses:

K) V,0 € C(]Rz) and there exist some positive constants y, 7, a, A and b such that

a
WSV(}C)SA and 0<Q(X)S

1+ x*

where V(x), Q(x) ~ |x|77 as |x|] — 400 and (y, 7) satisfies one of the following
assumptions:

1) 0<y<2and Q4+ a)y/d <t < 400,010 <y <471/2+a) < 2;
(i) y=2and 2+ a)/2 <t < 400;
(i) y >2and 2+ «)/2 <t < 400;

and f satisfies (F1'), (f3), (f3) as well as

1
(fo) f € cl(R), f(@)=0forallt <0and lim & =0;
=0+ t%/2
(f10) there exists a constant § € [0, 1) such that F(;;{;)(t) >45, Vet >0.

They investigated the existence of nontrivial solutions of mountain-pass type for (1.1). Fur-
thermore, they also proved that the nontrivial solution is a bound state, namely a solution
belonging to H(R?), for some particular (y, 7).

We emphasize that hypothesis (f3) is usually used to estimate the minimax level of the
energy functional associated to the critical exponential growth problems. In[1, 24], hypothesis
(f) is crucial to overcome the obstacles caused by the critical exponential term. Indeed, by
(f3), mountain-pass level ¢ can be controlled by a fine threshold mz‘”f;ﬂb") (bg = 01in [24])
under which the compactness can be restored for the critical case (see [1, Proposition 6.2]
and [24, Lemma 3.3]).

Inspired by the works mentioned above, two natural questions arise:

(Q1) Can we establish the existence of nontrival solution of (1.1) by using new assumptions
on the weight function Q that are different from (Q1’) and (Q2")?

(Q2) As we can see (fg) is an essential technical condition for the critical exponential
growth problems. When studying (1.1) in critical exponential case, can we weaken (f3) to
more general conditions?

The main purpose of this article is to address the above questions. Based on the above
observations and inspired by the work [25], we shall further study the existence of nontrivial
solutions for equation (1.1) under subcritical and critical exponential growth. Besides (V1),
(F1), (F1’) and (F2)-(F4), we introduce the following assumptions:

QL) Q € (0, 400), (0, +00)), and there exists by > —HT“ such that

4
i o) . Q(r) >
imsup —— < +00, lim sup ——— = 0;
rot 170 r—+o0 V(1)
(Q2) there holds
-
d
fiming 1022009 _

r—0t r2+bo
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35 Page6of30 P.Jinetal.

F5 ;= limi ftF(t)
(F5) « :=limin or?

t——+0o0 ePo

> 0.

Obviously, (F5) is much weaker than ( fg) used in [1, 24]. Our approach is based on delicate
estimates for the upper bound for the mountain-pass minimax level c.

Remark 1.1 Tt is clearly to see that (Q2') implies (Q2). Since b < % in (Q1"), it is also
easy to verify that (V1) and (Q1”) imply (Q1). However, there are many functions V (r) and
Q(r) satisfying (V1), (Q1) and (Q2) but not (Q1”). For example, V (r) = log(l + r) and
Q(r) = r° satisfy (V1), (Q1) and (Q2) when o € (—%5%, 0] but not (Q1’) when o = 0.

Definition 1.2 We say that u is a least energy solution to (1.1) if u € E such that ®(u) =
m = m/vf @, where

M:={ueE\{0}:du) =0} (1.4)
Specifically, we are ready to state the main results in the present paper.

Theorem 1.3 Assume that V, Q and f satisfy (V1), (Q1) and (F1)-(F3). Then (1.1) has a
least energy solution u € E \ {0}.

Theorem 1.4 Assume that V, Q and f satisfy (V1), (Q1), (Q2), (F1'), (F2), (F3), (F4) and
(F5). Then (1.1) has a least energy solution u € E \ {0}.

Remark 1.5 (F5) is a very mild condition involving the behavior of the nonlinearity f at
infinity. Since (F5) is much weaker than (fg) used in [1, 24], Theorem 1.4 seems to be
an innovative result to some extent, which improves and extends the existing results in the
direction concerning Choquard equations.

Remark 1.6 We give an explicit examples of nonlinear term satisfying our assumptions (F1),
(F2) and (F3) as follows:

o+ 2

fit) = >

_ a 4 o
11T 1P 124 B[] “F 1P /2 (B> 0)and Fl(t):/ Fi(s)ds = |1] 5 P12,
0

The example of nonlinear term satisfying our assumptions (F1), (F2), (F3), (F4) and (F5)
can be given as follows:

2 a— o ! a
f) = “; 1117 19 1280111 “F 1P (By > 0)and Fa (1) = / Frls)ds = [1]F o,
0
When Q(|x|) = ﬁ in (1.1), where 0 < p < %, it transforms into the following

Schrodinger equation with Stein-Weiss Potential

—Au+V(xDu = b (/ Mdy) f (), in R (1.5)
R

|| 2 |x — y[2mey|m
There exists bg = —u > —% > —HT“ such that (Q1) and (Q2) hold.

Corollary 1.7 Assume that V and f satisfy (V1) and (F1)-(F3). Then (1.5) has a least energy
solutionu € E \ {0}.

Corollary 1.8 Assume that V and f satisfy (V1), (F1'), (F2), (F3), (F4) and (F5). Then (1.5)
has a least energy solution u € E \ {0}.
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Remark 1.9 When V (x) =constant, there exist ag = 0 and a = 0 such that (V' 1) holds. Thus
Theorem 1.4 and Corollary 1.8 extend and cover the main result in [26].

The paper is organized as follows. In Section 2, we give the variational setting and some
preliminary lemmas. Section 3 is devoted to the subcritical exponential growth case where
Theorem 1.3 is proved. In Section 4, we consider the critical exponential growth case, and
complete the proof of Theorem 1.4.

Throughout the sequel, we denote the usual Lebesgue space with norm |[lu|, =

1
(f]Rz |u|pdx)5 by L?(R?), where 1 < p < o0, B, := {x € R? : |x| < r} forall » > 0, and
C; denotes different positive constant in different place.
2 Variational framework and preliminaries

Under assumptions (F1") and (F2), fix 8 > By, we know that for any ¢ > 0, there exist
01 >0, 624 > 0,63, > 0 such that

IFOI <01t + 014" — DJt]9, VieR, Q2.1
IF(O] < 011e] 5 + 02, — DI, V1 eR 22)

and 2
|F(0)] < 03,4P" —D|eld™, Ve > 1. (2.3)

Similarly, under assumptions (F1) and (F2), we know that (2.1), (2.2) and (2.3) hold for fixed
B> 0.

Lemma 2.1 (Hardy-Littlewood-Sobolev inequality, [27]) Let s, > 1 and 0 < o < 2 with

Z_T“ + % + % =2,g¢€ L5(R%), h € L"(R?). There exists a sharp constant C(a, s, r),
independent of g, h, such that

/Rz(la * g)hdx = C(a, s, r)lIgls Al 24

In particular,

/RZ(Ia * g)hdx < Collgllayeray 1Mll4/@ 1) (2.5)
where Cy :=C(a,4/2 4+ @), 4/(2 + a)).

