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Abstract. We examine three singular Dirichlet problems driven by the
double phase operator. One of the problems is nonparametric and the
other two are parametric. In all problems, the perturbation is “super-
linear”, but does not satisfy the Ambrosetti-Rabinowitz condition. We
prove existence and multiplicity results for the problems. For the para-
metric problems, the results are global in the parameter A > 0. Our
approach uses variational tools from the critical point theory, truncations
and comparisons and critical groups.
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1. Introduction

Let Q C RY(N > 2) be a bounded domain with a C2-boundary 9. In this
paper, we study the following singular Dirichlet problems:

{ —Apu(z) — Aqu(z) = B(z)u(z) " + f(z,u(z)) in Q,

ulon =0, u>0,0<n<1<q<p<AN. } (nonparametric problem)

(P)

{ —Aju(z) — Aqu(z) = AB(2)u(z) ™" + f(z,u(z)) in Q,

Uoa=0,u>00<n<l<qg<p<N, A>D0. } (parametric problem 1)

(Py)!

{ —Aju(z) — Aqu(z) = B(2)u(z) "7+ Af(z,u(z)) in Q,

ulon =0, u>00<n<1<qg<p<N,\>0. } (parametric problem 2)

(Pr)?
Given a € C%'(Q)\{0} with a(z) > 0 for all z € Q, by A% we denote the
weighted p-Laplace differential operator (with weight a(+)) defined by

a : -2
Aju = div(a(z)|DulP~= Du).
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If ming a = ¢p > O(that is, the weight a(-) is bounded away from zero),
then A7 is just a nonautonomous version of the standard p-Laplacian and so
it can be treated using the same tools. The differential operator driving our
problems, is associated with the density function ¥(z,t) defined by

Iz, t) = a(z)t? +t7 for all z €, allt > 0.

When ming a = ¢o > 0, the function 9(z,-) exhibits balanced growth,
namely we have

cot? < 9(z,t) <cq[l +tP] for all z € Q, all t > 0,some ¢; > 0.

So, ¥(z,-) is controlled from above and below by same powers of ¢ > 0.
This property leads to a global (that is, up to the boundary 9Q) regularity
theory of Lieberman [19]. This theory provides many powerful analytical tools
for the study of the problems. We mention some characteristic such tools:

e The equivalence of Sobolev and Holder local minimizers of the energy
functional (see Brezis-Nirenberg [4] and Garcia Azorero-Peral Alonso-
Manfredi [8]).

e Nonlinear versions of the Hopf maximum principle (see Pucci-Serrin [33]).

e Strong comparison results (see Papageorgiou-Radulescu-Repovs [29]).

e Unbalanced growth problems, are studied using the classical Lebesgue
and Sobolev spaces.

The situation changes if ming a = 0. Then the density function ¥(z,-)
exhibits unbalanced growth, namely we have

11 <9(z,t) <ci[1+tP] forall ze€Q, allt>0.

We see that in this case, the growth of ¥(z,-) is trapped between two
distinct powers of ¢ > 0. Now the global regularity theory of Lieberman [19]
is not valid and so the analytical tools mentioned above, are not available.
In fact, for problems with unbalanced growth (also known as double phase
problems or problems with (p, ¢)-growth), there is no global regularity theory,
only local regularity results. We refer to the survey papers of Marcellini [25] and
Mingione-Réadulescu [26]. Moreover, for these problems, the classical Lebesgue
and Sobolev spaces, do not provide an adequate functional framework for the
analysis of the equation. We need to pass to the broader class of the generalized
Orlicz spaces (see Harjulehto-Hésto [15] and Papageorgiou-Winkert [32]).

In problems (Py), (Px)!, (Py)?, we encounter one more difficulty, which is
the presence of the singular term. This leads to an energy functional which is
not C'. So, we can not use the minimax theorems of the critical point theory.
We have to find ways to bypass the singularity and deal with C''-functionals.
This is not an easy task, due to the lack of a global regularity theory. In
our problems, the singular term is perturbed by a function f(z,z), which is
assumed to be (p — 1)-superlinear as x — +o0 but without satisfying the usual
in such cases Ambrosetti-Rabinowitz condition (the AR-condition for short).
In problems (P) and (Py)!, we do not assume that f > 0. So, the perturbation
can be sign-changing.
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The study of singular double phase problems, is lagging behind. There
are few works in the literature on the subject. We mention the papers
of Arora-Fiscella-Mukherjee-Winkert [2], Bai-Papageorgiou-Zeng [3], Liu-Dai-
Papageorgiou-Winkert [20], Liu-Papageorgiou [21], Liu-Winkert [22]. With the
exception of [3], the other works assume that the perturbation is of power-type
(that is, f(z,u) = u"~! with p < r) and use the Nehari method to produce two
solutions. In [3], there are two parameters in the problem and the perturbation
f(z,2) is nonnegative (the reaction has the form u — pu=" + Af(z,u) with
A > 0, f > 0). Very recently, Han-Liu-Papageorgiou [14], studied singular
double phase problems, with a (p — 1)-superlinear perturbation f(z,z) which
is sign changing. Their result does not cover the case of a nonnegative pertur-
bation, since they require that f(z,-) is nonpositive near zero (see hypothesis
H, (iii) in [14]). Here, for problem (Py)!, we provide a unified treatment of
both the definite and indefinite perturbation, extending the work of [14]. Fi-
nally, we also mention the very recent work of Guarnotta-Winkert [11], where
the authors study a nonlocal version of problem (Py)* (Kirchhoff problem)
and using the Nehari method, they prove the existence of two solutions with
opposite energy signs, where A > 0 is small. There result is not global in A > 0.

We mention that boundary value problems and variational integrals with
unbalanced (or nonstandard) growth, are used to describe anisotropic mate-
rials. The modulating coefficient (weight) a(-), dictates the structure of com-
posites made of two different materials with distinct hardening exponents p
(when a(z) > 0) and ¢ (when a(z) = 0), that is, the material has two phases.
Other physical applications and applications to calculus of variations (Lavren-
tiev phenomenon), can be found in the paper of Zhikov [34]. From a purely
mathematical viewpoint, in a double phase problem the differential operator
u — Afu + Agu has nonuniform ellipticity in (2.

2. Mathematical background

Let L°(Q) be the space of measurable functions u : Q +— R. As usual, we
identify two such functions which differ only on a Lebesgue null set. Also, let
a € C%1(Q)\{0},a(z) > 0. Recall that 9(z,t) is the density function defined

by
Wz, t) = a(2)tP +¢¢ forall z € Q, all t > 0.

The Lebesgue-Orlicz space L(2), is defined by

LY(Q) = {u € L%(Q) : py(u) = /Qﬁ(z, lul) dz < oo} :

We call py(-) the “modular function” corresponding to the density 9(z, z). We
endow L?(Q) with the so-called “Luxemburg norm” || - ||¢ defined by

lullo = inf{)\ >0 py (%) < 1}.

With this norm L”(2) becomes a Banach space which is separable and
reflexive. In fact, it is uniformly convex, since the function ¢t — 9(z,t) is
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uniformly convex. Recall that a uniformly convex space, is reflexive (Milman-
Pettis theorem, see Papageorgiou-Winkert [32], p.243).

Using LY(2), we can define the corresponding Sobolev-Orlicz space
W7 (Q) by

W(Q) = {ue L?(Q) : |Du| € L*(Q)},
with Du being the weak gradient of u. We endow W17 (Q) with the natural
norm || - ||1,9, defined by
lullio = |[ullo + || Dulls for all u € WH?(Q),

where [|[Dul|y = |||Dullly. Also, if C2°(£2) denotes the space of C°°-functions
with compact support, then we define
Wi @) = oEE)

Both W1?(Q) and W, 7(Q) are Banach spaces, which are separable and
reflexive (in fact uniformly convex). Moreover, on W(} ’ﬁ(Q) the Poincaré in-
equality is true, namely we can find ¢y > 0 such that

lullg < eol|Dullg  for all u € W (Q).

Therefore, on Wy”(2), we can use the equivalent norm || - || defined by
lul| = || Dully  for all u € W (). (1)

There are some useful embeddings between these spaces. Recall that ¢* =

NN—fq. The symbol < denotes continuous and dense embedding.

Proposition 2.1. The following results hold:
(a) LP(Q) — LUQ) and Wy’ (Q) — W().
(b) Wol’ﬁ(Q) — L"(Q) for all 1 < r < ¢* and the embedding is compact if
1<r<qg*.
() W (Q) — Wy ().

Also there is a close relation between the modular function py(-) and the
norm || - || (see (1)).

Proposition 2.2. The following results hold:
(a) If u#0, then ||u|| = p < py <%) =1.
(b) po(Du) < L(resp. = 1,> 1)< |ju|| < L(resp. =1,> 1).
(©) If [lull <1, then [[ul|” < py(Du) < [lu|*.
(d) If [lull > 1, then [lul|? < po(Du) < |lul[?.
(e) ||ul]] — O(resp. — +00 )& py(Du) — 0(resp. — +00).

Let V : Wol’ﬂ(Q) — VVol’l9 (©2)* be the nonlinear operator defined by
(V(u),h) = / la(z)|DufP~? + [Du|?"?] (Du, Dh)g~ dz  for all u,h € Wy ().
Q

This operator has the following properties (see Papageorgiou-Winkert
[32], p.683).

