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Abstract
This work analyzes a multi-server retrial queueing system regulated by a batch Markovian 
arrival process and phase-type service times, incorporating a control mechanism for retrial 
customers. Retrial attempts from the orbit succeed only when the number of busy servers 
is at or below specific thresholds, which vary depending on the state of the arrival process. 
Customers waiting to retry may abandon the system independently due to impatience. When 
all servers become idle, they first remain on standby for a limited time, serving any arriv-
ing primary or retrial customers immediately; if no arrival occurs before this period ends, 
the servers take a synchronous working vacation, providing service at a reduced rate. Upon 
batch arrival, if insufficient servers are free, the batch is rejected or served partially, with the 
rest going into the orbit–a policy applied in both normal and working vacation modes. While 
in normal service mode, a disaster may occur at any time, causing all main servers to fail and 
forcing all customers in service to leave the system, causing no impact on the orbit. Repair 
begins immediately, during which no service is provided, and arriving batches may leave the 
system or join the orbit. The system state evolves as a multidimensional Markov chain in 
the asymptotically quasi-Toeplitz class, which facilitates obtaining the ergodicity conditions, 
enabling the derivation of steady-state probabilities and system performance measures. A 
case study involving the resolution of an optimization challenge is shown. Results highlight 
the influence of batch arrivals and system parameters on performance measures.
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1  Introduction

In real-world systems, request retrials are a common occurrence, where an incoming request 
sees that all servers are busy; it leaves the service area but will come back to make the 
request again after a random amount of time. Consequently, this creates a complex scenario 
where repeated service attempts from a pool of repeated customers, termed the orbit, are 
combined with the standard flow of new arrivals. The monographs (Artalejo et al. 2008; 
Yang and Templeton 1989; Falin 1990; Falin and Templeton 1997) provide descriptions 
of the techniques for analyzing retrial queues as well as examples of such systems. Even 
though retrial queues are more mathematically challenging to study than queues with losses 
and buffers, they are a popular research topic because of their broad applicability in analyz-
ing telecommunication networks and cloud computing. Furthermore, some customers might 
be patient and persistently retry to access the service, while others demonstrate impatience 
by abandoning the system after waiting for some time in orbit, a behavior often modeled as a 
competing risk between retrial and abandonment. This combination of multi-server queues 
with customer retrials and impatience, which accurately captures the behavior of real-world 
user request patterns, is precisely why this area has gained significant and sustained atten-
tion in queueing literature. Thus, this paper examines a multi-server retrial queueing model 
incorporating customer impatience.

Even the more sophisticated segments of the queueing theory literature on multi-server 
retrial queues generally assume that the arrival process is a stationary Poisson process with 
a fixed rate of arrivals. Although it is mathematically convenient, it often overlooks the non-
stationary, correlated, and bursty nature of arrivals in practice. Markov arrival processes 
(MAPs) and batch Markov arrival processes (BMAPs) (Neuts 1979; Lucantoni 1991) have 
been developed as more flexible arrival models to address these limitations. Furthermore, 
phase-type (PH) distributions are considered advantageous in service operations due to their 
ability to accurately model diverse service time behaviors while simplifying mathematical 
analysis (Latouche and Ramaswami 1999). For instance, Breuer et al. (2002) explored the 
BMAP/PH/N retrial queue using a discrete-time, multidimensional, asymptotically quasi-
Toeplitz Markov chain. Klimenok et al. (2007) investigated the BMAP/PH/N retrial queue 
with customer impatience. Kim et al. (2008) examined this system with a Markovian break-
down process, and later, in a Markovian random environment (Kim et al. 2009). The paper 
(Kim et al. 2010) analyzes tandem retrial queues with BMAP input, general service times, 
PH-type second phase, and customer loss, studying Markov chains, system states, and prob-
abilities with numerical examples.

Although earlier work has extended the theory of BMAP retrial queues, a lot of it still 
assumes the simplifying restriction that new arrivals and retrial customers have equal prob-
abilities of accessing idle servers. Such an assumption, though convenient analytically, may 
not correspond well with real-world service settings. A pragmatic approach is to differ-
entiate service access between initial and re-attempting customers, as initial arrivals fre-
quently constitute the most tangible metric of service in reality. Prioritizing primary arrivals 
decreases their blocking probability, thus increasing customer satisfaction, and retrial cus-
tomers, who are more persistent, ensure eventual service utilization and thus contributing 
system profitability. Preferential treatment for main customers can be achieved by allocating 
a small number of servers exclusively for their use when few servers are available. A con-
venient way to implement this differentiation is through the use of threshold-based policies, 
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in which a retrying customer is accepted only if the number of busy servers is less than a 
predetermined threshold.