Lemma 2.2 (Cauchy-Schwarz type inequality,[28]) For g, h € LlloC (R?), there holds

1
/<Ia*|g|>|h|dxs[/ (1a*|g|>|g|dx/ <Ia*|h|>|h|dx}2. 2.6)
R2 R2 R2

Lemma 2.3 ([29]) Assume that (V1) holds. Then for any ro > 0,

lu(x)| < Collulllx|"“T/* VYuekE, |x| =r > 0. 2.7)

In the following lemma, we establish the embeddings E «— L° (R2, Q) forall s > 2
under conditions (V1) and (Q1) and give a simple proof.

@ Springer



35 Page8of30 P.Jinetal.

Lemma 2.4 Assume that (V1) and (Q1) hold. Then the embeddings E — L*(RZ%, Q) are
continuous and compact for all 2 < s < oo. Therefore there exists ys > 0 such that

(/ Q(|x|)2%%|u|sdx> <ylul, YueE, 2<s<oo. 2.8)
RZ

Proof Fixed s € [2,+00). For any u € E, let u(x) = u(x) — u(x/|x]) := u(x) — up.
Then up € Rand u € HO1 (B1). By Poincaré inequality, the Holder inequality and Sobolev
imbedding theorem, one has

Q
2
/ liZ]°dx < C(p) (/ |Vb_t|2dx) , Yo=>1. (2.9)
B By

4by

A 2ta —2.Let p’ := p/(p — 1). Then

Since by > —=5=, we can choose p > 1 such that p5—2
it follows from the Holder inequality and (2.9) that

1 1
b pb » , -
/|x|z+*%|ﬁ|fdx<</ |x|%dx> (f Iﬁl’”dx>p
By
<cC ( b) vl
T

= ( 4pbo) ||Vu||2 (2.10)
2+a

Hence from (2.10) and Lemma 2.3, we have

4b 4b
[ i rax =270 [ e ol ax
By By
4b 2’ ,
:23—1/ |x|ﬁ|ﬁ|5dx-|—ﬁluol3 < Colul®. @211
By 2+ -
24-a

By using Lemma 2.3, one has
/ V(|xDlul dx < cg*znunf‘zf V(jxDuldx < Cslul’. (2.12)
B B
Thus, it follows from (V1), (Q1), (2.11) and (2.12) that
i AY i \) L )
/ O(x)) T Juf*dx = / O(1x) ™ Jul* d +/ O (x) 7 Juf* dx
R2 By B¢

4b
< c4/ x| 75 |u|* dx +c5/ V (x|l dx
B Bi"
< Colul’, YuckE. (2.13)

This shows that (2.8) holds, i.e. the embeddings E < L* (R%, Q) are continuous for all
2<s < o0.

Next, we prove that the above embeddings are also compact. Let {u#,} C E be such that
llun|l < C7. Without loss of generality, we may assume u,—0 in E. We claim u, — 0 in
L5(R2, Q) forall 2 < s < oco.
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For any ¢ > 0, it follows from (Q1) and Lemma 2.3 that there exists R, > 1 such that

4
/ Q(|x|)m|un|fdx58f V(1) dx
BICQ‘g <

By,

< eCi a2 [ Vel

Rg

< eCy unll* < eC5T2CH. (2.14)

Since u,,—0, then u,, — 0 in Lﬁ,C(RZ) for o € [1, 4+00). It follows that

4 ' 4bg. .
/ O (X)) T juy Pdx < CS/ |35 P
Bg, R

B €
1
A O\
<Cs| —— / iy |7 dx
2y | s,
= o(1). (2.15)

From (2.14) and (2.15), we can deduce that u,, — 01in LS (R2, Q) forall 2 < s < oo due to
the arbitrariness of ¢ > 0. ]

Lemma 2.5 ([25, Theorem 1.2]) Assume that V and Q satisfy (V1) and (Q1). Then the
following conclusions hold.

i) If B >0andu € E, then
/Q(|x|)z+u pu? )dx<oo

i) If0< B < W_M then there exists a constant C > 0 such that

4
sup O(|x]) 2+« (eﬂ”2 — 1) dx <C.
uek, |ul<1 JR2
In view of Lemma 2.5, it is easy to see that the energy functional associated to problem

(1.1)

1 1
ow =5 /R [1Vul + V(e dx - 5 fRzua £ (QUxDF@)QUx) Fw)dx, u € E
(2.16)

is well defined under (V1), (Q1), (F1) (or (F1")) and (F2), and by using standard arguments,
we can show that ® € C!(E, R) with derivative given by

(D' (), @) :/RZ [Vu-Vo + V(xDupldx — /Rz[l"‘ % (Q(Ix)F )10 (Ix]) f () pdx
2.17)
for all ¢ € E. Now we say that u € E is a weak solution to problem (1.1) if, for all
@ € C3°(R?) it holds that (®'(u), ¢) = 0.
Finally, let

X:

{ € L} .(R%) : |Vu| € L>(R*) and / V(|xDhudx < +oo}.
R2
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35 Page 10 0f 30 P.Jinetal.

Then X is a Hilbert space when endowed with inner product
(u,v)x = / [Vu - Vv + V(|x|)uv]dx.
R2

Next, inspired by [25], we will show that E is a natural constraint to look for critical points
of @, namely the critical points of the functional restricted to E are true critical points in X.

Lemma 2.6 Assume that(V1),(Q1),(F1) (or (F1')) hold. If i1 is a critical point of ® restricted
to E, then u is a critical point of ® on X.

Proof We only proof the case where (F1’) holds, as the case where (F1) holds is similar. Set
Ti(p) = A‘@z [Vii - Vo + V(|xDug] dx—/Rz[la*(Q(IxI)F(ﬁ))]Q(IXI)f(ﬁ)de- (2.13)

We first prove that 7 is a bounded linear functional on X. Let ¢ € C*°([0, +00), [0, 1]) be
a cut-off function verifying

Y(r)=1,Vrel0,1]; ¥y(r)=0, Vre[2,+o00); and |[¢'(r)| <2, Vr € [0,+00).
(2.19)
By (V1), (2.19), Poincaré inequality, the Holder inequality and Sobolev imbedding theorem,
one has

o) dx < / (Do) dx
B B

L\
scls(/ Vo)l dx)
B

<Cu (fB (lpVy* + [ Vel?) dx)z

%
< Cis </ || dux +/ |V§0|2dx>
B2\ B B
3
< Cis (/ V(x| dx +/ |V<p|2dx)
By\Bj B>

s

< Cilolly, Vs=>1, ¢geX. (2.20)
Since by > —ZJFT“, we can choose p > 1 such thatp% > —2.Let p’ ;== p/(p —1). Then

it follows from (V1), (Q1) and the Holder inequality that

4 4 4
f Q(|x|)m|¢|2dx=/ Q(|x|)m|w|2dx+/ 0(x)) 7 |p2dx
R2 B BS
o 2
<Ciy [ IxI7elPdx + Cig | V(IxD)lgPdx
B B
, 1 1
4p P / /
§C17< |x|m5’dx> ( |¢|2de)" +clsf V(xDlglPdx
B B Bf