@ Springer



NoDEA Superlinear singular double phase problems Page 5 of 39 103

Proposition 2.3. V (-) is bounded (that is maps bounded sets to bounded ones),
continuous, strictly monotone, coercive and of type (S)4, that is,

“Up, L win Wy (Q), limsup,, o (V (), wn —u) < 0 imply that u, — u
. 1,9 2
in W7 (Q) 7.

Remark 2.4. V(-) being continuous, strictly monotone, it is maximal mono-
tone (see [32], p.565). Recall that a maximal monotone, coercive operator, is
surjective (see [32], p.576). Therefore V(-) is surjective (in fact it is a homeo-
morphism).

In the study of singular problems, useful is the so called “Hardy’s in-
equality” (see, for example, Papageorgiou-Radulescu-Repovs [28], p.66). Let

d(z) = d(z,00) for all z € Q.

Proposition 2.5. There exists cs > 0 such that

< csl|Dull,
m

for all u € Wy*(Q),1 < p < oco.

The constant ¢ > 0 depends on (2, p) and it is bounded in p > 1. Indeed,
from Hajlasz [13, Proposition 1], we know that

i) < C|M(Du)|(z) for all z € Q,

with M(-) being the Hardy-Littlewood maximal map, where C' = C(N) > 0.
Then by Theorem 4.3.8 of Diening-Harjulehto-Hésto-Ruzicka [7, p.110], we

have that
U

< K% | Dul|, with K = K(N) > 0.

P
Given u € L°(2), we define
ut =max {u,0}, u = max{—u,0}.

Then u = ut —u~ and |u| = ut 4+ u~. Moreover, if u € W;"(2), then
ut,u~ € Wi(€). Also, by |- |x we denote the Lebesgue measure on RY.
Consider the problem

— Aju(z) — Agu(z) = g(2z,u(z)) in Q, ulapg = 0. (2)
We assume that g : Q@ x R — R (R = (0,00)) is a Carathéodory function

(that is, z — g¢(z,x) is measurable and z +— g¢(z,2) is continuous) which
satisfies

l9(z,2)| < sl + 277+ 2" 1] fora.a. 2 € Q, all 2 > 0, some ¢4 > 0.

By a solution (weak solution) of (2), we mean a function u € Wol’ﬁ(Q)
such that

w(z) >0 fora.a. z€Q, g(-,ul-))h € L'(Q) for all h € Wy’ (Q),
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(V(u),h) = / g(z,u)hdz for every h € Wol’ﬁ(Q).
Q

Proposition 2.6. If a € CO1(Q)\{0}, a(z) >0 forallz€ Q,0<n<1<qg<
p<r<qg"andue€ Wol’ﬁ(Q) is a solution of (2), then u € L>=(2).

Proof. For k > 1, we introduce the set
E,={2z€Q:u(z) >k}.
Choose k* > 1 large such that
[(u—k)*|| <1 forall k> k*. (3)
We have

(V(u),h) = / g(z,u)hdz for all h € Wol’ﬁ(Q).
Q

We choose the test function h = (u — k)™ € Wy"”(Q). Then
|(uw—E)T||” < py(D(u —k)*)(see (3) and Proposition (2.2))

= —k)td
[ sty a @
< 04/ 1T+u™T+u" " (u— k)T dz.
Q
On the set E(k > k* > 1), we have
(u—l<:)1_77 <ulT"<wu <, (u—Fk)" <u'. (5)

From (4), (5), we obtain

[(uw—k)F|P <ecs /Q X, u" dz for some c; >0

= C5/ XE, [(u— k)] dz.
Q
By hypothesis p < r < ¢*. Then
XE, € Lq%r(ﬂ), [(u—k)T]" € L%(Q)(note that Wol’ﬂ(Q) — L7 (Q), see Proposition 2.1).

From (6), using Holder’s inequality, we obtain

*

g —r
[(w—K)T|P < col By [[(u—k)T||" for some cg > 0
(note that Wy'"(Q) — L (), see Proposition 2.1).
Let 1 < u < p < r. On account of (3), we have

1w = &) N7 < col Brl ™ Nl (w— k) FII",

*

= [I(u = B)FIP < ol Brl i (7)
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Let m > k. Then

o

(m — k)| En| < [/ lu— k| dz} ‘

m

[/ lu — k|qﬂ ! (since E,, C Ef)
Ej
< crl|(u—K)t||"  for some ¢z > 0

(use that Wg " (Q) — L9 (Q),see Proposition 2.1),

IN

I

= (m— k)P | Bl < csll(u—k)F|P~*  for some cg > 0

*

q —r
< co|Bgly"  with cg = cg - cg > 0 (see (7)),
= |En| <$E|% for some ¢19 >0 (8)
m|N = (m_k)q* kIN 10 .

We have
0<e=qg"—r (recall r < ¢*).
So, we choose i < p such that

€
0<<=p—p
B p—p
Then 1 < <=, So, from (8) and Lemma B.1, p.63, of Kinderlehrer-

P—h
Stampacchia [18](with ¢(t) = |E¢|n,t > k*) we find M > k* large such
that

This completes the proof. O

Let X be a Banach space, p € C}(X) and ¢ € R. We introduce the
following two sets

K, ={ue X : ¢ (u) =0} (critical set of ¢(-)),
e ={ue X :pu) <ch.

We say that o(-) satisfies the “C-condition”, if it has the following property:

“Every {un}tnen C X such that {¢(un)}ney C R is bounded, (1 +
llunllx)¢ (un) — 0 in X* as n — oo, admits a strongly convergent subse-
quence”.

This is a compactness-type condition on the functional ¢(-), to com-
pensate for the fact that X is not locally compact, being in general infinite
dimensional.

Let Yo C Yy € X and k € Ny = NU{0}. By Hi(Y7,Y2) we denote the
k-th singular homology group with coefficients in R, for the pair (Y7, Y3). Since
R is a field, each Hy(Y7,Y>) is a linear space(we use R in order to avoid torsion
phenomena). Let v € K, be isolated and ¢ = ¢(u). Then the critical groups
of ¢(+) at u, are defined by

Cr(p,u) = Hi(¢* NU, ¢ NU\{u}), k € Ny,
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where U is a neighborhood of u such that
K,neNU = {u}.
The excision property of singular homology (see [28], Section 6.1), implies that

this definition is independent of the choice of the isolating neighborhood U.
If m,n € Ny, then by d,, ,, we denote the Kronecker symbol defined by

5 _J1 ifm=mn,
™00 i m # .

A function v : R — R is said to be locally Lipschitz if for every K C
R compact 7|x is Lipschitz continuous with Lipschitz constant cx > 0. A
function v : @ x R — R is said to be L*°(Q)-locally Lipschitz if z — ~(z, )
is measurable and x — 7(z,) is locally Lipschitz with Lipschitz constant
cx € L>®(R) for every K C R compact. Note that such a function v(z, ) is
jointly measurable(see Papageorgiou-Winkert [32], p.108).

If u € L°(2), then we write that 0 < u, if for every D C ) compact, we
have

0<cp <u(z) foraa.zeD.

Let C3() = {u e C*(Q) : ulpo = 0}. This is an ordered Banach space

with positive (order) cone

Cy ={ueCy() :u(z) >0forall z€Q}.

This cone has a nonempty interior given by
0
int Cy = {uGC’+:u(z) > 0 for alleQ,a—ubQ <0}7
n

with n(-) being the outward unit normal on 9Q. Also, in what follows p, :
W, (Q) — R is the modular function defined by

pa(Du) = / a(2)|DulP dz  for all u € Wy ().
Q

Finally by A;(¢q) we denote the principal eigenvalue of (—A,, Wy'%(£2)). We
know that A;(g) > 0 and

i Dull¢
)\1(Q)=inf{” uli

cu e Wyl(Q),u # 0}.

ullg

3. Problem (P)

In the literature, there are no multiplicity results for nonparametric singular
double phase problems. The presence of a parameter A > 0(multiplying either
the singular term or the perturbation), is very helpful because by varying
A > 0, we can achieve geometric configurations which permit the use of the
minimax theorems from the critical point theory.

For € > 0 small, Q. = {z € Q : d(z,09) < €}. The hypotheses on the data
of (P) are following;:
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GC‘“( N{0},a(z) > 0forall z€ Q,0<n<1<qg<p<N,
<1+ 2 and 3 € Wy >°(Q) with B(2) > 0 for all z € Q and there exist

€o > 0 and ¢* > 0 such that c*dn < B in Q,

Qs

Remark 3.1. The condition § <1+ % says that the two exponents can not
be for apart. It is common in double phase problems and leads to local regu-
larity results which in turn are used to prove a weak maximum principle (see
Papageorgiou-Vetro-Vetro [31]). We know that every element in W, > (£2) has
a representative which is Lipschitz continuous. Therefore 0 < (3.

(Hy): f: Q@ xR — Ris an L*°(Q)-locally Lipschitz function such that
f(2,0) =0 for a.a. z € Q and

(1) \f(z,x)| <a(z)[1+ 2" for a.a. z € Q, all x > 0, with a € L>(Q),p <
r< q )

(ii) if F(z,x) fo z,8) ds, then limg_, 4 oo F(;I;m) = 400 uniformly for a.a.
z € Q and there exist ¢ > 0 and 7 € [1,¢) such that

1427 < f(z,2)x — pF(z,x) for a.a. z € Q, all z > 0;
(iii) there exist 0 < § < 7 such that
0< f(z,x) fora.a. z€ Q, all 0 <z <4, B(2)y, "+f(z,7) <0 for a.a. z € Q.