This approach is validated by Dudin et al. (2024) in their analysis of the MAP/M/N retrial 
queue, where orbiting customers are accepted depending on the number of servers in use 
and on the state of the background arrival process. By incorporating state-dependent thresh-
olds, the paper demonstrates how retrial attempts can be controlled: customers are served 
only if server occupancy is beneath the threshold; otherwise, they re-enter the orbit. The 
emergent dynamics are then modeled with a 3-dimensional Markov chain, and the station-
ary distribution yields performance information about the effectiveness of such controls. 
Recent work by Dudin et al. (2025) uses the BMAP for arrivals and PH service times. As 
with those models, it studies multi-server retrial queues with orbiting customers admitted 
through threshold-type control, where the system is modeled by a multidimensional Markov 
chain and performance is analyzed through steady-state analysis.

In real-world scenarios, servers occasionally like to take a break, handle other business, 
modeled as vacations in queueing systems. On vacations, the servers operate at a slow rate 
to prevent job accumulation and maintaining service. Over the past several years, a substan-
tial body of literature has explored the retrial queueing model incorporating working vaca-
tions, as evidenced by studies (Ayyappan and Gowthami 2021; GnanaSekar and Kandaiyan 
2022; Gupta and Kumar 2021; Li et al. 2018; Ayyappan and Thilagavathy 2024). Multi-
server vacation queueing models with synchronous (group) or asynchronous (individual) 
vacations are less explored in retrial queues. Ke et al. (2024) studied a multi-server retrial 
model with synchronous working vacations, vacation interruption, impatience and constant 
retrial policy. Liu et al. (2024) investigated a multi-server two-way communication retrial 
queue with synchronous working vacation and a constant retrial policy. Subramanian et al. 
(2011) analyzed a multi-server retrial model with vacation policies, namely exhaustive ser-
vice type vacation and Bernoulli vacation.

Recent studies have delved deeply into retrial queueing systems disrupted by catastrophic 
events or disasters. These disaster situation cause significant risks to the system’s stability. 
When a disaster occurs, it triggers the immediate exit of one or more regular customers in 
service and causes a temporary server failure, rendering the service channel inoperative for 
a brief period. For an extensive discussion of disaster in retrial queues, see (Ammar and 
Rajadurai 2019; Li and Li 2020; Gao et al. 2021; Dimitriou 2013; Lisovskaya et al. 2022).

Extending the prior research on the multi-server retrial queueing model, this research 
proposes a novel model for cloud data center that integrates BMAP for arrivals, PH-distri-
bution for service times, threshold-controlled retrials, synchronous working vacation and 
disaster-induced server breakdowns. Unlike earlier studies, our model captures the real-
world complexity of such systems by incorporating bursty and correlated arrivals to model 
the bursty nature of user requests or data processing jobs arriving in batches, flexible service 
time distribution to represent the virtual machines (servers) with highly variable execution 
times for different tasks, prioritized access for primary customers through threshold-based 
policies to spin up a VM to handle backlogged requests (from the orbit) while conserv-
ing resources for primary arrivals, vacations of servers, and the impact of disasters (a host 
or rack failure) that disrupt service, causing all running tasks to be lost and requiring a 
recovery period. By parameterizing these characteristics within a single multidimensional 
Markov chain model and analyzing its steady-state behavior, this paper provides practical 
recommendations for system design and optimization, enhancing both efficiency and cus-
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tomer satisfaction. The theoretical framework is supported by numerical results to validate 
its effectiveness and applicability.

This paper is organized briefly as follows. Section 2 provides a brief mathematical 
description of the model we are addressing. Section 3 presents the modeling of the sys-
tem states as a multidimensional continuous-time Markov chain (CTMC). We derive the 
infinitesimal generator for this chain in Section 4. The ergodicity condition for this chain 
is provided in this section. The system’s performance measures are defined in Section 5. 
Numerical examples in Section 6 illustrate the effect of system parameters on performance 
metrics, and Section 7 concludes the paper.

2  Mathematical Model Description

Consider a multi-server retrial queueing model where customer arrivals to the system follow 
a BMAP. The arrival process is governed by a core stochastic process, ξt (for t ≥ 0), mod-
eled as an irreducible continuous-time Markov chain. This chain operates over a finite set 
of states labeled {1, 2, . . . , m} defined by the matrix representation {Dk, k = 1, 2, . . . , K} 
with an order of m, which capture the rates of transitions in the process ξt linked to the 
arrival of a group of k customers. Here, K indicates the largest possible batch size. Let D 
be the total sum of the batch arrivals, represented as D =

∑K
k=1 Dk, and let ζ denote the 

invariant vector corresponding to the irreducible generator D̃ = D0 + D. The vector ζ sat-
isfies the conditions:

	 ζD̃ = 0 and ζe = 1.

The batch arrival rate, λg, and the average arrival rate, λ, can then be expressed as:

	
λg = ζDe and λ = ζ

K∑
k=1

kDke.

This system consists of c homogeneous servers without a waiting buffer. It is assumed that the 
service times follow a PH distribution with the representation (α, T ) of order M, where the 
average service rate is calculated as µ = [α(−T )−1e]−1. Instead of taking a vacation right 
away, servers go through a waiting period whose duration is exponentially distributed with 
parameter ν each time all servers become available. If a batch arrives or a retrial occurs dur-
ing this waiting period, the servers provide service at the normal rate. However, if the waiting 
period ends without any arrivals, all servers simultaneously begin a synchronized working 
vacation, which lasts for an exponentially distributed time with parameter ω; during this 
vacation, they still serve customers but only at the reduced rate (α′, ϕT ), where 0 < ϕ < 1.