< Colelx. YeeX. 2.21)
By (F1l'), (F2), (2.20), (2.21), Lemmas 2.4 and 2.5, one has

’/Rz[la * (QUxDF@)]Q(x|) f (u)pdx
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2+a 24a

< (/ |Q(|x|)F(zz>|z%adx> ' (/ |Q<|x|)f(ﬁ)fp|ﬁdx) '
RZ RZ
}!—Tﬂt
) 28 ,;2_ 2+a
sczo<fRz]Q(|x|>[u+(e° 1)1l )
i 7
- 28 ,;2_ 2+
< ([ aun [+ (4 < 1)] i ar)

2+a
24 2+a

i = B} S
< Ca (f | Qa7 d ) +</ |00 (27 1)l 7 )
RZ
2+a
4 4 - &
x (/ |Q<|x|>ﬁw|mdx) +(/ P G T }
R2 RZ
2+4a 2+4a
4 8 4 689 8
§C22|:</2Q(|X|)2+”|ﬁ|2+“dx> (/ O(lx|) 7 (e —l)dx>
R
2+a 24a
4 8 8 4 8 8
(/ Q(|x|>m|ﬁ|mdx) }x[(/ Q(|x|>m|ﬁ|mdx)
R2 R2
24+a

2+a
2+a 2+a
4 168 -2 8 4 8 8
+ </ O(|x]) 2+« <e Tha U 1> dx) i| </ O(|x|) >+ ||+ dx)
R2 R2

< Cxullellx, YeelX. (2.22)

From (2.18) and (2.22), we obtain

ITa(p)| < [(u, p)| +

/Rz[la * (Q(xDF@@)]1Q(x|) f (u)pdx
< llullxllellx + Callellx < Cullellx, Yo eX. (2.23)

The above shows that 7j; is a bounded linear functional on X. The Riesz Representation
Theorem in the Hilbert space X guarantees the existence of a unique v € X such that

Ti(p) = (p,v)x, VeeX. (2.24)

Let O(2) the group of orthogonal transformations in R?. Then, by using a change of variables,
we get

Ti(gp) = Ta(p) and |igellx = llellx, Yeoe X, VgeOQ),
which, together with (2.24), yields
(9. 80)x = Ta(g™'p) = Tulp) = (¢, D)x, Yo € X, Vg € OQ2). (2.25)

By uniqueness, one has gv = v,V g € O(2). This shows that v € E. Since u is a critical
point of ® restricted to E, it follows that 0 = T;(v) = ||17||§(. Hence,

Ti(p) = (9. V)x = (9,.0)x =0, Vp € X,

i.e. u is a critical point of ® on X. O
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3 The subcritical case

We establish the same conclusion in Lemma 4.1 below. So, to avoid repetition, we omit the
proof of Lemma 3.1 here, which can be deduced obviously from Lemma 4.1.

Lemma 3.1 Assume that (V1), (Q1), (F1) and (F2) hold. Then there exists a sequence {u,} C
E satisfying
D(up) = ¢, D" wn)ll(1+ [lunll) — 0, (3.1

where c is given by

= inf d(y (1)),
¢ ;relrtrelm] (y (@)

I'={y €C(0,1], E) : y(0) =0, (y(1)) < 0}.
Lemma 3.2 Assume that (Q1), (F1) and (F2) hold. Let u,,—u in E. Then for every v € E,
nlijgo /Rz[la*(Q(IxI)F(un))]Q(lxl)f(un)vdx = /Rz[la*(Q(IXI)F(b_t))]Q(IXI)f(ﬁ)vdX~
(3.2)

Proof Since u,—u in E, we can choose C; > 0 such that ||u,| < Cy.Set 8 € (0, ra(2 +
o+ 2bo)/(2 + a)Clz). Then from (2.2), the Holder inequality and Lemma 2.5-ii), we have

4
[ 10D F @I ax
R2
4
4 2ta 2 2Fa
5/ (1) 77 (Calug 5 + Co(e™s = 1juy]) ™ dx
R2

4

e 4
<46, ./RZ Q(x]) %% [uy dx + 4CF /Rz 0(x|)7a (eﬂu% _ 1)2+a 755

2«% it 2 2%1 A (alapul 7
<4CT | QU fun Py + 4] R2Q<|x|)z+a(e " 1)d

. e
x (/ Q<|x|>m|un|2dx>
]RZ

_4 _4 4
< ACT pillunl? +4CT Caysllun | 7
4 4 4 4
<ACT Y CT +4CTT Cay, CF = K[ (3.3)

By Lemma 2.4, we know that v € L* (Rz, Q) for s > 2. And then for any ¢ > 0, we can
choose R, > 0 such that

1

2
(/ Q(|x|)ziau2dx) <s. (3.4)
R2\Bg,

From (2.5), (2.1), (3.3), (3.4), the Holder inequality and Lemma 2.5-ii), one obtains

/ [[o % (Q(x)F (un))]Q(|x]) f (un)v|dx
R2\Bg,

24a e

4 7
<C (/ |Q(|X|)F(un)|ﬁdx) (/ |Q(|x|)f(u,,)v|21rxdx>
® R2\ B,
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24+a
4 =
< CoKi / ()77 (Calug + Co (75 = 1)) o757
R2\Bg,
<, (/ Q(|x|)2+a|un|2dx>
R?\ Bg,
o o 2t
4 —1 2 e !
+ / CDED (e“ apu; _ 1) dx
R2\Bp,
1
4 2 :
x / 01 2% [ul2dx
R2\Bg,
2a # 4 %
<G (¥ v ca) ([ 0T
R2\Bg,
< Cse. (3.5)
Similarly, we can deduce that
/ [[e * (Q(xDF @)]1Q(Ix]) f(@)v|dx < Cee. (3.6)
R2\Bg,
Since v € L2(R2, Q), it follows that there exists §. > 0 such that
2
(/ Q(|x|)z%v2dx> <& if meas(A) < 8, 3.7)
A

for all measurable set A C Bp, . Hence it follows from ||u, || < C; that there exists M, > 0
such that

meas({x € Bg, : |lun(x)| = M¢}) < 8;, meas({x € Bg, : [u(x)| = M¢}) < .. (3.8)

Let
Api={x € Bg, : luy(x)| = M.}, Ag:={x € Bg, : |u(x)| > M.},

Do :={x € Bg, : |u(x)| = M;}.