Remark 3.2. The absence of a parameter in the equation, forces us to assume
that f(z,-) exhibits an oscillatory behavior near zero (see hypothesis Hy (iii)).
Hypothesis H;y (ii) implies that

[z, )

|z|—+o0 pp—1

= +oo uniformly for a.a. z € €Q,

that is, the perturbation f(z,-) is (p — 1)-superlinear. However, we do not use
the Ambrosetti-Rabinowitz condition(see Ambrosetti-Rabinowitz [1]) or any
of its generalizations existing in the literature (see, for example, Li-Yang [24]).
Since we look for positive solutions, the above hypotheses concern the positive
semiaxis Ry = [0,+00) and f(z,0) = 0, we may assume without any loss of
generality that f(z,z) =0 for a.a. z € Q, all z <0.

We start by considering the following purely singular problem
= Aju(z) — Agu(z) = AB(2)u(z) " in Q, ufsq =0, A > 0. 9)
For this problem, we have the following result.

Proposition 3.3. If hypotheses Hy hold and A > 0, then problem (9) has a
unique solution

iy € Wy’ (Q) N L®(Q), 0 < uy,
{ux}r>0 is nondecreasing,

iy — 0in Wy () as A — 0%,
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Proof. From Proposition 3.1 of Bai-Papageorgiou-Zeng [3], we know that prob-
lem (1) has a unique solution

uy € VVOLﬁ(Q)7 0 < uy.
Proposition 2.6, implies that
iy € Wy’ (Q) N L2().

Moreover, note that —Afuy — Aguiy > 0 in € and so Proposition 2.4 of
Papageorgiou-Vetro-Vetro [31], implies that 0 < ay.
Let 0 < < A. We have

—Afuy — Aguy > pB(z)a, " in Q. (10)
We introduce the function wy,(z,z) defined by
pB(z) (™)™ i 0 <z < u(z),
pB(z)un(z)"" if ax(z) < x,
and consider the singular problem
— Aju(z) — Agu(z) = wyu(z,u(2)) in Q, ulsq = 0. (12)
Reasoning as in Proposition 3.1 of Bai-Papageorgiou-Zeng [3], we show
that problem (12) has a solution u, € WY (€). We have

(11)

wy(z, ) =

(V (@), h) = / wy(z, @) dz for all h € WP ().
Q

Choosing the test function h = (i, — uy)" € VVOM9 (€2). Then
V), = 1)) = [ 0B850 = 1) d (see (11)
Q

< (V(@a), (@, — ux) ™) (see (10)),
= U, < Uy (see Proposition 3),
= 1, is a solution of (9) for the parameter p.
Since the solution of (9) is unique, we infer that
Uy = Uy,
= Uy, < Uy,
= {ux} x>0 is nondecreasing.

Finally, we know that
(V (@), h) = )\/ B(z)ay"hdz for all h e Wy ().
Q

Choosing the test function h = @y € VVOl’I9 (€2), we obtain
pqg(ﬂ)\) < )\611H’EL>\”1777 for some ¢11 > 0
(see Theorem 13.17 of Hewitt-Stromberg [16] and Proposition 2.1)

= @y — 0in W3 () as A — 0%,

The proof is now complete. 0
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Proposition 3.4. If hypotheses Hy hold and X\ > 0, then B(-)ux(-)"" € L*>(Q).

Proof. From Lemma 14.16, p.355, of Gilbarg-Trudinger [9], we can find 0 <
&0 < € such that d € C?(Q¢,) and |Vd(z)| =1 for all z € Q. Let § € (0, %)
and consider the function k(z) defined by
d(z) if d(z) < 0,
~ 7 1 A
k(z) = {6+ [{O) [2=5]7T g5 if 6 < d(2) < 26,

1

5+ f626 [zags]ﬁ ds if 26 < CZ(Z)~

Evidently k € int C4 and we have
AL if dz < 6,

k+ Mgk ={ Achtlagd if § < d(z) < 26,
0 if 20 < d(2),

with 1y (2) = [ 2512 "7 1a(2) = 251 1t follows that
— A% — Agk € L®(Qg,). (13)

Since k € int C, using Lemma 2.3 of Guo-Webb [12], we can find 0 <
c12 < c13 such that o R
612d S k S 013d in ng. (14)

For t € (0,1), let ky = tk. On account of (13), if ¢ € (0,1) is small, we
have

~ Ac*
—Ajks — Agky < Tc (see hypotheses Hy and (14))
C13

A (ji’:i)n (see hypotheses Hp and recall 0 < €y <€) (15)
< AB(2)k(2) 7" (see (14))

< AB(2)ke(2)™" in Qg (since t € (0,1)).

Moreover, since 0 < @y, we see that for ¢ € (0,1) small, we can have I%t|aggo <
ty|o0,, and so from (15) and the weak comparison principle of Pucci-Serrin
[33](p.61), we infer that

ke <y in Qg

= c14d < iy in Qe,, for some cy4 > 0. (16)
Recall that 0 < uy. Therefore, if
L2\ Q¢ )+ = {u € L0\ Q) : u(z) > 0 for a.a. 2 € N\ Q¢ },
we know that
0 #int L(Q\Qe, )+ = {u € L>®(Q\Qq,) : essinfg\g, u > 0}

and so we infer that
Uy € int LOO(Q\QEO)+
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Then using Proposition 4.1.22, p.274, of Papageorgiou-Radulescu-Repovs [28],
we can find ¢15 > 0 such that

c15d < iy in Q\Q,. (17)
Combining (16), (17), we obtain
c16d < 1y in Q with c16 = min{cy4, c15} > 0. (18)
Let > 1. We have

JGE) oo [ o]
7é(

(see (18) and recall @y € L>(12)),

> dz for some ¢17 > 0

> 1800 ()7 < exll DBl with s = (524}
(see Proposition (2.5)),
= 1BOIAC) 7 < K2 DB
Let u — oo to conclude that
1BC)uA() oo < 1DBloo, (19)
= BOm() " € I¥(9)
This completes the proof. 0
From Propositions (3.3) and (3.4), we obtain the following result.

Proposition 3.5. If hypotheses Hy hold, then @y — 0 in Wol’ﬂ(Q) N L>®(Q) as
A— 07,

Proof. We already know that
) — 01in VVol’l9 (2) as A — 07 (see Proposition 3.3).
Also, from Proposition 7 of Papageorgiou—Rédulescu [27] we have
lia]loo < Acto|lB(C)un ()" o for some c¢19 > 0

< Acw||[ DBI&T (see (19)),

=1y — 0in L>®(Q) as A — 0.
We conclude that

iy — 0in Wy (Q) N L¥(Q) as A — 07,

The proof is now complete. O

We are ready to produce the first positive solution for problem (P). For
that we do not need the asymptotic condition as * — 400 on f(z,-)(see
hypothesis Hy (ii)).
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Proposition 3.6. If hypotheses Hy and Hy(1), (iii) hold, then problem (P) has
a solution
uy € W () N L=(), 0 < up.

Proof. 3.5, for A € (0,1) small, we have

[alloe <6, (20)
with § € (0,1) as postulated by hypothesis H; (iii). We have
— Apuy — Aguy < AB(2)uy " + f(z,uy) in Q. (21)

Fix such a A € (0,1) and for notational simplicity let & = @y. From (20)
and hypothesis Hj (iii), we see that 0 < u(z) < v for a.a. z € Q. So, we can
introduce the Carathéodory function m(z, z) defined by

B(R)u(z)™" + f(z,u(z) if x <a(z),

m(z,z) = ¢ B(z)z™" + f(z,2) if u(z) <z <y, (22)
B(z) " + f(z:70) if v <.
We set M(z,z) = Jo M(z,5)ds and consider the functional )

W, (Q) — R defined by
A 1 1 ~
Y(u) = };pa(DU) + 6||Du||g — / M(z,u)dz for all u € Wol’ﬂ(Q).
Q

From (18) and Proposition 3 of Papageorgiou-Smyrlis [30], we have that
= C’l(Wol’ﬁ(Q)). From (22) and Proposition 2.2, we see that (-) is co-
ercive. Moreover, using Proposition 2.1 and the sequential weak lower semi-
continuity of the modular function, we show that zﬁ() is sequentially weakly
lower semicontinuous. Then by the Weierstrass-Tonelli theorem, we can find
ug € Wol’ﬂ(ﬂ) such that

Y (up) = inf {@(u) tu € Wol’ﬂ(Q)} ,

= (¢ (ug), h) = 0 for all h € Wy’ (Q). (23)
In (23), first we choose the test function h = (@ — ug)* € Wy’ (). Then
(V(uo), (@ — uo)™)

/[ (2)u™" + f(z,w)](t — uo) " dz (see (22))
> (V(@), (@ —uo)™)) (see (21)),

= 1 < ug (see Proposition 2.3).
Next in (23), we choose the test function h = (ug — o)™ € Wol’ﬁ(Q). Then
(V(uo), (uo —70) ")
= [ 1B+ £(0)] (w0 = 50 dz (see (22)
< 0= (V (%), (uo —7)") (see hypothesis H, (iii)),

= uo < 7o-
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We have established that
u < wug <y in Q.