When a group of customers arrives and finds enough idle servers available, they start 
processing on those servers. If there are not enough idle servers to accommodate the entire 
incoming batch, that batch faces rejection and leaves the system permanently with a prob-
ability of bn (when the servers are in normal mode) and bv  (when the servers are in working 
vacation mode) or with the corresponding complementary probability, some of the batch 
will utilize all available idle servers, while the remaining customers will enter the orbit 
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where they make individual and independent repeated attempts to access the service. The 
capacity of the orbit is considered to be infinite. The times between retries are modeled by 
an exponential distribution with the parameter θ, where θ > 0. When there are i customers 
present in the orbit, the overall retrial rate equals θi.

In traditional retrial queues, a retrial is successful if there is at least one idle server avail-
able. In this context, we adopt a flexible retrial approach where a customer in the orbit can 
only receive service if, at the moment of retrial, the number of occupied servers does not 
surpass a certain integer threshold Rξ , 0 ≤ Rξ < c, ξ = 1, 2, . . . , m, which depends on the 
current state ξ of the underlying BMAP arrival process. If this condition is not met, the cus-
tomer remains in the orbit.

Customers in orbit might leave the system independently without getting service because 
of impatience, where their time spent in orbit following an exponential distribution charac-
terized by a rate γ > 0.

When the servers are busy in normal mode, a disaster can occur at any moment. The 
occurrence of disaster follows an exponential distribution with a rate of ψ. Upon the occur-
rence of a disaster, all the servers become non-functional and all customers in service are 
abruptly terminated from the system; however, the customers in the orbit remain unaffected. 
The repair process starts right away for all the servers to restore normal operation follow-
ing a disaster event which lasts for an exponentially distributed time with parameter η. The 
probability of an arriving batch abandon the system when the servers are in repair is br. The 
process flow is illustrated in Fig. 1.

In a multi-server retrial system with s occupied servers and a service time distribution 
that follows PH  and consists of M  transient states, the state space of the multidimensional 
Markov chain describing the service process on occupied servers depends on the chosen 
tracking method.

The first approach, called track-phase-for-server (TPFS) in He and Alfa (2018), records 
the current service phase of each busy server individually. The second method, known as 
count-server-for-phase (CSFP) in He and Alfa (2018), instead counts the number of servers 
active in each service phase.

The CSFP method leads to a much smaller state space, with a size of: ds =
(

s + M − 1
M − 1

)
. 

For example, when M = 2 and s = 15, this results in only s + 1 = 16 states, whereas the 
TPFS method generates a state space of size Ms, which would be 215 = 32, 768 states for 
the same parameters. Due to its smaller state space, the CSFP method offers greater compu-
tational efficiency and is therefore preferred for this model.

From this point forward, 0 represents a row vector filled with zeros, O signifies a zero 
matrix, I refers to an identity matrix, e stands for a unit column vector, all pertaining to their 
specific dimensions.

3  The Process of System States

Let

	 Θt = {qt, ξt, st, τt, Φ(1)
t , . . . , Φ(M)

t }, t ≥ 0

be an irreducible CTMC describing the system, where the state at time t comprises:
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	● qt = count of customers residing in the orbit, qt ≥ 0;
	● ξt = phase of the BMAP arrival phase, ξt = 1, m;
	● st = number of servers actively serving customers, st = 0, c;
	● τt = server status, where 

	
τt =

{
0, all servers are in vacation mode,
1, all servers are in normal service mode,
2, all servers are in repair period;

	● Φ(i)
t = number of occupied servers in service phase i, i = 1, M , Φ(i)

t = 0, st, ∑M
i=1 Φ(i)

t = st.

The state space of this Markov chain is

	

Θt = {(q, ξ, s, τ, Φ(1), . . . , Φ(M)) : q ≥ 0, ξ = 1, m, s = 0, c, τ = 0, Φ(i) = 0, s}
∪ {(q, ξ, s, τ, Φ(1), . . . , Φ(M)) : q ≥ 0, ξ = 1, m, s = 0, c, τ = 1, Φ(i) = 0, s}
∪ {(q, ξ, s, τ, Φ(1), . . . , Φ(M)) : q ≥ 0, ξ = 1, m, s = 0, τ = 2, Φ(i) = 0}.

We now present a few important matrices to characterize the auxiliary phase process Φ(i)
t , 

for i = 1, 2, . . . , M , which tracks the service phases across the c servers. Let s be the count 
of customers presently in service, with s = 0, 1, . . . , c. Following describes the changes: The 

Fig. 1  Schematic diagram illustrating the conceptual framework of the proposed model
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matrix Ps(α) records the process’s transition probabilities upon the arrival of a new cus-
tomer starting service. The initial distribution α determines how the system’s state changes 
as the fresh customer joins one of the service phases. The square matrix As(c, T )represents 
the rates of transition of the process when an actively serving customer transitions from one 
service phase to another without finishing their current task. This matrix shows how the 
sub-generator matrix T  controls the internal phase changes. The matrix Lc−s specifies the 
rates of transition for a service completion event, in which a customer completes service and 
leaves the system. This matrix explains why the number of busy servers has gone down and 
the service phases have changed to go along with it. To determine the overall exit rate from 
every state, we write the diagonal matrix ∆s as:

	 ∆s = −diag {As(c, T )e + Lc−se} , s = 1, c.