Then it follows from (2.5), (2.1), (3.3), (3.7), (3.8), the Holder inequality and Lemma 2.5-ii)
that

/ [ Lo * (Q(xDF (un))1Q(|x]) f (un)vldx
A,UDgy

4 4
=Co (/ IQ(IXI)F(Mn)I“"dX) (f IQ(lxl)f(un)v|2+“dX>
R2 A,UDg
2+a

4 g Bu T 4 !
<aoki ([ 00T (Calil$ + o (e~ 1)) ol eax
A,UDgy

4 2o 4
=G Q(|x])F+ |up |+ [v] 2o dx
AnUDyg

4 % 4 4
+/A 0y (e 1) |v|mdx>
nUDg
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4 2 2%‘
<ol ([ ot e
A,UDg
oy o2t
4 “13 2 Zha | 4
+ / O(|x]) zHa (e“ @Fa)fuy _ 1) dx
A,UDg
1
4 2 2
X </ O(|x]) z¥a |v] dX>
A,UDy
2 2a HTQ 4 9 %
=0 (Bt 4 ) ([ ouxnerier
A,UDg
< Cge. 3.9)
Similarly, we can show that
/ [ Lo * (QUxDF@)]Q(Ix|) f(@)v|dx < Cee. (3.10)
Ao
Choose K. > max{l, fo} such that
24a
. 7
k! (/ |Q(|x|)f(un)v|2+adx) <e (3.11)
B,
and
/ o * (Q(xD) F (i) xja> k)N Q(x]) f (@)vldx < e. (3.12)
Br:\Ao

Then from (2.5), (2.3) and (3.11) the Holder inequality and Lemma 2.5-ii), one has

(Lo * (Q(|x|)F(un)X|u,,|ng)]Q(|x|)f(un)v’dx

/BRS\(AMUDO)

<G (/ N |Q(|x|)F<un>|ﬁdx>

— u?
= Gk, (f 0Dy (P = 1)
[un|=Ke

(. :

iy

4 L
Ha
dx)

7

|Q(|x|)f(un)v|zi«dx>

€

] : }
< Cuk;! (/ Q(x|)ze (e 401 1)dx) (/ Q(|x|)ﬁ|un|4dx)
[un|=Ke [un|=Ke

2+a
)

<\,
Br,

< Cnk;! /
Bp,

< Ciie.

IQ(IXI)f(un)vlziudx)

2+

4
|Q(|x|)f(u,,>v|ziadx>

&
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Let

1 F(uy e
6010 = U Q) F ) e ) = [ LSRN0 =k g

lx — y|>—

(3.14)

and

1
$(x) = A7(1a * (|QUxD) F @) xjaj<k,))(x) = /
o R2

IQUYDF @O ik 4
r =y

(3.15)
Then from (2.2), (3.14) and (3.15), one has
10 (x) — ()]
_ / ‘|Q(|y|)F(un()’))|X|u,,(y)|§Kg —1QUyDF @) Ixjam) <k,
R2

d
X —y[e Y

doa F—a
< (/ | R‘|Q(|Y|)F(un()’))|X\un(}’)|§Ks —1QUYDF @) xjam<k.| dy)
x—y|<

4—2a

1 d 4—a
|x Ji<k |x — y[Fa y)

X

+<[| ‘ R"Q“y')F WU O Xpnr1<k. — [QUYDF GO i<k, |
x—y|>

2—a
7

X

dy)
|x y=R |x — )’|4

d—a 4—a
< | R‘|Q(|y|)F(un(y))lX\u,,(y)|<Kg 1QUYDF @) xjawi<k. | - dY>
x—y|<
4
o

4—2a
a 4—a
R2

4 4 ©oom it
+Ce (f Q(|y|)z+a|un|2dy+f Q(|y|)2+a|u|2dy> () °
[x—y|>R [x—y|>R

4—2a P

4 o 4—a 52
< (im) o(1) + C12C. (%) T VxeRZ (3.16)
o R

/—\

2+a

which implies that
LX) = ¢(x), Yx e R (3.17)

From (2.2) and (3.14), we have

1O D F ()t o012,
6] < / dy

lx =yl

—a ﬁ
=< </| ‘ l|Q(|y|)F(un(y)))(|un(y)|§1(£|4Tdy>
xX—yl=

4—2a

</ 1 d ) 4—a
oyl 5 — y[@Z
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24a

2—a
4 4 1 v
+ (/ [OUYDF (n (V) Xjup ()<Ko | 7 dy) (/ 74dy>
lx—yl>1 [x—y|>1 [x — ¥l

4—2a

4—a ﬁ 47-[ 4—qa
= (/ [QUYDF (n(Y)) Xjun ()<Ko | @ dy) <*>
lx—yl<1 o

24a
7

+</ l1|Q(|y|)F(un<y)>x|u,l(y><Kg|ziady> .
X—=y|>

42«
4—a

2—a
7

a 47T
< max max |F(t)|m3e [ —
< max |0(IyD| max |F(0) ( . )

2+a

4 ) ¥ 2«
+C: Oy ze |uy| T
lx—y|>1

< C13 max |Q(yDI + C1aCe. ¥ x eR% (3.18)
X,

It follows that
120 () QUxD) f (n (X)) Xy ()| <11, V()|
=< [(CB max [Q(|y])] +C14> max |Q(|x])| max If(t)|:| lu(x)| € L' (Bg,).
YEBRg+1 XEBR, [t|=M,
Vx € Bg,. (3.19)

Since u,—i in E, we can deduce that u,, — i a.e. x € R2. By (3.17), we can deduce that

En () Q(Ix 1) f (i (X)X |,y ()1 <M V() = C () Q(Ix]) f (X)) Xjia (x) <M, V(X) a.e. x € BR,\Dy.

Therefore, (3.17), together with (3.19) and Lebesgue dominated convergence theorem lead
to

lim o * (QUx D F (un) Xy <k )1 Q(IX]) f (un)vdx
n—00 BRS\(AnUDO)

=/ Mo * (QUxDF (@) xjaj<k)1Q(x]) f (w)vdx. (3:20)
Bre \Ao

It follows from (3.5), (3.6), (3.9), (3.10), (3.12), (3.13) and (3.20) that (3.2) holds due to the
arbitrariness of ¢ > 0. O

By a standard argument, we can get the following lemma.

Lemma 3.3 Assume that (V1), (Q1) and (F1)-(F3) hold. Then any sequence {u,} satisfying
(3.1) is bounded in E.

Lemma 3.4 Assume that (V1), (Q1) and (F1)-(F3) hold. Then ® satisfies (C). condition.