= ug € W' (Q) N L>®(Q), 0 < ug is a solution of (P),
which completes the proof. ]

To produce a second solution for (P), we introduce the Carathéodory
function m(z, ), defined by

e ) — 4 BEEE) T+ f(za(z)) i@ < a(z),
(=) {m@fﬁ+f@w) if u(z) < . (24)

We set M(z,z) = foac m(z,s)ds and consider the C!-functional 1 :
Wol’ﬂ(Q) — R defined by

Y(u) = %pa(Du) + é”DuHZ - /Q M (z,u) dz for all u € Wy’ (Q).

In what follows, ug € Wo'"(Q) N L>() is the solution of (P) produced
in Proposition 3.6.

Proposition 3.7. If hypotheses Hy and Hy hold, then Cy (1, ug) = C (1&, ug) for
all k € Np.

Proof. Let d > vy and define

_m(z,z) ifx <d,
ma(z,2) = {m(z,d) if d <. (25)

We set My(z,x) = [ ma(z,s)ds and consider the C'-functional v :
W7 () — R defined by

1 1
Ya(u) = 5pa(Du) + aHDqu - /Q My(z,u) dz for all u € Wy’ ().
For u € Wol’ﬂ(Q) we have
) = 60| < [ [My(e.0) = M) dz

S/Q|Md(z7u)—Md(z7u0)|dz+/ﬂ|M(z,u0)—M(z7u)\dz

(since 0 < up < 7o < d,see (22), (24), (25)).
(26)

Let Q- ={z € Q:u(z) < u(z)}. In Q, we have
My(z,u) = M(z,u) = M(z,u), My(z,u0) = M(z,u0) = M(z,uo) (see (22), (24), (25)).
Then if follows from in ©_, we can say that

|Mg(z,u) — Mg(z,uo)| = | M(z,u) — M(z,u0)| = |M(z,u) — M(z,u0)|]. (27)
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Using (24), (25), in Q_, we have

|M(z,u) — M(z,uo)]
B(z

<18 )t + 2EL g - at)
+ f(z,@)|u —al + |F (=, ) F(z,u)]
= B(z)a" (i —u) + %(ué_" — @) + ea0(uo — @) for some cz9 > 0
(28)
< 8(:)a (w0 = ) + P (" — ™) + exoluo — )
(sincein Q_, @' " =a-a " >u-uy")
= ﬂ(z)ﬁ_"(uo - ’LL) + ]?(%)UO_TI(UQ — ﬂ) + CQO(’LLO — ﬂ,)
< c21(up — u) in Q_ for some c21 > 0 (see Proposition 3.4).
Next let Qg = {z € Q: u(z) < u(z) < v} We see that in Qg
M(Za u) = M(z,u), M(Zvu(J) = M(zau0) (See (22), (24)7 (25)) (29)
In Qg, we have
|M(z,u) — M(z,up)|
= Pt 4 ) ~ Pz (30)

11—
< 022|u — up| in Qg, for some cop > 0.

Here we have used the fact that z — 2!~ (2 > 0)is a concave function, thus
locally Lipschitz. Also, note that F(z,-) is L>°(Q2)-locally Lipschitz.

Let Q! ={z € Q:7 < u(z) <d}. Then in Q! , we have

|M(z,u) — M(z,up)|
ﬂ(z) (ulfn —1— 77) - ﬁ(z)

— 1),

IN

(up™ " —ay M| + |F(z,u) — F(2,uo)|
(31)

< 16(_237 (™" —uy ") + |F(2,u) — F(z,u0)| (note that ug < u in Qy)
< coz(u — up) in Qi, for some co3 > 0.

Moreover, again in Q}H we have

|M(z,u) - M(z,u0)|

B(z) 1- B(z) 1-
< m% K muo K

< coq(u — up) in Q}H for some cayq > 0.

+B(2)% (v —0) — +|F(z,u) = F(z,u0)| (32)
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Finally let Q2 = {z € Q:d < u(2)}. In Q2 , we have
|M(z,u) — M(z,up)|
<[ an s sy - 2 g
+ |F(Z7 d) + f(z,d)(u—d) — F(z,up)|

< co5(u — up) in Qi, for some cg5 > 0.

Still in Q2 , we have
\M(z, u) — M(z, ol

2D 34 e = 20) = P

+ [F(2,7) + £(2,70) (v —70) — F(z,uo)]
< eo6(u — up) in Qi, for some cog > 0.
We return to (26) and use (27)-(34). We obtain

[tha(u) — @(u)| < corllu — ug|| for some co7 > 0. (35)

Also for every u, h € VVOM9 (Q), we have
[(W(u) = &' (w), b))
< [ mate.) = (e, )] dz
Q

/ |ma(z, u) — ma(z, u0)||h|dz+/ |m(z,ug) — m(z,u)||h|dz
Q
(since ug < o < d,see (22), (24), (25))

< eagl|lu — upl|||R|| for some cag > 0
(note that mq(z,-),m(z, ) are L*°(Q)-locally Lipschitz),

= [[g(u) — ¢/ (w)]| < easllu — uo. (36)
Then from (35) and (36), we see that given € > 0, we can find § > 0 such that
[ba = Pller(Bsuoy) < €
where Bs(ug) = {u € Wol’ﬁ(Q) lu =l < 5}. Then the C*-continuity prop-
erty of critical groups (see Hu-Papageorgiou [17], p.179), implies that
Ck(¢d7uO) = Ck(z/},uo) for all £ € Ny.

Let d — oo and use Theorem D.6, p.615 of Granas-Dugundji [10], to
conclude that Ci (v, up) = Ck (¥, ug) for all k € Ny. O

Remark 3.8. We outline an alternative way to prove this proposition. Let V' =
Wol’ﬁ(ﬂ) N L*°(Q2). Evidently V — Wol’ﬁ(Q). The estimates in the previous
proof remain valid because the functions in V' are bounded. Therefore

Cr(¢|v,uo) = Ck ('Lﬁ|v7 ug) forall k € No (Cl-continuity property of critical groups).
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Using Galerkin approximations and the extended Gromoll-Meyer theory of
Chang-Ghoussoub [6], we show that

Cr(¥|v,uo) = Cr(¥,up) and Ck(l/;h/,UO) = C’k(qﬁ,uo) for all k € Np.

Therefore we conclude that C (¢, ug) = Ck(z[},uo) for all & € Ny(see also
Liu-Wu [23]).

Proposition 3.9. If hypotheses Hy and Hy hold, then the functional 1(-) satis-
fies the C-condition.

Proof. Consider a sequence {u, }neny C Wg’ﬂ (Q) such that
[th(un)| < ca9 for some cag > 0, all n € N, (37)

(1 + [Jun )Y (tn) — 0 in W3 (Q)* as n — oo. (38)

From (38), we have
/ m(z,u,)hdz

for all h € Wol’ﬂ(Q)7 all n € N, with ¢, — 07. In (39), we choose the test
function h = —u,, € Wy’ (Q). Then

p9(Du,, ) < e, for all n € N,

en |l
= T fuall

(39)

= u, — 0in Wol’ﬂ(Q), as n — 0o. (40)

Claim: {u; },en € Wy'?(Q) is bounded.
We argue by contradiction. So, suppose that at least for a subsequence,
we have
[l | = +oo. (41)
Let y, = ”Z—%”,n € N. Then |ly,|]| = 1, yn > 0 for all n € N. So, we may
assume that

Yn — y in Wol’ﬁ(QLyn — yin L"(Q),y > 0 (see Proposition 2.1).  (42)

First assume that y # 0 and define Q = {z € Q : y(z) > 0}. Then |Q|y >
O(see (42)). On account of (41), we see that

ut(z) — 400 for a.a. z € Q. (43)
Then we have
F(zuf(2) _ F(zu(2))
[l [P ui (2)P
Using Fatou’s lemma, we obtain
lim / Pz un) dz = +o0. (44)
o lluxlP

n—oo

Yn(2)P — 400 for a.a. z € Q (see (43) and hypothesis Hy (ii)).

Note that hypotheses H; (i), (ii) imply that

F(z,x) > —c3p for a.a. z € Q, all z > 0, some c3g > 0. (45)
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Therefore, we have

F F F +
) Hu ||p ) ||U ||p @ lun?
F(z 30
|Q|n (see 45),
/ Iunllp R
. F(z
= lim | ”p d = 400 (see (44)). (46)
n—o00 Unp,

On the other hand from (37), (40), (41)(recall ¢ < p), (24) and Proposition
3.4, it follows that

o TutlP

+
/F(z u )dz
o lulP

(we use that ||y, | =1 for all n € N and Proposition 2.2).

1
dz’ < 31 + —pa(Dyy) for some 31 > 0, all n € N,
p

= < ¢39 for some c32 > 0, alln € N

(47)

Comparing (46) and (47), we have a contradiction.

Now assume that y = O(see (42)). From (39), (40) and since ¢ < p, we
have
m(z,ul)

o Tu +||p 1hdz

< nl+ ] [ DDy, D)

for all h € Wy’ (Q), all n € N, with €, — 0T,
Using Hélder’s inequality and the fact that |ly,|| = 1 for all n € N, we
obtain

\ [ a1y Dy, DRy o] < esslv]
Q

for some c33 > 0, all h € Wol’ﬁ(Q) all n € N. Therefore we can write that

Mz ta) g
o [lux [P~
for some g4 > 0, all h € W' (Q), all n € N.