Here, ∆s guarantees that the infinitesimal generator rows sum to zero by holding the nega-
tive sum of all outgoing transition rates from every state.

A comprehensive explanation of the matrices Ps(α), As(c, T ) and Lc−s along with the 
algorithms for the computation of these matrices is given in Kim et al. (2013).

4  The Generator Matrix

The Markov process Θt, t ≥ 0 possesses an infinitesimal generator Q exhibiting an upper 
block-Hessenberg structure:

	

Q =




Q(0)
0 Q(1)

0 Q(2)
0 Q(3)

0 · · · Q(K)
0 O O O · · ·

Q(−1)
1 Q(0)

1 Q(2)
1 Q(3)

1 · · · Q(K)
1 Q(K+1)

1 O O · · ·
O Q(−1)

2 Q(0)
2 Q(3)

2 · · · Q(K)
2 Q(K+1)

2 Q(K+2)
2 O · · ·

O O Q(−1)
3 Q(0)

3 · · · Q(K)
3 Q(K+1)

3 Q(K+2)
3 Q(K+3)

3 · · ·
...

...
...

...
. . .

...
...

...
...

. . .




.� (1)

Each block has dimension m(3 + 2d) × m(3 + 2d), where m is the number of BMAP 

phases, and d =
∑c

s=1

(
s + M − 1

M − 1
)

 is the total number of possible service phase distri-

butions across all busy server counts. This captures 3m states when all servers are idle (with 
status vacation, normal) and under repair and the 2md states when servers are busy (with 
status vacation or normal, each with phase distribution).

The blocks are defined as follows: 

1.	 Diagonal Blocks Q(0)
q  represent transitions within the same orbit level q, meaning no 

change in the number of customers in the orbit. These blocks are defined as follows: 

	 Q(0)
q =

(
Q(0)

q

)ξ′

ξ
, q ≥ 0, ξ, ξ′ = 1, . . . , m,

	  where the sub-blocks are given by: 

1 3
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(
Q(0)

q

)ξ′

ξ
=

{
(D0)ξ

ξI3+2d + Uξ − qγI3+2d + θqΓξ, ξ = 1, . . . , m,

Ũξ,ξ′ + (D0)ξ′

ξ I3+2d, ξ, ξ′ = 1, . . . , m, ξ ̸= ξ′.

	  The matrix Γξ  is a diagonal matrix of size (3 + 2d) × (3 + 2d), defined as: 

	 Γξ = diag{0, . . . , 0, 1, . . . , 1},

	  where zeros correspond to states with st ≤ Rξ , and ones correspond to states with 
st > Rξ . The matrix Uξ  is a block upper-Hessenberg matrix of size (3 + 2d) × (3 + 2d), 

structured as Uξ =
(

Uξ
s,s′

)
s,s′=0,...,c

, with non-zero blocks defined as follows: 

	

Uξ
0,0 =




−(ω + θq) + V ξ
0,0 ω 0

ν −(ν + θq) + V ξ
0,0 0

0 η br

(∑K
k=1(Dk)ξ

ξ

)
− η


 ,

U ξ
s,s =

[
ϕ(As(c, T ) + ∆s) − ωIds + V ξ

s,s ωIds

0 (As(c, T ) + ∆s) − ψIds + V ξ
s,s

]
− θqI2ds , s = 1, . . . , c,

	  where 

	

V ξ
s,s =




Ods , 0 ≤ s ≤ c − K, τ = 0, 1,

bv

∑K
k=c−s+1(Dk)ξ

ξIds , c − K ≤ s ≤ c, τ = 0,

bn

∑K
k=c−s+1(Dk)ξ

ξIds , c − K ≤ s ≤ c, τ = 1.

	  Further, the off-diagonal blocks of Uξ  are: 

	

Uξ
0,k =




(Dk)ξ
ξ

∏k−1
u=0 Pu(α′) 0
0 (Dk)ξ

ξ

∏k−1
u=0 Pu(α)

0 0


 , k ≤ c,

Uξ
s,s+k =

[
(Dk)ξ

ξ

∏s+k−1
u=s Pu(α′) 0

0 (Dk)ξ
ξ

∏s+k−1
u=s Pu(α)

]
, s + k ≤ c, k ≤ K, s = 1, . . . , c − 1,

Uξ
s,s−1 =

[
ϕLc−s 0

0 Lc−s

]
, s = 2, . . . , c,

Uξ
1,0 =

[
ϕLc−1 0 0

0 Lc−1 ψed1

]
,

Uξ
s,0 =

[0 0 0
0 0 ψeds

]
, s = 2, . . . , c.