Proof Applying Lemmas 3.1 and 3.3, we deduce that there exists a sequence {u,} C E
satisfying (3.1) and ||u,|| < C; for some constant C; > 0. Since ||u,| < Ci, by Lemma
2.4, we may thus assume, passing to a subsequence if necessary, that u,—~u in E, u, — u in
L*(R?, Q) for s € [2, 00), and u,, — it a.e. on RZ. By (2.16) and (3.1), we can deduce that

/Rz[la * (QUx)F(un)]Q(x)F(un) < Cis. (32D
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Hence it follows from (3.21), (2.3), Lemma 2.5-ii), u, — 0 in L(R%, Q) for s > 2 and
Holder inequality that

J.
=(/.
(L

Cis (/ |01 £ ) — 0
RrR2

Mo * (QUxDF a))1Q(x]) f () (up — ﬁ)‘dx

1
2
dx)
>
[ % (QUUXD) £ () Gt = )1Q(x]) f (1) 1t — ﬁ)‘dx>
4 24a
2+o(dx) 4
Ty _8
< Cis (/ Q(|x|)24*a|un|2dx>(““) (/ Q(|x|)ﬁ|un—a|2dx)‘“”
R2 R2

4 88 2 4 _, 8
+Cig (/ Qa7 (e2%e — 1>dx> (/ Q(IxN T luy — i 7 dx)
R2 R2
24a

4 -2 (2+8a)2 4 8 8
= Ci| | QUxD>up — u"dx +Cir | | QUxDZ |up — >+ dx
R R

Mo * (QUx D F ) 1Q(1x ) F (up)

=o(l). (3.22)
Which yields that
Jim /Rz[la * (QUxD)F(un)1Q(Ix1) f (un) (up — w)dx = 0. (3.23)

Similarly, we can deduce that
Jim [Rz[la * (QUxDF@)N1Qx) f () (up — w)dx = 0. (3.24)

By (3.1), it is obvious that
(' (up) — @' (@), uy — i) = o(1). (3.25)
From (3.23), (3.24) and (3.25), we can get

lun — itl)* = (D' (up) — @' (i), u, — it) — /Rz[la * (Q (X F a)]Q(x]) f (un) (uy — it)dx

+ /2[1a * (QUxDF@)1Q(Ix]) f () (up — it)dx
R
=o(1).
The following lemma allows us to find a least energy solution for (1.1) with positive level.

Lemma 3.5 Assume that (V1), (Q1), (F1), (F2) and (F3) hold. Then

i) o¢ ;= inf{|lu|| : u € M} > 0;
i) m :=inf{®w) : u € M} > 0.

Proof (i) Choose 8 € (0, 1(2+ a+bg)/2). Forany u € M, if |u] < 1,by (2.1) and (2.2),
we have

lull® = /Rz[la * (QUxDF@)]Qx]) f (u)udx
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2+a 2+a

4 7
E(/ IQ(IxI)F(u)lﬁdx> (/ |Q(|x|)f(u)u|ﬁdx>
R2 R2

4

24a
< Cig [/ O(|x|) <|u|2 + (ef’“2 - 1) |u|2> dx] ’
]RZ

2+a

2+ta

4 2
< Cro (/ 0(x) = |u|2dx)
RZ

_ 4
+Cio ( / O(|x|) 7+ (e<2+“> '8pu* _ 1)dx>
RZ

24a

4 4
x (/ Q(|x|)m|u|4dx>
RZ

< Coollul ™™ + Corllul|*™ = Coallul*™. (3.26)

Thus there exists C3 > 0 such that [ul| > C3, Yu € M, |ul| < 1. Taking o9 =
min {C»3, 1}, then ||u|| > 09, Yu € M.
(ii) For any u € M, by (F3) and item i), it is easy to see that

-1
i og.
2u

_ 1 ’ w— 1 2
Q) =Pw) — — (P W, u) > ——ul” >
21 21
Thus we can deduce that item ii) holds.

Proof of Theorem 1.3 First, we prove that M # (J. Applying Lemmas 3.1 and 3.2, we deduce
that there exists a sequence {v,} C E satisfying (3.1) and ||v,|| < Cp4 for some constant
C»4 > 0. Hence, there exists v € E such that, up to a subsequence, v,—v in E, v, — v in
L*5(R?) for s > 2 and v, — v a.e. in R2. By Lemma 3.4, we know that v, — v in E. Thus

dw) = lim ®(w,) =c >0, &)= lim &' (v,) =0.
n—00 n—0o0

Which imply that v # 0 and v € M.
Next, we prove that m := inf ®(u) is achieved. By Lemma 3.5, we have m > 0. Let

{u,} C M be such that ®(u,) — m. Itis easy to check that

m+o(l) = ®u,) = Pu,) - i(‘b'(un), Un)

n

—1 1
5 lun 1> + —f (Lo * (QUxDF a))1QUx]) [f (n)un — wF (un)] dx
i 2 Jre

n—1 2
7 e 17
Which imply that {u,} is bounded in E. Hence, there exists u € E such that, up to a

subsequence, u,—u in E, u, — uin L* (R%, Q) fors > 2 and u,, — u a.e.in R2. Asin the
proof of Lemma 3.4, we can deduce that #,, — u in E. Thus

du) = ngn;o duy,)=m >0, &)= nlingo ' (u,) = 0.
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4 The critical case

Lemma 4.1 Assume that (V1), (Q1), (F1") and (F2) hold. Then there exists a sequence {u,} C
E satisfying
O (un) = ¢, (D @) [I(1+ [lunll) — 0, .1

where c is given by

= inf D(y(r
c= ;Qr max, (y (1)),

I'={y €C(0,1], E) : y(0) = 0, (y(1)) < 0}.
Proof By (F1’) and (F2), there exists C; > 0, C» > 0 such that
IF()| T < C 112 + Calt]? <ez+3’ —1), VieR. 4.2)

In view of Lemma 2.5-ii1), we have

/ 0(x))7 (e%”z - 1) dx =/ 0(x) e (e Tra Il @/llul)? 1) dx
R2 R2

< C3, VYl <VTQ+a+2b0)/5h).  (43)
From (2.8), (4.2) and (4.3), we obtain

/Rz[la * (Q(IxDF @)]Q(x) F (u)dx

2+a

< (/ |Q(|x|)F<u>|*ziudx> ’
R2
2+

4 9 4 %MZ 2
=|Ci | QUxDTudx+Co [ Q(xDZe|ul” (e« —1)dx
R2 R2

2+a

4 2
564(/ Q(le)muzdx)
R2
24 2o
4 4 4 1680 2 4
+Cs (/ Q<|x|>m|u|4dx> [/ 0(x) 74 <e* —l)dx]
R2 R2

< Cellu™*®, V¥ llull < V72 +a+ 2b)/5p0. (4.4)
Hence, it follows from (2.16) and (4.4) that

1 1
Q) = EIIMII2 -3 /Rz[l"‘ * (QUxDF@)]Q(x ) F (u)dx

v

1
Enun2 — Collul*™, V|lull < 72+ a +2by)/5B0. 4.5)

Therefore, there exist ko > 0 and 0 < pg < /7 (2 + o + 2bg) /5B such that
du)>«kg, YueS:={ueckE:|ul|=po). (4.6)

Now we choose wg € E \ {0}, it is easy to show that [lim D (twy) = —oo due to (F3).
— 00

Hence, we can choose T > O such thate := Twg € {u € E : |ju|| > po} and ®(e) < O,
then in view of the mountain-pass lemma, we deduce that there exists a sequence {u,} C E
satisfying (4.1). O
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Lemma 4.2 Assume that (V1), (Q1), (F1"), (F2) and (F3) hold. Then any sequence {u,}
satisfying (4.1) is bounded in E.