Consider the linear functional 4,, : Wol’ﬁ(ﬂ) — R, n € N, defined by

< caq||R]| (48)

in(h) = m(fiul)hdz for all h € W) (Q).
o [lun |

From (48), we see that

in € Wa (), |linll« < cs4 for all n € N. (49)

Since Wol’ﬂ(ﬂ) — L"(Q)(since r < ¢*, see Proposition 2.1), using the Hahn-
Banach theorem (see [32], p.210), we can find i,, € L"(Q)* such that

Zn|W01,19(Q) =i, |[inllLr) < c34 for all n € N (see (49)). (50)
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The Riesz representation theorem for the Lebesgue spaces, says that there
exists unique g, € L" (Q)(r' = X5 such that

r—1

in(h) = [ gnhdz for all h e L"(Q), all n € N,
[Gnlr+ < 34 for all n € N(see (50)).

(51)

From (50), (51), choosing h = y, € Wol’ﬁ(ﬂ) — L7(Q) and recalling that
y = 0, we obtain
/Q Wyn dz — 0. (52)
We return to (39), multiply the inequality with W and choose the test
function h = y,, € W'’ (Q). Since ¢ < p and using (52), we obtain
pa(Dy,) — 0 as n — +oo. (53)
Recall that ||y, || = 1. Therefore
p9(Dyn) = pa(Dyn) + [|Dyn|| = 1 for all n € N (see Proposition 2.2),
= ||Dynllq — 1 as n — oo (see (53)),
= [|Du;i[lg — +o00 (see (41)). (54)
In (39), we choose the test function h = u,} € Wol’ﬂ(Q). Then

— pa(Dut) — || Dut]|d + /Q m(z,ul)ul dz <e, for all n € N. (55)
On the other hand, from (38) and (40), we have
pu(Du) + 2Dy = [ pM(e.u) s < e (56)
for some ¢35 > 0, all n € N. We add (55) and (56) and obtain

(Z - 1) | Du,t || +/ [m(z, ul )ut — pM(z,u))] dz < es
Q

for some c36 > 0, all n € N,

= (Zo) 1Dl + [ [t - pFG] ds
q Q
<egr[14 | Duf |7 + ||,11_’7] for some c37 >0, alln e N
(see (24) and Theorem 13.17, p.196, in Hewitt-Stromberg [16]),
= ||Du;t |9 < css [1+ || Dut]|7]
for some c3g > 0, all n € N(see hypothesis H; (ii) and recall 0 < n < 1 < gq),
= ||Du;t||4 < c39 for some c39 > 0, all n € N(since 7 < q). (57)

We compare (54) and (57) and have a contradiction. Therefore {u} },en C
W, 7(Q)) is bounded. This proves the “Claim”.
The Claim and (40), imply that

{tn tnen C Wol’ﬂ(ﬂ) is bounded.
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So, we assume that
tp 5 win WP(Q), un, — win L7(S). (58)

In (39), we choose the test function h = u, —u € W, (), pass to the limit
as n — oo and use (58). Then

lim (V(uy), un —u) =0,
= u, — uin Wy’ (Q) (see Proposition 2.3).
Therefore ¥(+) satisfies the C-condition. O

Proposition 3.10. If hypotheses Hy and Hy hold, then ug is a local minimizer
of the functional ¥(-).

Proof. From the proof of Proposition 3.6, we know that ug is a global minimizer
of ¢(-). Therefore

Cr(1h,u0) = 0k oR (see [28],p.477),
= Ck(¥,up) = dx,0R (see Proposition 3.7).

Then Theorem 4.6, p.43, of Chang [5], implies that ug is a local minimizer of

¥(-)- O
In what follows,

[a) = {h € T/Vol’l9 su(z) < h(z) for a.a. z € Q}

Proposition 3.11. If hypotheses Hy and Hy hold, then K, C [u) N L>™(£).
Proof. Let u € Ky. We have

(V(u),h) = / m(z, u)hdz for all h € W (). (59)
Q
n (59), we choose the test function h = (@ —u)™ € Wol’ﬂ(Q). Then
(V(w), (@—u)") = / [B(2)a™" + f(z,3)] (@ —u)" dz (see (24))

/ B(z)a""(u — u)" dz (see hypothesis H; (iii))
(V(@), (@ —u)")) (see Proposition 3.3),

= 1 < u(see Proposition 2.3).
Moreover, from Proposition 2.6 we have u € L (). Therefore
Ky C ) N L>=(Q).
The proof is now complete. 0
Now we can produce a second position solution for problem (P) and have

the first multiplicity theorem.
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Theorem 3.12. If hypotheses Hy and Hy hold, then problem (P) has at least
two solutions
up, e € Wo' (), 0 < ug, 0 < .

Proof. From Proposition 3.4, we already have one solution
up € W () N L=(Q), 0 < ug.
On account of Proposition 3.11, we may assume that
K is finite. (60)
Otherwise, we already have an infinity of bounded solutions of (P) and so we
are done. Then from (60), Proposition 3.9,3.10 and Theorem 5.7.6, p.449 of
Papageorgiou-Radulescu-Repovs [28], we can find p € (0, 1) small such that
P(uo) <inf{ep(u) : [lu — uoll = p} = m. (61)
If u € C3(Q) with u(z) > 0 for all z € Q, then on account of hypothesis H (ii),
we have
Y(tu) — —oo as t — +o00. (62)
Then Proposition 3.9, (61), (62) and the mountain pass theorem, imply that
we can find @ € W’ (Q) such that

€ Ky C[u) N L>®(Q), (see Proposition 3.11), (63)
my < (@)
Therefore u € Wol’ﬁ(Q) N L>(0), 0 < @ is a second bounded solution of (P)
and @ # ug(see (61), (63)). O

4. Problem (Py)!

In this section, we focus on problem (Py)!. For this problem, we prove an
existence and multiplicity result which is global in the parameter A > 0(a
bifurcation-type result).
We impose the following conditions on the perturbation f(z,x).
(Hg) : f: QX R +— R is an L>*°(Q)-locally Lipschitz function such that
f(2,0) =0 for a.a. z € Q and
(i) |f(z,2)] <a(z)[l +2" Y for a.a. z € Q, all x > 0, with @ € L°>°(Q2) and
p<r< q ;
(i) if F(z,2) = [ f(z,5)ds, then limy_4 FS;‘T) = +o00 uniformly for a.a.
z € Q and there exist ¢ > 0 and 7 € [1, ¢) such that

—é(1+27) < f(z,2)x — pF(z,x) for a.a. z € Q, all x > 0;
(iii) there exist 6 > 0 and [ € L>°(£2)+ such that
0< f(z,z) fora.a. z € Q, all 0 <z <,
—és(14+ 2971 < f(z,z) for a.a. 2 € Q, all z > §, with é&5 > 0,d > 1,
1(z) < Ai(g) for aa. z € Q, 1 # \i(q) and

F
lim sup w < I(z) uniformly for a.a. z € €;
z—07F x4
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(iv) for every p > 0, there exists ép > 0 such that for a.a. z € Q, the function
z— f(z,2) + EpaP~! is nondecreasing on [0, p].

Remark 4.1. Again we may assume that f(z,z) =0 for a.a. z € Q, all z <0.
Note that hypotheses Ha(i), (ii) are the same as the corresponding hypotheses
H; (i), (ii). The conditions near zero differ (see hypotheses Hy(iii) and H; (iii)).
Also, we have added a mild local perturbed monotonicity condition (see hy-
pothesis Hy(iv)). We point out that we do not assume that f > 0 (as is the
case in Liu-Papageorgiou [21], where f(z,2) = ((2)aP~! for a.a. z € Q, all
x > 0 with ¢ € L>°(Q)4) or that f(z,-) changes sign (as is the case in Han-
Liu-Papageorgiou [14], see hypothesis Hj (iii)). So, hypotheses Ha, unify the
works of [14] and [21].

We introduce the following two sets:

L1 ={X>0:problem (Py)" has a solution},

S} = solution set of (Py)'.

Let @y € Wy (2)NL>®(£2),0 < @y be the unique solution of problem (9)
(see Proposition 3.3). We know that

iy — 0in Wy (Q) N L¥(Q) as A — 07,
Therefore, we can find A\g > 0 such that
||ﬂ)\Hoo <dforall 0 <A< ), (64)

with § > 0 as postulated by hypothesis Hs(iii). Then we introduce the
Carathéodory function gx(z,2)(0 < A < Ag) defined by

AB(R)un(z)TT+ f(z,aa(2)  if @ < ur(z),
pze) = {Aﬂ(z)x" + f(z,z) if ux(2) < @ o)

We set Ga(z,z) = foz gx(z,8)ds and consider the C'-functional ¢y :
Wol’ﬂ(Q) — R defined by

1 1
oa(u) = ];pa(Du) + 5||Du||g —/ Ga(z,u)dz for all u € Wol’ﬂ(Q).
Q

Proposition 4.2. If hypotheses Hy and Hy hold, then L1 # () and for every
A € Ly, we have

0+# S5 C Wol’lg(ﬂ) NL>®(Q), 0 < u for allu € S}.
Proof. Hypotheses Ha(i), (iii) imply that given e > 0, we can find ¢, > 0 such
that

F(z,2) < = [l(2) + €] 2? + cca” for a.a. z€ Q, all x > 0. (66)

1
q
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Let u € Wy (Q) with |Jul| < 1. Then we have (0 < A < Ao)

1 1
pa(u) 2 ;pa(Du) + gIIDUIlg

- / A3(2)uy " dz — / )\ﬁ(z)ﬁ}\_" dz —/ &(z)(ulﬂz _ ﬁi_")dz
{u<ay} {ax<u} fax<u} 1—7

- / F(zan)udz — / F(za2)ax dz — / (F(2,u) — F(2,)) d
{u<iiy} {ax<u}

{ax<u}

> Lpuu+ 2ipaly - [ P [ e ds - [ e

_ S| =

1 [ €
> —pa(Du) + — ||| Dul[f — / U(2)|u|?dz — < ||Du||‘1}
q e Aq(q) !