	  The matrix Ũξ,ξ′  is a block matrix of size (3 + 2d) × (3 + 2d), structured as 

Ũξ,ξ′ =
(

Ũξ,ξ′

s,s′

)
s,s′=0,...,c

, with non-zero blocks defined as follows: 

	

Ũξ,ξ′

0,0 =

[0 0 0
0 0 0
0 0 br

∑K
k=1(Dk)ξ′

ξ

]
,

Ũs,s =
[
Ṽ ξ,ξ′

s,s 0
0 Ṽ ξ,ξ′

s,s

]
, s = 1, . . . , c,
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	  where 

	

Ṽ ξ,ξ′

s,s =





Ods , 1 ≤ s ≤ c − K, τ = 0, 1,

bv

∑K
k=c−s+1(Dk)ξ′

ξ Ids , c − K ≤ s ≤ c, τ = 0,

bn

∑K
k=c−s+1(Dk)ξ′

ξ Ids , c − K ≤ s ≤ c, τ = 1.

	  The off-diagonal blocks of Ũξ,ξ′  are: 

	

Ũξ,ξ′

0,k =




(Dk)ξ′

ξ

∏k−1
u=0 Pu(α′) 0
0 (Dk)ξ′

ξ

∏k−1
u=0 Pu(α)

0 0


 , k ≤ c,

Ũξ,ξ′

s,s+k =

[
(Dk)ξ′

ξ

∏s+k−1
u=s Pu(α′) 0

0 (Dk)ξ′

ξ

∏s+k−1
u=s Pu(α)

]
, s + k ≤ c, k ≤ K, s = 1, . . . , c − 1.

2.	 Sub-Diagonal Blocks Q(−1)
q , q ≥ 1 represent transitions that reduce the orbit size 

by one, typically due to customer impatience or successful retrials. These blocks are 
defined as follows: 

	
Q(−1)

q = diag
((

Q(−1)
q

)ξ

ξ
, q ≥ 1, ξ = 1, . . . , m

)
,

	  where the diagonal elements are given by: 

	
(
Q(−1)

q

)ξ

ξ
= qγI3+2d + θqŪξ.

	  The matrix Ūξ  is a block matrix of size (3 + 2d) × (3 + 2d), structured as 

Ūξ =
(

Ūξ
s,s′

)
s,s′=0,...,c

, with non-zero blocks defined as follows:

	● For the transition from state s = 0 to s = 1: 

	
Ūξ

0,1 =

[
P0(α′) 0

0 P0(α)
0 0

]
.

	● For transitions from state s to s + 1, where s = 1, . . . , Rξ: 

	
Ūξ

s,s+1 =
[
Ps(α′) 0

0 Ps(α)
]

.

3.	 Super-Diagonal Blocks Q(q+k)
q , k = 1, . . . , K: These describe transitions increasing 

the orbit size by k due to batch arrivals where some customers join the orbit. These 
blocks are defined as follows: 

	 Q(q+k)
q =

(
Q(q+k)

q

)ξ′

ξ
, q ≥ 0, ξ, ξ′ = 1, . . . , m, k = 1, . . . , K,

	  where the blocks 
(
Q(q+k)

q

)ξ′

ξ
 have the following structure: 
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(
Q(q+k)

q

)ξ′

ξ
=




(W0,0)ξ′

ξ O · · · O (W0,k)ξ′

ξ

O O · · · O (W1,k)ξ′

ξ
...

...
. . .

...
...

O O · · · O (Wc,k)ξ′

ξ




,

	  with the sub-matrices defined as: 

	

(W0,0)ξ′

ξ =

[0 0 0
0 0 0
0 0 (1 − br)(Dk)ξ′

ξ

]
, ξ, ξ′ = 1, . . . , m,

(W0,k)ξ′

ξ =




(W̄s,k)ξ′

ξ 0
0 (W̄s,k)ξ′

ξ
0 0


 ,

(Ws,k)ξ′

ξ =

[
(W̄s,k)ξ′

ξ 0
0 (W̄s,k)ξ′

ξ

]
, s = 1, . . . , c,

	  where the matrix (W̄s,k)ξ′

ξ  is given by: 

	

(W̄s,k)ξ′

ξ =




Ods , 0 ≤ s < c − K + k, τ = 0, 1,

(1 − bv)(Dc−s+k)ξ′

ξ

∏c−1
w=s Ps(α′), c − K + k ≤ s < c, τ = 0,

(1 − bn)(Dc−s+k)ξ′

ξ

∏c−1
w=s Ps(α), c − K + k ≤ s < c, τ = 1,

(1 − bv)(Dk)ξ′

ξ Idc
, s = c, τ = 0,

(1 − bn)(Dk)ξ′

ξ Idc , s = c, τ = 1.