Lemma 4.3 Assume that (Q1), (F1'), (F2), (F3), (F4) hold. Let u,—i in E and
/Rz[la * (QUxD)F(un))1Q(Ix]) f (up)updx < Ko 4.7
for some constant Ko > 0. Then there hold:

i) forevery ¢ € EN CgO(RZ)

JTim_ /R o+ (QUxD F )] QD f () gdx = fR Uax(QUxDF @)1Q(x]) f (@)pdx:
(4.8)
ii)

nllrgo/Rz[la*(Q(IxI)F(Mn))]Q(IXI)F(un)dx = /Rz[la*(Q(IXI)F(ﬁ))]Q(IXI)F(IZ)dX-
(4.9)

Proof The proof of item ii) is similar to [1, Claim 6.3], so we omit the details here. Next,
inspired by [23, Lemma 4.8], we prove i). By the Fatou’s lemma and (4.7), we have

/Rz[la * (QUxDF@)]Q(|x]) f(w)udx < Ko. (4.10)

Let Q = suppg. For any given ¢ > 0, let M, := Koll¢llsoe™". Then it follows from (F4),
(4.7) and (4.10) that for n large,

/| e QU Fun () £ gl

- ”ﬂw / L % (QUxD F ()1 ]) f Gt )ity
& lun|>M;

llolloo
= Kog=¢ (4.11)

and

/|‘| o % (QUxDF@IQUx) f)glds

< “‘]’J“’f U (QUxDF@)1Q(1x]) f (@)itldx
e |i|>M,

lolloo
< Ko = ¢. 4.12
=L 0=¢ 4.12)

Let D, = {x € Q: u(x)| = Mc}. Since [Q(|x]) f (un) Xjuy1<m.| = QXD f @) Xjaj<m. |
a.e.in Q\ D, and

1QUxD f Wn) Xju,1<m, | < max Q(lx|) max |f(r)] <oo, Vuxe€Q,
xeQ [t|<M,
the Lebesgue dominated convergence theorem leads to

lim () f ) 77 dx =f 0 f @77 d.

17700 J(Q\De)N{lun| < M) (Q\De)N{lu| <M}
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(4.13)

Choose K, > 1y such that

2+4a

MoKy

2 G
ll¢llocCo < X ) (/ IQ(IxI)f(ﬁ)IZ‘%adx> <e “.14)
e (@\De)N{lit| <M}

and
/‘_l y [Lo * (QUxD) F @) xja1> k) Q(x]) f(@)eldx < e. (4.15)

Then from (F4), (4.13) and (4.14), one has

/ ) (Lo * (Q(|x|)F(un)X\u,,\ZKE)]QGXDf(un)QD‘dx
(lun|<Me)N(Ju|#EM,)

< lpllos /
Q\D,
1

2
=< ll@lloo (/Rz[la * (Q(|x|)F(un)X|u,1|zKe)]Q(|x|)F(un)X|un|zK€dx>

dx

[Le * (QUxDF (un) Xju, 1= k1O Ux]) £ @n) Xjup <M,

1
3
X (/RQ[Ia * (|Q(lx|)f(un)|X(Q\D5)ﬂ{|un|§M€})]|Q(|x|)f(un)|X(SZ\De)ﬁ{\un\sMg}dx)

2
=< llelleoCo (/ x o * (Q(IXI)F(un))]Q(IXI)F(un)dX>

N

2:

“+a dX)
My

2
= llellooCo <K/|‘ ok o * (Q(IxI)F(un))]Q(le)f(un)undX>

x (/ |Q(|x|)f(un>|ﬁdx>
(Q\Dg)N{lu| <M}

MoKy : A
=< ll¢lleoCo < X > (/ i [Q(|x]) f(u)] e dx +0(1)>
3 (\De)N{lu| <M.}
<e—+o(l). (4.16)

X (/ ‘Q(|xDf(un)X(Q\Dp)ﬁ{lu,,lsMe}
R2

2+a
T

2+a
Fy

For any x € R2, we define £p(x) and ¢(x) as in (3.14) and (3.15), then from (F1'), (F2),
(3.16) and (3.18), we also have

G(x) = ¢(x), Yx eR? (4.17)
and

18n(0)] = C7 nax 1QUyDI + Cs, Vx € R, (4.18)

It follows that
|20 () QUUx]) f (1t (X)) Xjuty | <1, () ()|

< <C7 max |[Q(|y|)] +C8> lolloo max |Q(|x])| max |f(t)] < oo, Vx € Q. (4.19)
B(x,1) xeQ t|<M,
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Since u,—i in E, we can deduce that u,, — i a.e. x € R2. By (4.17), we can deduce that

En () Q(Ux D) f (wn (X)) Xjuy <M, ()9 (x) =& (x) Q(Ix]) f (U (X)) Xjajem, () @(x) a.e.x€Q\De.

Therefore, (4.19) and Lebesgue dominated convergence theorem lead to

lim /
00 J (Jun | <M)N (i #£Me)

= /I’I y o * (QUx D F @) xja)<kx.)1Q(Ix 1) f () pdx. (4.20)

(Lo (QUxDF () Xjun | <k )1 Q(Ix]) f (un)pdx

Since u,—ii in E, we can deduce that u,, — i a.e. x € R? and then, by Eropos theorem, we
have u, = u, x € Q\ A, where m(A) < ¢. For large n, one has

{er\A:|12(x)|=M£}C{er\A:|un(x)|>%}.

And then from Lemmas 2.1 and 2.2, we obtain

f e (QUxDF @) Q(1x]) £ () |dx
(Jun|=Me)N(Ji|=Me)

= / ) (o (Q(IxI)F(un))]Q(le)f(un)w‘dx
(n | <Me)N(1it|=Me))N(R\A)

e QX F (1) Ky <k D1 Qx1) f ()

g/
(lun|=Me)N(Ji|=Me)NA

+/ (Lo * (Q(|x|)F(Mn)X|u,,|>K5)]Q(|x|).f(un)§0‘dx
(lun| <Me)N(||=Me)NA

- ||<p||oo/ Il % (QUxDF () 1Q(x]) f () ldx
(Jun|>Mg/2)N(Q\A)

4 210(
2+a
dx)

2+ta
Py

+ligllooCo ( / | QU F )ty <k,
R2

4
( /R | 00xD £ @) xutptona| dx)

Fllelloo </Rz dJC)i

2
x </Rz [ * (Q(|x|)f(un)X(|un|§Mg)ﬁA)]Q('x|)f(un)X(|un|§Mg)ﬁA‘dx>

_ 2l¢llos
<=

2#
+CellgllCo (/ Q(|x|)z%u,%dx) (/ 0D f )
lun|<Ke (Jun|=Me)NA

1
M, 2
+Ce ?0\/&) </| x |[Ia*(Q(|x|)F(un))]Q(|x|)f(“n)un|dx>

PN
x ( / |01 £ )| ™ dx>
(Jun|=Mg)NA
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[1y * (Q(|x|)F(un)X|un\>Kg)]Q(|x|)F(un)X|uy,|>Kg

1

/ e+ (QUx ) F un))1Q(Ix]) f (un)un|dx
[un|>Me /2

2+a

4 q
2+a
dx)
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< Coe. 421

It follows from (4.11), (4.12), (4.15), (4.16), (4.20) and (4.21) that (4.8) holds due to the
arbitrariness of ¢ > 0. m]

As in [30], we define Moser type functions w;, (x) supported in By := B;(0) as follows:

Jlogn, 0<|x| <d/n;

_ L Jrogsixp i
wp(x) = Nz ) TR |d/|n>§d|x| < d: (4.22)
y X| = da.