=

A
— cqoljull” —/ ﬁ(2)| 1="dz — / f(z,ux)uy dz for some cq09 > 0 (see (66)),

91*71
1 1 €
> —pa(Du) + — |ca1 — =—— | ||1Dul|d — caol|ul|”
> Pa( ) q-41 /\()}ll 13 — caollull
A
/lﬁ(z)| \1 Mdz /fzuk)u)\dzforsomeC41>0
Q

(see Hu-Papageorgiou [17], p.218).

Choosing € € (0,A1(g) - ¢41), we obtain

pa(w) > cazpo(Du) — caolull” — Aeas||ul 7 — / [z ux)undz
Q

for some c49 > O7 cq3 >0

(67)
> el = el = Ness 7 = [z dz
(since ||u|| < 1,see Proposition 2.2).
Let p = ||u|| <1 small so that
cazp? — ca3p” =m, > 0 (recall p < 7).
Since [q, f(z,1x)txdz — 07 as \g — 07, choose A € (0, Ag] small that
mp, — Aegspt ™" — /Q f(z,x)urdz > 1, >0for all 0 < A < A
Therefore, we have
oa(u) > 1, > 0= p5(0) for all |lul| = p, all 0 < A < A. (68)
From Proposition 3.9, we know that
©(+) satisfies the C-condition. (69)

Moreover, if u € Cy, u(z) > 0 for all z € Q, then on account of hypothesis
Ho(ii), we have

oa(tu) — —oo as t — +o0. (70)
Then (68), (69), (70) and the mountain pass theorem, imply that there exists
uy € W&’ﬂ(Q) such that

uy € K, C [uy) N L>(Q) (see Proposition 3.11),
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0 (0) =0 < 7, < pa(un)(0 < XA < N).
It follows that
uy € S (see (65)),

= (0, € L1 #0.
Moreover, from Proposition 2.6, we infer that
0 £ S CW?(Q) N L=(Q) for all X € Ly,

If u € S}, let p = |Jul|o and let €, > 0 be as postulated by hypothesis Hy(iv),
then
—A;u —Agu+ fpup_l > 01in Q.
Invoking Proposition 2.4 of Papageorgiou-Vetro-Vetro [31], we conclude that
0 < ufor all u € S}.

This completes the proof. O
Next, we show that £ is connected (an interval).

Proposition 4.3. If hypotheses Hy and Hsy hold, A € L1, and 0 < u < X, then
e L:l.

Proof. Let uy € S}. Then uy € L*(Q)(see Proposition 2.6). For p = ||u)| s,
let £, > 0 be as postulated by hypothesis Hy(iv). We consider the following
purely singular Dirichlet problem

—A%u(z) — Agu(z) + Eu(z)P = A3(2)u(z) ", in Q,
{U|fm=07 u>0, A>0. } (71)

We know (see Proposition 3.3 and also Proposition 3.1 of Bai-Papageorgiou-
Zeng [3]), that problem (71) has a unique solution @ € Wol’ﬁ(Q) NL>(),0 <
Uy, {Ux}rso is nondecreasing. Note that

— Aluy — Aguy + €l
= \B(2)uy " + f(z,up) + Eub " (since uy € S}) (72)
> A3(z)u, "in Q (see hypothesis Ha(iv)).

We introduce the Carathéodory function éy(z, z) defined by

A -n if 0 <
éx(z,x) = Blz)e s (%) (73)
AB(2)ux(z)™" ifuy(z) < .
Then we consider the purely singular Dirichlet problem
— Aju(z) — Aqu(z) + Eu(z)P7 = éx(z,u(z)) in Q, ulag =0, u > 0. (74)

As in the proof of Proposition 3.1 of [3], using regularizations and a fixed point
argument, we show that problem (74) has a solution @} € Wol’ﬂ(Q) N L> ().
Hence

(V(@3), h) +/ &, ()P T hdz = / éx(z,@x)hdz for all h € W)Y (Q).
Q Q
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NoDEA Superlinear singular double phase problems

We choose the test function h = (@} —uy)t € Wy’ (). Then

(V (@), (@ — un)* /sp $ )t
/w( YU (@ — un)* dz(see (73))

<(V(uy), (@y —uy)™ / Eub ™ (w — un) T dz (see (72)),
= 1y < uy (see Proposition 2.3).
From (73), (75), we infer that @} is a solution of (71). Then the uniqueness

of the solution of (71), implies that
Uy = Uy = Uy < Uy < uy(recall that {@y}r>0 is nondecreasing). (76)

(75)

Using (75), we can introduce the Carathéodory function IAcH (z, ) defined by
if & <u,(2),

A 1B(2) iy (2) ™ + f (2, T (2)) + Epii(2)P 71
ku(z,x) =< uB(z)z™"+ f(z,x) + fpscp_l if a,(z) <z <ux(z),
UBEA() " + (2 un(2)) + Epun(2)P 1 if un() <.
(77)
We set K fo 1(2,5)ds and consider the C''-functional Oy

Wi (Q) — R deﬁned by
1 3 .
0u(u) = =pa(Du) + =||[Dul| + %Hu”ﬁ - /QKM(z,u) dz for all u € Wy (Q).

From (77) and Proposition 2.2, it is clear that &,(-) is coercive. Also, it
is sequentially weakly lower semicontinuous (see Proposition 2.1). So, we can

find u,, € Wy'”(Q) such that
Gu(uy) = inf {&u(“) Tu € WOI’ﬁ(Q)} )

= (0, (uyu), h) = 0 for all h € Wl»ﬁ( Q),

/ Eplu, P 2u hdz = / E(z,u,)hdz for all h € W, 7(Q).

= (V(uu), h
(78)

In (78), we choose the test function h = (@, —u,)" € Wol’ﬁ(Q). Then

V). (@ = 0,7+ [ &bl 5= )"
= / [Nﬁ(Z)ﬁ;" + f(z,a,) + §pﬂﬁ_1} (@, —uy)Tdz (see (77))

/ pB(z)a, " (, — uy,)* dz (see hypothesis Ha(iv))
= (V(@), (1, - +/ épﬂﬁ_l(a# — )t dz
Q

(since @,,is the unique solution of problem (71))
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= 4, < u, (see Proposition 2.3). (79)
Next in (78), we choose the test function h = (u, —uy)* € Wy’ (Q). Then

V). (=) + [ Gl (= )"
- / (83" + £ (507) + €] (= wn)* dz (see (77))
Q
< /Q {A/B(z)u;" + f(z,un) + épuf\_l] (u, —ux)t dz (since p < \)
= (V(uy), (u, —uy)™) +/ épuifl(uﬂ —uy)T dz (since uy € S3),
Q
= u, < uy (see Proposition 2.3). (80)
From (79) and (80), we see that
ﬂ/p < Uy < uy,
= uy, €5, (see (77)) and so p € Ly.

The proof is now complete. O

Hidden in the above proof is the following weak monotonicity property
of the solution multifunction A — Sj.

Corollary 4.4. If hypotheses Hy and Hy hold, N € L1, uy € S} and 0 < p < A,
then p € L1 and there exists u, € S}L such that w, < uy.

From Proposition 4.3, we have that £; is an interval. Next we show that
this interval is bounded.
Let \* = sup L.

Proposition 4.5. If hypotheses Hy and Ha hold, then \* < oo.
Proof. Hypothesis Ho(ii) implies that we can find My > 0 such that
B(z)xP~t < f(z,2) for a.a. z € Q, all x > M. (81)

Choose A > 1 large so that

B(z)MP™ < AB(2)My " — és(1 + MZ™1) (see hypothesis Ha(iii)).  (82)
Then for a.a. z € Q and all 0 < z < My, we have

B(2)a? 1 < Az)ME"
< AB(2) My " = es(1+ Mg ™)

< A3(2)z™" — é5(1 + 24 (83)
< AB(2)z™" + f(z,x) (see hypothesis Hy(iii)).
From (81) and (83), it follows that
B(z)zP~t < XB(2)z™" + f(z,x) for a.a. z € Q, all > 0. (84)
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Let A > X and suppose that A € L£;. Then we can find uy € S}\ -
Wol’ﬁ(ﬂ) N L>(Q), 0 < uy(see Proposition 4.2). Consider o C £ open with
Qo C Q. Then since 0 < u), we have

0 < fip = essinfo,uy.

Let € > 0 and set 1§ = fig + €. Also for p = |Jur]|co, let ép > 0 be as
postulated by hypothesis Hy(iv). We have

0< /" = (Ag) ™"
(1§)" — g
g (85)

€ n
Al
In g, we have

— Ay — Agfi + Ep(g)" ™ = AB(2) (f15) "
< &ofif ™t = AB(2)f1g "4 (€) with 4 (€) — 0F as € — 07 (see (85))
< &+ 8] i = A=) + ()
< M(2)iig " + f (2 10) + Eon " = AB(2)ig " + Ax(e) (see (84))
< f(zyun) + Eul ™ — N = ANB(2)f1ig " + 4a€) (see hypothesis Ha(iv))
< fzyup) + Eub " — k for € € (0,1) small, with & > 0 (recall that X > \)

IN

IA

= —Afuy — Agux + épu§_1 — kin Qq (since uy € S)).