As observed in Neuts (2021), the Markov chain Θt is clearly not of the M/G/1 kind as the 
generator matrix blocks Q(0)

q  and Q(−1)
q  expressly rely on the level (q). This variation gives 

us significant challenges when trying to analyze characteristics of the chain. But one can 
prove the existence of limit matrices Yf , for f ≥ 0,

	
Y0 = lim

q→∞
R̃−1

q Q(−1)
q , Y1 = lim

q→∞
R̃−1

q Q(0)
q + I, Yf = lim

q→∞
R̃−1

q Q(q+f−1)
q , f ≥ 2

where R̃q = −I ◦ Q(0)
q  where ◦ represents the entry-wise Hadamard product. The infinite 

sum 
∑∞

f=0 Yf  forms a stochastic matrix, signifying that Θt belongs to the class of Asymp-
totically Quasi-Toeplitz Markov Chain (AQTMC), defined in Klimenok and Dudin (2006). 
While utilizing the framework from Klimenok and Dudin (2006) typically demands comput-
ing the precise expressions for the Yf  matrices (f ≥ 0), this step can be circumvented in our 
case, as a result of the assumption regarding customer impatience in the orbit (γ > 0). By 
drawing on the outcome from Dudin et al. (2024), we arrive at the subsequent conclusion.

Thus, for any combination of system parameters, the Markov chain Θt is ergodic because 
of the impatience of customers remaining in the orbit (γ > 0). The long-term distribution of 
the chain is described by the ergodic character of {Θt, t ≥ 0}, which ensures that its steady-
state probabilities exist and are unique.
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The stationary probabilities are defined as:

	z(q, ξ, s, τ, Φ(1), . . . ,Φ(M)) = lim
t→∞

P{qt = q, ξt = ξ, st = s, τt = τ, Φ(1)
t = Φ(1), . . . , Φ(M)

t = Φ(M)},

 where: q ≥ 0, ξ = 1, . . . , m, s = 0, . . . , c, τ = 0, 1, 2 when s = 0, and τ = 0, 1 when 
s > 0, with 

∑M
i=1 Φ(i) = 0, s.

To compute the stationary probabilities, we enumerate the states of Θt in a lexicographic 
order:

Primary ordering: By qt (orbit size, level q).

Secondary ordering: By ξt, st, τt, and the service phase counts {Φ(1)
t , . . . , Φ(M)

t }. For the ser-
vice phase counts, we use reverse lexicographic order to describe the states {Φ(1), . . . , Φ(M)}.

Let zq  denote the row vector of stationary probabilities for all states at level q. This vec-
tor is partitioned as:

	 zq = (z(q, 1), z(q, 2), . . . , z(q, m)),

within each z(q, ξ), we further partition by the number of busy servers s and server status τ :

	 z(q, ξ) = (z(q, ξ, 0), z(q, ξ, 1), . . . , z(q, ξ, c)),

where for 
s = 0, z(q, ξ, 0) = (z(q, ξ, 0, 0), z(q, ξ, 0, 1), z(q, ξ, 0, 2)), corresponding to τ = 0, 1, 2, with 
dimension 3 (since d0 = 1). For s = 1, . . . , c, z(q, ξ, s) = (z(q, ξ, s, 0), z(q, ξ, s, 1)), corre-

sponding to τ = 0, 1, with each z(q, ξ, s, τ) being a vector of dimension ds =
(

s + M − 1
M − 1

)
, 

covering the service phase counts {Φ(1), . . . , Φ(M)}.

Thus, the dimension of z(q, ξ) is: 3 + 2
∑c

s=1 ds = 3 + 2d, and the total dimension of 
zq  is: m · (3 + 2d).

The stationary probability vectors zq, q ≥ 0, satisfy the system of linear algebraic 
equations:

	 (z0, z1, z2, . . .)Q = 0, (z0, z1, z2, . . .)e = 1.

To compute the stationary probabilities zq , we employ the numerically stable algorithm 
described in Dudin et al. (2020). This algorithm avoids the need for explicit analytical deri-
vations of the matrices Yf , f ≥ 0, and achieves a higher convergence rate by computing the 
transition probabilities of the finite components of the chain Θt during the first passage time 
from level q + 1 to level q.

5  Performance Measures

We now define key performance measures in terms of these steady-state probabilities. 
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1.	 The mean number of customers in the orbit, Eorbit, represents the expected quantity of 
customers present in the orbit at any given time in the steady state. 

	
Eorbit =

∞∑
q=1

qzqem(3+2d).

	  This can be decomposed by server status τ ∈ {0, 1, 2} as: 

	 Eorbit = E(0)
orbit + E(1)

orbit + E(2)
orbit,

	  where: 

	
E(0)

orbit =
∞∑

q=1

q

m∑
ξ=1

c∑
s=0

z(q, ξ, s, 0)eds
,

	
E(1)

orbit =
∞∑

q=1

q

m∑
ξ=1

c∑
s=0

z(q, ξ, s, 1)eds
,

	
E(2)

orbit =
∞∑

q=1

q

m∑
ξ=1

z(q, ξ, 0, 2).