By an elemental computation, we have

IVw, 1> = / [Vw, |2dx = 1 (4.23)
Ba\Bi/n
and
2d2+a0
/ lx|0wldx = man, (4.24)
R2 aop
where
1 1 1
B : > 0. 4.25)

T Qtaplogn  (2+agntalogn  nita

Lemma 4.4 Assume that (V1), (Q1), (Q2) (F1") and (F2)-(F5) hold. Then there exists n € N

such that

2 2h
¢ < max d(rwy) < 2T EH2b07 (4.26)
>0 280

Proof By (V1), we can deduce that there exists d > 0 such that
Vi) <@+ Dr®, V0<r=<d 4.27)

and
2+ o + 2bo)(t + Dd*+ao
2+ ap)?

By (F5), we know that there exists #, > 0 such that

<

(4.28)

W —

tF(t) > geﬁt”z, Vi, (4.29)

From (V1), (F5), (2.16), (4.23), (4.24) and (4.27), we have
2
O (twy) = — <||an 2+ f V(|x|)wﬁdx>
2 R2
1
—Ef[a*wmemwQOmnmwm
RZ
2

t
5 (19wt + [ @ ppuder
2 B,

1
—5/ e * (Q(xDF twa))1Q(x ) F (1w, )dx
B(l/n

<t2 | 2(t + 1)d*t+ao
) Q2+ap?

IA
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2r2p2—o 7 t/logn 2 dfn d 2 430
T dyr [ ( ez )] (fo rew) r) ' *30)

To show (4.26) we have three cases to distinguish. From now on, in the sequel, all inequalities
hold for large n € N.

Casei). 1 € [0, /W] Then it follows from (F5), (Q2) and (4.30) that
2 2+a
y 2t + Dyd2+® 2 2b
cb(rwn)s—[l S n}s—( tot 2o
2+ aop) 380

2
Clearly, there exists n € N such that (4.26) holds.
Case ii). t € [\/(2+°’2+2b°)”,\/(2+“+ZZ((’))(1+K)”]. Then t/logn/~/27 > t,. for large

(4.31)

Bo

n € N, it follows from (Q2) and (4.29) that
2mr2nta [F (t logn>]2 (/d/n 00d )
r r)ar
(2d)>~« V2 0

> 727[2”2_0{ 727[ ﬁe”_lﬁwz logn /d/” rQ(r)dr
~ (2d)*® t?logn 4 0

2

2

_ 2
72n? 7 < Bo o Por*logn fd/n rQ(r)dr
T Q) 24 a4 2by)(1 +«)logn 0
2 b
772’(250;0 d2+a+2 0 eﬂ_lﬁotz logn. (4.32)

>
T 2472 + a + 2bo) (1 + k)n2te+2bo Jog n
It follows from (4.25), (4.30) and (4.32) that

t2 ) 1 d2+a0 2 22—« t ST 2 d/n 2
Dltwy) < = [1 T 6”] o [F ( : Og">] (/ rQ(r)dr>
2 (2 + ao) (2d)=—« V2r 0
- 2 [y 2 1)d*+ao
-2 (2 + ag)? logn
B 7T2K2,30§02d2+a+2b0 1o logn
2442 + o + 2bg) (1 + k)nZte+2bo Jogn
=: Y (). (4.33)
Lett, > 0 such that ¥/, (1,) = 0. Then
20242 92 2by
2(1— + 1)d2+a0 — K '80§0d ratzbo eﬂ71ﬁ0t2 logn_ (434)
24 ap)3logn  237%(2 + a + 2bo) (1 + k)n2Te+2bo
It follows that
2 2b 202 2d2+0l+2b0 1
[,% _ ( + o+ O)JT _ T og . TK IBO(() 10 (72> (435)
Bo Bologn 2372 + o + 2by) (1 + k) log”n
It follows from (4.28), (4.33) and (4.35), we have
12 2(t 4 1)d*+ w 2(t 4 1)d*+
Yn () < Yutn) = = |1+ 3 - 3
2 2+ ap)’ logn 280 logn 2+ ap)’logn
1| Q+a+2b)m n mi? Biegd>retbo
== - o
2 Bo Bologn € B2+ a + 2bp)(1 +#)
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2(t + Dd*+ao T 1
X [ 14 3 - + 0 3
(2 + ap)’logn 2Bologn log”n

_ Q+a+2by)w T [(2+a + 2bo) (T + 1)d*+ 1}
B 280 Bologn (2 +ap)’ 2
. m{zﬁz 2d2+a+2b0 1
— log
2Bplogn £ 3= 0‘(2+a+2b0)(1+/<) <log n>
(24 a + 2bo)m b4 mi2 BReid> et b ( 1 )
< — 0,
260 2otogn 22 tat 200 +0) C UogZn
(4.36)
Hence, combining (4.33) with (4.36), one has
24 o+ 2bo)m
Q(twy) < Yut) S Yultn) < ———. (4.37)

2B

Case iii). 7 € (,/m“;#(l + i), +oo). Then ¢ /Togn /27 > t, forlarge n € N, it
follows from (4.25), (4.29) and (4.30) that

t2 2 1d2+a0 2 22—« tJ/1 2 d/n 2
D (twy) < —[1 + Dd” } i [F( 0g">] (/ rQ(r)dr)
2 (2 + ao) (2d)—« J2m 0
2 2+tl0
- = 1+ 2(t + 1)d
2 Q2+ a)?
2
2?7 (2logn ’L 7" poi? logn /.d/nrQ(r)dr
2d)*—« 2w 4 0
2 2(t + 1)d2+a0 7T3K2§02d2+a+2b0 -
< _ e ot~ logn
-2 (2 4+ ap)3 logn 24-ap2+at+2bor2 Jog p
2(.’_, + 1)d2+a0 (2 o+ Zbo)ﬂ(l + K) 7T2K2§02d2+a+2b0ﬂOn(2+a+2b0)K
- (2 +ap)3logn 280 242 4+ o + 2bo)(1 + k) logn
2 2b
L Lrat2bon 4.38)
3Bo

which implies that there exists 7 € N such that (4.26) holds. In the above derivation process,
we use the fact that the function

N (t) _ ﬁ | 2(1’ + 1)d2+a0 . H3K2§§d2+a+2b0
e (2 + ap)3 logn 24-ap2+a+2bot2 Jog

2
is decreasing on t € (1/(2”;#(1 + k), +oo>, since its stagnation points tend to
\/ (Z“La;fw asn — oo. ]
0

Lemma 4.5 Assume that (V1), (Q1), (Q2), (F1’), and (F2)-(F5) hold. Then ® satisfies (C)
condition.