Note that if b = (5 — ux)* € W?(Qq), then 0 < h(z) < € for a.a. z € Q.
Acting on the inequality with & and using the nonlinear Green’s identity (see
[28, p.34]), we deduce that for ¢ € (0,1) even smaller if necessary, we have
i1y < wux. This contradicts the definition of fig. Therefore A ¢ £, and so
A< < oo, O

From Propositions 4.3 and 4.5, it follows that
(0,A") C L1 C (0, A"].
Next we show that for A € (0, \*), we have multiple solutions.

Proposition 4.6. If hypotheses Hy and Hy hold and 0 < A < \*, then problem
(Py)! has at least two solutions ug, 1 € Wol’ﬂ(Q) NL>®(§), 0 < ug, 0 <4.

Proof. Let 0 < p < A < 0 < X*. According to Corollary 4.4, we can find
Uy, € S}H uy € S} such that

Uy < Ug (86)
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Then for p = ||ug||co, let ép > 0 be as postulated by hypothesis Ha(iv). We
introduce the Carathéodory function 7y (2, x) defined by (see (86))

A2 (2)1 + F(20,(2)) + € (2P i < wa(2),
Mz, 2) =S AB(z)z™" + f(z,z) + épxp_l if uy(z) <o <ue(z),
AB(2)ue(2) ™" + f(2,u0(2)) + épuo(Z)ZFl if us(2) <.
(87)
We set Ny(z,2) = fox fix(z,s)ds and consider the C'-functional jy :
Wol’ﬁ(Q) — R defined by

. 1 1 ¢ .
Jalu) = 2;pa(Du) + aHDqu + %HUHZ - /QNA(z,u) dz for all u € W7 (Q).

Evidently, relation (82) and Proposition 2.2 imply that jx(-) is coer-
cive. Also, it is sequentially weakly lower semicontinuous (see Proposition 2.1).
Therefore, we can find ug € W, (Q) such that

o) = inf {ja(w) - w e W (@)
= (j4(up), k) = 0 for all h € W) (Q),

= (V(uop), h) +/ &, luo|P~2ugh dz = / fix(z,uo)h dz for all h € W ().
Q Q
(88)
In (88), first we choose the test function h = (u, — ug)* € Wy’ (Q) and
obtain u,, < up and then use the test function h = (ug — u,)* € Wy’ (Q) and
show that uy < u,. Finally we have
u, < ug < uy = ug € Sy (see (87), (88)).
Next, let nx(z, ) be the function defined by
m(z,x) = AB(2)un(2) ™" + f(z,uu(2)) + épuu(z)p_l if & <y (2),
’ AB(2)x™ "+ f(z,x) + Pt if u,(z) <.

We set Nx(z,2) = [ na(2,s)ds and consider the C'-functional jy :
Wi’ (Q) — R defined by

(89)

1 1 3
Jalu) = 5pa(Du) + gHDqu + %HUHZ — / Ni(z,u)dz for all u € Wol’ﬂ(Q).
Q

From Proposition 3.7, we know that
Cr(Jx,uo0) = C’k(]A‘)\,uo) = dk,0R for all k € Ny(since up is a global minimizer of j,\()),
= wuyg is a local minimizer of j\(-) (see [5],p.43). (90)
Also, from Proposition 3.9, we know that
Ja(+) satisfies the C-condition. (91)
From (89) it follows that
Kjy € ) 1 L=(9),
= Kj, is finite. (92)
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(otherwise we already have an infinity of bounded, positive solutions and so
we are done). Then (90), (91), (92) and Theorem 5.7.6, p.449, of Papageorgiou-
Rédulescu-Repovs [28], imply that we can find p € (0,1) small such that

Jaluo) < inf {jx(u) : |lu — uwol| = p} = ma. (93)
If u € CH(Q),u(z) > 0 for all 2z € 2, then on account of hypothesis Ha(ii), we
have
Ja(tu) — —oo as t — 4o0. (94)
Then (91), (93), (94) and the mountain pass theorem, imply that we can find
e Wol’ﬁ(Q) such that
U e KjA g [U/L) N LOO(Q)v jA(UO) < my S ]A(a)a
=0 € S} (see (89)), 4 # ug.
This completes the proof. O

It remains to decide about the admissibility of the critical parameter
A* > 0.

Proposition 4.7. If hypotheses Hy and Hs hold, then \* € L.

Proof. Let A\, — (A*)” and u,, € S}\n,n € N. From the proof of Proposition
4.6, we know that we can have

up < up and gx, (un) < gy, (u1) < gas(ug) < M for some M > 0, all n € N.
(95)
Also, we have

(V(up),h) = /Q[/\nﬂ(z)u;" + f(z,un)|hdz for all h € Wol’ﬁ(Q). (96)
Then using (95), (96) and reasoning as in the proof of Proposition 3.9(see the
“Claim” in that proof), we obtain

Uy — u* in WP (Q),up < u¥,
= u* € S} and so \* € L;.
The proof is now complete. 0

Therefore, we have
L1 = (0, \"].
We can state the following existence and multiplicity theorem for problem
(Py)!. The result is global in the parameter A > 0(a bifurcation-type result).

Theorem 4.8. If hypotheses Hy and Hy hold, then there exists \* > 0 such that
(a) for all X € (0,\*) problem (Py)! has at least two solutions
uo, e € WP (Q) N L®(), 0 < ug, 0 <
(b) for A= \* problem (Py)' has at least one solution
ut e Wyl (Q) N L=(Q), 0 < u*;
(c) for all X > X* problem (Py)! has no solution.
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Remark 4.9. Hypotheses Hs incorporate both cases where f > 0 and f
is sign changing. So Theorem 4.8 generalizes all previous results, even
for balanced growth problems. See the works of Papageorgiou-Radulescu-
Repovs [29](balanced growth problems) and of Liu-Papageorgiou [21], Han-
Liu-Papageorgiou [14](double phase problems, in [21] f(z,z) = ((z)2" "1, with
CeL>®(Q)y,p<r<q*andin [14], f(z,-) is negative near zero).

5. Problem (Py)?

In this section, we examine problem (Py)2. This problem can be viewed as a
singular perturbation of a nonlinear eigenvalue problem for the double phase
operator.

As we did for problem (Py)!, we introduce the following two sets:

= {/\ > 0 : problem (Py)? has a solution} ,

S% = the solution set of (Py)?%.

The hypotheses on the function f(z,z) are the following:
(H3) : f: Q2 xR +— R is an L*°(2)-locally Lipschitz function such that
f(2,0) =0 for a.a. z € Q and
(i) 0 < f(z,2) < a(2)[l + 2" 1] for aa. z € Q, all z > 0, with a €
L°°(Q)+,p <r < 7
(i) if F(z,2) = [ f(z,5)ds, then lim, . F(;;I) = +o00 uniformly for a.a.
z € Q and there exist ¢ > 0 and 7 € [1,¢) such that
—¢(1+27) < f(z,2)x — pF(z,x) for a.a. z € Q, all x > 0;
(iii) for every s > 0, there exists m4 > 0 such that

ms < f(z,z) for a.a. z € Q, all x > s;
(iv) for every p > 0, there exists ép > 0 such that for a.a. z € Q, the function
x— f(z,z)+ fpxpfl
is nondecreasing on [0, p].
Remark 5.1. The hypotheses are similar to those in Hy, with one major differ-
ence. Now we have f > 0. Note that f(z,-) remains (p— 1)-superlinear without

satisfying the AR-condition. As before, we may assume that f(z,2) = 0 for
a.a. z€Q alx<0.

We start by considering the following purely singular problem
_AQ _ — -0
Afu(z) — Aqu(z) = B(2)u(z)~", in Q, (97)
u|ag =0, u>0.

We already know from Proposition 3.3, that the above problem has a unique
solution

e Wy (Q)NL®Q), 0<
In addition, from Proposition 3.4, we have that

Bl)a(-)~" € L=(Q).
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Proposition 5.2. If hypotheses Hy and Hs hold, then Lo # () and for every
A € Ly, we have

0 +£ 53 CW? ()N L=(Q), 0<u for all u € S3.
Proof. Consider the following auxiliary Dirichlet problem
—Aju(z) — Aqu(z) = f(z)u" " + 1in Q, ulpg = 0. (98)
We rewrite (98) as the following equivalent abstract operator equation
V(u) = Ba" +1in Wy (Q)*.

The operator V() is maximal monotone, coercive, hence it is surjective. So,
we can find @ € Wol’ﬁ(Q) such that

V(@) = pua" +1in Wy’ (Q)*.