2.	 The mean number of busy servers, cbusy, represents the expected number of servers 
occupied by customers at any given time in the steady state. It is given by: 

	
cbusy =

∞∑
q=0

m∑
ξ=1

c∑
s=1

s

1∑
τ=0

z(q, ξ, s, τ)eds ,

	  and can be decomposed by server status τ ∈ {0, 1} as: 

	 cbusy = c(0)
busy + c(1)

busy,

	  where: 

	
c(0)
busy =

∞∑
q=0

m∑
ξ=1

c∑
s=1

sz(q, ξ, s, 0)eds
,

	
c(1)
busy =

∞∑
q=0

m∑
ξ=1

c∑
s=1

sz(q, ξ, s, 1)eds
.
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3.	 The mean number of customers in the system, Esystem, represents the expected total 
number of customers in the orbit and in service at any given time in the steady state. It 
is given by: 

	
Esystem =

∞∑
q=0

m∑
ξ=1

(
c∑

s=0

(q + s)
1∑

τ=0

z(q, ξ, s, τ)eds + qz(q, ξ, 0, 2)

)
,

	  which is equivalent to: 

	 Esystem = Eorbit + cbusy,

	  and can be decomposed by server status τ ∈ {0, 1, 2} as: 

	 Esystem = E(0)
system + E(1)

system + E(2)
system,

	  where: 

	
E(0)

system =
∞∑

q=0

m∑
ξ=1

c∑
s=0

(q + s)z(q, ξ, s, 0)eds
,

	
E(1)

system =
∞∑

q=0

m∑
ξ=1

c∑
s=0

(q + s)z(q, ξ, s, 1)eds
,

	
E(2)

system =
∞∑

q=1

q

m∑
ξ=1

z(q, ξ, 0, 2).

4.	 The probability that all servers are idle, Pc-idle, represents the probability that no servers 
are occupied by customers (s = 0) and the servers are in either vacation mode (τ = 0) 
or normal mode (τ = 1) at an arbitrary moment in the steady state. It is given by: 

	
Pc-idle =

∞∑
q=0

m∑
ξ=1

1∑
τ=0

z(q, ξ, 0, τ),

	  and can be decomposed by server status τ ∈ {0, 1} as: 

	 Pc-idle = P(0)
c-idle + P(1)

c-idle,

	  where: 

	
P(0)

c-idle =
∞∑

q=0

m∑
ξ=1

z(q, ξ, 0, 0),
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P(1)

c-idle =
∞∑

q=0

m∑
ξ=1

z(q, ξ, 0, 1).

5.	 The probability that the orbit is empty, Pq-empty, represents the probability that there 
are no customers in the orbit at an arbitrary moment in the steady state. It is given by: 

	
Pq-empty = z0em(3+2d) =

m∑
ξ=1

c∑
s=0

∑
τ∈Ts

z(0, ξ, s, τ)eds
,

	  where Ts = {0, 1, 2} for s = 0, and Ts = {0, 1} for s ≥ 1. This can be decomposed by 
server status τ ∈ {0, 1, 2} as: 

	 Pq-empty = P(0)
q-empty + P(1)

q-empty + P(2)
q-empty,

	  where: 

	
P(0)

q-empty =
m∑

ξ=1

c∑
s=0

z(0, ξ, s, 0)eds
,

	
P(1)

q-empty =
m∑

ξ=1

c∑
s=0

z(0, ξ, s, 1)eds
,

	
P(2)

q-empty =
m∑

ξ=1

z(0, ξ, 0, 2).

6.	 The probability that the system is empty, Pempty, represents the probability that there 
are no customers in the orbit or in service at an arbitrary moment in the steady state. It 
is given by: 

	
Pempty =

m∑
ξ=1

2∑
τ=0

z(0, ξ, 0, τ),

	  and can be decomposed by server status τ ∈ {0, 1, 2} as: 

	 Pempty = P(0)
empty + P(1)

empty + P(2)
empty,

	  where: 

	
P(0)

empty =
m∑

ξ=1

z(0, ξ, 0, 0),
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P(1)

empty =
m∑

ξ=1

z(0, ξ, 0, 1),

	
P(2)

empty =
m∑

ξ=1

z(0, ξ, 0, 2).

7.	 The probability that the system is in vacation mode (τ = 0) is given by the sum of 
steady-state probabilities over all states where servers are in synchronous working 
vacation: 

	
Pser-vac =

∞∑
q=0

m∑
ξ=1

c∑
s=0

z(q, ξ, s, 0)eds
.

8.	 The probability that the system is in repair mode (τ = 2) is the sum of steady-state 
probabilities over all states where all servers are under repair: 

	
Pser-repair =

∞∑
q=0

m∑
ξ=1

z(q, ξ, 0, 2)e.

9.	 The probability that the system is in normal mode (τ = 1) is the sum of steady-state 
probabilities over all states where servers are operating at the normal service rate: 

	
Pser-normal =

∞∑
q=0

m∑
ξ=1

c∑
s=0

z(q, ξ, s, 1)eds
.

10.	 The output flow intensity λout, representing the rate at which customers complete ser-
vice and leave the system, is given by: 

	
λout =

∞∑
q=0

m∑
ξ=1

c∑
s=1

(
z(q, ξ, s, 0)ϕLc−seds−1 + z(q, ξ, s, 1)Lc−seds−1

)
.