—1 2
P Bot~ logn

Proof Applying Lemmas 4.1 and 4.2, we deduce that there exists a sequence {u,} C E
satisfying (4.1) and ||u, || < Co for some constant Cjg > 0. Since |u, || < Ci9, by Lemma
2.4, we may thus assume, passing to a subsequence if necessary, that u,—u in E, u,, — u
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in LS(R2, Q) for s € [2, 00) and u,, — i a.e. on R2. It follows from (2.17) and (4.1) that
/2[1a * (Q(xDF ()10 (x]) f (un)un < Cry. (4.39)
R
In view of Lemma 4.3, for any ¢ € E N Cg° (R?), we have

nliféo /Rz[la*(Q(IXI)F(un))]Q(IXI)f(un)wdx = /Rz[la*(Q(IxI)F(ﬁ))]Q(IXI)f(L_thX-
(4.40)
By (4.1) and (4.40), it is easy to deduce that ®’(iz) = 0. Then by (F3), one has
D) = P(u) — %(CD/(L?), u) > 0.
By (4.39) and Lemma 4.3, we have

Jim /Rz[la * (QUxDF ua)]1Q(x) F (up)dx = /Rz[la * (Q(IxF@)]Q(x]) F (u)dx.

4.41)
Thus
1 _n 1o,
c+o(l) = Pu,) = Ellun —ull” + EIIMII
1 _ _
) /2[1a * (Q(IxDF@)]Q(|x) F(@)dx + o(1)
R
1 _
= 5 lun —ull® + @@ + o(1)
1 2
> —lup — ull” + o(1).
2
Hence, it follows from (2.16), (4.1), (4.26) and (4.41) that
2 2b
s = ulP = 26+ 0(1) i= SO (138 1 o), (4.42)
0
Lemma 4.4 implies that £ > 0. Now we choose g € (1, 2) such that
14 8)%(1 — 38)g>
(d+&7 =38 _ (4.43)
1—¢
By (2.16) and (4.1), we can deduce that
Az[la * (Q(x)Fun)1Q(x ) F(un) < Cra. (4.44)

Letq’ = q/(q —1). Then ¢’ > 2. Hence it follows from (4.42), (4.43), (4.44), (2.1), Lemma
2.5-ii), u, — 0in L*(R?, Q) for s > 2, Holder inequality and Young inequality that

J.
(/.
(L
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e (QUxDF ua))1Q(x]) f () (un — ﬁ)‘dx

1
2
dx)

2
(Lo (Qx ) f (un) un — @)]1Q(x]) f () (e — ﬁ)’f”)

o * (QUxDF ) 1Q(Ix ) F (un)
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2+a

2+Dt >T
. 2
4 (2+a) Q2+a)
<Cus </2 O (lx|) 2+ Iunlde> (/ O(Ix)) 7 luy — i dx )
R
2+a

+Cla (/ZanDz%(ez‘%ﬂ(’“*@“ﬁ—l) ) (/ Q(|x|)2+w|un—u|2+«vdx> i
R
_ 8
< Cu (fR Q(|x|)zi*a|un|2dx>”” (/ O(|1x[) 7% |u, — it]*dx )(”“)2

24a

_ g

+c14(/ e A —1)dx) !
R2

2+a

4 _ 44 4q'
< (/ 0(1x) 75 Ju —u|z+adx)
]R2
4o 5 8 5
_4 (2+a) _4 _ 2+a)
<Cu (/ O(|x|) e |un|2dx) (/ O(Ix )24 u, — u|2dx)
R2 R2

Y Cu [l/ 0(lx) s (6%ﬂoa%ﬂnun—a||2[<un—m/uun—ﬁ||ﬂ _ 1) dx
q Ju2

2+a

1 4 449 2122 £
_{_? ‘/Rz O(lx)) ™= (62+aﬂ0(1+8) e~ la? 1) dx]
24+a

4 _ A 49’
O(|x[) 7+ [uy, — u| e dx
RZ
2+a

4 _n <2+8a>2 4 _ 44 4q’
= Cis | | QUxD>up — u"dx +Cie | |, QUxD |up — >+ dx
R R

<cn( [, o rana, -

=o(1). (4.45)
Which yields that
Jim /Rz[la * (Q (X Fa)]Qx]) f () (uy — u)dx = 0. (4.46)

Similarly, we can deduce that

Jim /Rz[la * (Q(IxDF@)]Q(Ix)) f (@) (un — )dx = 0. (4.47)

By (4.1), it is obvious that
(D (up) — @' (@), up — ity = o(1). (4.43)
From (4.46), (4.47) and (4.48), we can get

lun — itl)* = (D' (up) — ' (@), up — it) — /Rz[la * (Q (X F n)]Q(x]) f () (up — it)dx

+fRz[Ia * (Q(x)F@)1Qx]) f (@) (un — u)dx
= o(1).
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Lemma 4.6 Assume that (V1), (Q1), (F1), (F2) and (F3) hold. Then

1) og ;= inf{|lu|l : u € M} > 0,
ii) m = inf{®u) : u € M} > 0.

The proof is similar to Lemma 3.5, so we omit it here.

Proof of Theorem 1.4 First, we prove that M # (J. Applying Lemmas 4.1 and 4.2, we deduce
that there exists a sequence {v,} C E satisfying (4.1) and ||v,|| < C17 for some constant
C17 > 0. Hence, there exists v € E such that, up to a subsequence, v,—v in E, v, — v in
LS (Rz, Q) fors > 2 and v, — v a.e. in R2. By Lemma 4.5, we know that v,, — v in E.
Thus
d() = lim ®(v,) =c >0, &)= lim &' (v,) =0.
n—00 n—00

Which imply that v # 0 and v € M.

Next, we prove that m = me @ (u) is achieved. By Lemma 4.6, we have m > 0. Let

{u,} C M be such that ®(u,,) — m. As in the proof of Lemma 4.2, we can deduce that
{u,} is bounded in E. Hence, there exists u € E such that, up to a subsequence, u,—u in
E,u, — uin Ls(Rz, Q) fors > 2 and u, — u a.e. in R2. In view of Lemma 4.3, for any
peEN Cgo(]Rz), we have

lim /RZ[Ia*(Q(IXI)F(un))]Q(IxI)f(un)wdx = /Rz[la*(Q(IXI)F(M))]Q(IXI)f(u)de-

n—oo

(4.49)
By (4.1) and (4.49), it is easy to deduce that ®'(«) = 0. From the weak lower semicontinuous
of norm and Fatou’s lemma, we can deduce that

m= lim ®(u,) = lim <<I>(un) - l(dD/(un), un))
n—00 n—o00o l,(/

-1 1
lim <M27||unll2 + 7/ o * (QUxDF ua))1Qx]) [f (wn)un — HF(Mn)]dX)
n—oo \  2u 2p Jr2

—1 1
MTllullz + 7/ (Lo * (QUxDF @N1Q(xD [f wu — pF (u)]dx

2 21 Jgr2

v

= o) — i(di'/(u), u) = o) > m.

This shows that u € M and ® (u) = m. ]
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