Moreover, the strict monotonicity of V(-)(see Proposition 2.3), implies that
this solution is unique. From Proposition 2.6, we have

@ e Wy (Q) N L®(Q).
So, problem (98) has a unique solution 4. We have
—Aju — Agu = B(z)u"
< B(z)a" +1
= —Aju — Ayt in €,
= @ < @ (by the weak comparison principle, see [33]). (99)
On account of hypothesis H3(i) and since @ € L*°(2), we see that
Floa()) € I2(@).
So, we can find Ay > 0 such that
0 < Af(z,u(z)) <1lforaa ze€Q, all 0 << Ag. (100)

Then we obtain

Z B(z)u”" + Af(z,1(2)) (see (100)) (101)
> B()a" T+ Af(z,a(2)) in Q (see (99)).
For 0 < A < \g, we introduce the Carathéodory function £, (z, x) defined
by
B(2)u(z) "+ M (z,u(z)) if x < a(z),
ta(z,2) = B(2)x™ + \f(z, z) if u,(z) <z < a(z), (102)
B(2)u(z)""+ Af(z,u(z)) if a(z) < x.
We set Th(z,z) = [, tx(2,5)ds and consider the C'-functional [y :
Wy () — R defined by

A 1 1 ~
Iz(u) = 2[;pa(Du) + g||Du||g - / Tx(z,u) dz for all u € W)" (Q).
Q
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From Proposition 2.2 and (101) it is clear that [(-) is coercive. Also it is

sequentially weakly lower semicontinuous. So, we can find u) € WO1 " (©) such
that

Ix(uy) = inf {ZA(u) fu € Wol’ﬁ(Q)} ,
= (I5(uy), h) = 0 for all h € W, (%),
= (V(uy),h) = / ix(z,ux)hdz for all h € Wy’ (Q). (103)
Q
In (103), we choose the test function h = (z — uy)t € Wol’ﬁ(Q). Then since
0 < f(z,u(z)) for a.a. z € Q, we obtain
(V(un), (@ —ux)™)
> / B(2)a" (@ — un)* d= (see (102))
Q
= (V(a), (@ —ux)"),
= 4 < uy (see Proposition 2.3).
Also, if in (103) we choose the test function h = (uy —a)* € Wol’ﬁ(ﬂ) and use
(101), we show that
u) S Uu.
We have proved that
u<uy < ﬂa
= uy € S3(see (102),(103)) and so (0, \g] C Lo # 0.
From Proposition (2.6), we have that
532 C Wy’ (Q) N L®(Q) for all A € Ls.
Moreover, if u € S3, then
—Ajux —Agux > 0in Q,= 0 < u (see [31]).
The proof is now complete. O

As we did for L1, we show that Ly is connected (an interval).

Proposition 5.3. If hypotheses Hy and Hs hold, A € Lo and 0 < p < A, then
e EQ.

Proof. Let uy € S%. Since f > 0 as in the proof of Proposition 4.3, we show
that

u < uy
with @ € W () N L>®(Q), 0 < @ being the unique solution of (97). Then we
can introduce the Carathéodory function &, (z, ) defined by

~ B+ pf(za(z) e <al:),
ku(z,2) =< B(2)x™" + uf(z,x) if u(z) < x <wux(z), (104)
B(2)ux(z)"" 4 uf(z,ur(z)) fux(z) <.
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We set K fo .(2,8)ds and consider the C'-functional €, :
wal(Q) - R deﬁned by

1 1 _
éu(u) = ]—?pa(Du) + 6”DUHZ - /QKH(Z,U) dz for all u € Wol’ﬁ(Q).

Applying the Weierstrass-Tonelli theorem, we find u,, € WO1 ’ﬁ(Q) such that
&, (u,) = inf {éu(u) Lue Wol’ﬁ(Q)} ,
= <éL(u#) h)y = 0 for all h € Wy’ (1),
= (V(up), h / k. (z,uu)hdz for all h € Wy Q).
Choosing the test functions h = (7 — u,)* € Wy’ Y(Q) and h = (up
ux)T € W’ (Q), we show that
u<uy, <un, = uy, € SZ (see (104)) and so p € Lo,
which completes the proof. O

Again embedded in the above proof, is the following weak monotonicity
property of the solution multifunction A — S3.

Corollary 5.4. If hypotheses Hy and Hs hold, X\ € Lo, uy € 53 and 0 < 1 < A,
then p € Lo and there exists u,, € Sﬁ such that u, < uy.

So far , we have proved that £y is an interval in R, = (0, 4+00). Next we
show that this interval is bounded.
Let A\* = sup Ls.

Proposition 5.5. If hypotheses Hy and Hs hold, then M < 0.

Proof. We reason as in the proof of Proposition 4.5. Hypothesis H3(ii) implies
that we can find M; > 1 such that

1Bllscx? ™t < f(2,2) for a.a. z € Q, all z > M. (105)
Also note that
B(z)xPt < B(z)r " for aa. 2 € Q, all 0 <z < 1. (106)

Let my > 0 be as postulated by hypothesis Hs(iii). Then for A > 1 large,
we will have

B(2)ar=t < B)MP™ < B(2)M" + Amy < B(z)z™" (107)
—I—S\ml foraa. zeQ, alll <x < Ml.
From (105), (106), (107), we infer that
B(2)xP~t < B(2)z™" + Af(z,x) for a.a. z € Q, all z > 0. (108)

Let A > X and suppose that A\ € L£o. We can find uy € S3 C Wol’ﬁ(Q) N
L>(Q), 0 < uy. Using uy, (108) and proceeding as in the proof of Proposition
4.5, we reach a contradiction. Hence A & Lo and so 0 < \* < A O
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It follows that
(0, A") C L5 C (0, A"]. (109)

Proposition 5.6. If hypotheses Hy and Hs hold and 0 < A < 5\*, then problem
(P\)? has at least two solutions

up, e € W' (Q) N L®(2), 0 < ug, 0 < .
Proof. Let 0 < i < A < I < X\*. We know that u,1 € Ly(see (109)) and so

using Corollary 5.4, we can find v, € Sﬁ,ul € Sf with u, < u;. So, we can
introduce the Carathéodory function 4, (z,z) defined by

Bl ()1 + M (2 wa(2)) i 2 < 1 (2),
Az, z) =< B(z)z™ "+ Af(z,2) if u,(z) <o <wlz), (110)
B2 u(z) "+ M (z,w(z))  ifw(z) <.
We set [z(z,2) = [ 4a(z,5)ds and consider the C'-functional by :
Wy (Q) — R defined by
ba(u) = % pa(Dus) + L[| Dufl8 — / Py (2, u) dz for all u € WE?(Q).
p q Q

We can find ug € W,'" (Q) such that
b (uo) = inf {BA(u) u€ Wol’ﬂ(Q)} : (111)
= ug € K, and so uy, < ug < (see (110)),
= ug € S5.
Also, we introduce the Carathéodory function 7, (z,x) defined by

Wz z) = {ﬁ(Z)uu(Z)" + A f(zu,(2) if @ < uy(z),

B(2)z=" + A\f(z,x) if u,(2) <w. (112)

We set T'x(z,2) = [ (2, 5)ds and consider the C'-functional by :
Wi () — R defined by

1 1
by(u) = Z;pa(Du) + 6||Du||g - /Q Tx(z,u) dz for all u € Wy'" ().

We have
Ci(bx,up) = C’k(ZA),\,uo) = 0 oR for all k € Ny (see (111) and Proposition 3.7),
= 1ug is a local minimizer of by(-) (see [5]). (113)
Using (112), we show that
Ky, C[uy) NL>(Q). (114)

On account of (114) and (112), we see that we may assume that Kj, is
finite (otherwise we already have an infinity of bounded solutions for (Py)?).
Note that

ba(+) satisfies the C-condition (see Proposition 3.9). (115)
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Therefore, we can find p € (0,1) small such that
ba(ug) = inf {bx(u) : [Ju — ugl| = p} = m(see (116)
(113) and Theorem 5.7.6, p.449, of [28]).
If u € C3(Q) with u(z) > 0 for all z € , then hypothesis H3(iii) implies that
by(tu) — —oo as t — +oo. (117)

Then (115), (116), (117) and the mountain pass theorem, imply that there exist
e Wol’ﬁ(Q) such that

u e KbA - [’UJM) N LOO(Q), my < b)\(ft),

=0 €53, U #ug, 0< 1.

The proof is now complete. 0

Finally, arguing as in the proof of Proposition 4.7, we show the admissi-
bility of A\*.

Proposition 5.7. If hypotheses Hy and Hs hold, then €Ly,

Therefore, we conclude that
Ly = (0,\*] (see (109)).

Summarizing, we can state the following existence and multiplicity theo-
rem for problem (Py)? which is global in A > 0(a bifurcation theorem).

Theorem 5.8. If hypotheses Hy and Hs hold, then there exists A* > 0 such that

(a) for all X € (0,X*), problem (P\)? has at least two solutions ug, i €
W () N L¥(Q), 0 < ug, 0 < i
(b) for A = \*, problem (Pyx)? has at least one solution

ut e W (Q) N LP(Q), 0 < u*;
(c) for all X > \*, problem (Py)? has no solution.

Remark 5.9. Theorem 5.8, extends the multiplicity result of Liu-Dai-
Papageorgiou-Winkert [20], where f(z,2) = 2" ! for all z € Q, all z > 0
with p < r < ¢* and their result is not global in A > 0(see [20], Theorem 1.1).
Their approach is based on the Nehari method. If we try to drop the hypoth-
esis f > 0, then we encounter serious difficulties which we were not able to
overcome. It is clear from the proof of Proposition 5.2 that for A > 0 small, we
have at least two bounded solutions. But whether we can have a multiplicity
theorem which is global in A > 0 for (Py)? without the hypothesis f > 0, is
an interesting open problem.
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