11.	 The probability that an arbitrary customer abandons the orbit due to impatience, denoted 
by Pimp

lost , is computed as follows: 

	
Pimp

lost = γ · Eorbit

λ
.

	  The mean orbit size Eorbit is given by: 

	
Eorbit =

∞∑
q=1

q · zqe.
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	  Substituting the expression for Eorbit, we obtain the final formula: 

	
Pimp

lost = γ

λ

∞∑
q=1

q · zqe.

	  The probability P(ξ),imp
lost , representing the likelihood that a customer is lost from the orbit 

due to impatience when the BMAP ′s underlying process is in state ξ ∈ {1, 2, . . . , m}, 
is defined as follows: 

	
P(ξ),imp

lost = γ

λ

(
∞∑

q=1

c∑
s=0

1∑
τ=0

qz(q, ξ, s, τ)eds +
∞∑

q=1

qz(q, ξ, 0, 2)

)
.

12.	 The probability Pinsuff
lost , which denotes the likelihood that an arbitrary customer is lost 

upon arrival due to insufficient idle servers is derived as follows: 

	
Pinsuff

lost = 1
λ

{
∞∑

q=0

m∑
ξ=1

m∑
ξ′=1

c∑
s=0

K∑
k=c−s+1

k
(

bv(Dk)ξ′

ξ z(q, ξ, s, 0)eds + bn(Dk)ξ′

ξ z(q, ξ, s, 1)eds

)}
.

	  The likelihood P(ξ),insuff
lost , that a customer is lost upon arrival due to an insufficient 

number of idle servers, given that the BMAP ′s underlying process ξt is in state 
ξ ∈ {1, 2, . . . , m}, is calculated as: 

	
P(ξ),insuff

lost = 1
λ

{
∞∑

q=0

m∑
ξ′=1

c∑
s=0

K∑
k=c−s+1

k
(

bv(Dk)ξ′

ξ z(q, ξ, s, 0)eds + bn(Dk)ξ′

ξ z(q, ξ, s, 1)eds

)}
.

13.	 The probability Pbalk accounts for losses when a batch of any size k ≥ 1 arrives during 
repair mode (τ = 2, s = 0), and the entire batch is lost with probability br. 

	
Pbalk = 1

λ

∞∑
q=0

m∑
ξ=1

m∑
ξ′=1

K∑
k=1

kbr(Dk)ξ′

ξ z(q, ξ, 0, 2).

	  The probability P(ξ)
balk accounts for losses when a batch of any size k ≥ 1 arrives during 

repair mode (τ = 2, s = 0), and the entire batch is lost with probability br, given that 
the BMAP’s underlying process ξt is in state ξ ∈ {1, 2, . . . , m}, is given as: 

	
P(ξ)

balk = 1
λ

∞∑
q=0

m∑
ξ′=1

K∑
k=1

kbr(Dk)ξ′

ξ z(q, ξ, 0, 2).

14.	 Total Arrival Loss Probability 

	 Parrival
lost = Pinsuff

lost + Pbalk.

15.	 The probability Plost for a random customer is lost is determined by the formula 
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Plost = 1 − λout

λ
,

	 Plost = Parrival
lost + Pimp

lost .

16.	 The probability Pdirect-service, which indicates the probability that a customer, imme-
diately begins service without entering the orbit is given by: 

	

Pdirect-service = 1
λ

{ ∞∑
q=0

m∑
ξ=1

m∑
ξ′=1

c−1∑
s=0

( min(K,c−s)∑
k=1

k · (Dk)ξ′

ξ z(q, ξ, s, 0)e

+
min(K,c−s)∑

k=1

k · (Dk)ξ′

ξ z(q, ξ, s, 1)e

+
K∑

k=c−s+1

(1 − bv)(c − s) · (Dk)ξ′

ξ z(q, ξ, s, 0)e

+
K∑

k=c−s+1

(1 − bn)(c − s) · (Dk)ξ′

ξ z(q, ξ, s, 1)e
)}

.

6  Numerical Results

This section examines the qualitative properties of performance metrics through several 
numerical analyzes.

Customers arrive in batches via a two-phase BMAP with a maximum batch size K = 4. 
The arrival dynamics are governed by the matrices

	

D0 =
(−2.98717 0

0 −6.12005
)

,

D1 =
(1.27501 0

0 2.91431
)

, D2 =
(0.72858 0

0 1.63930
)

,

D3 =
( 0 0.54643

0.91072 0
)

, D4 =
( 0 0.43715

0.65572 0
)

.

The selected structure is designed so that the arrivals of small batches (k = 1, 2) occur 
without changing the underlying Markov phase, whereas larger batches (k = 3, 4) are nec-
essarily accompanied by phase transitions. This modeling assumption captures practical sit-
uations in which sudden surges in customer demand represented by large group arrivals are 
accompanied by abrupt changes in the traffic regime, a phenomenon commonly observed in 
bursty service and communication systems.

The stationary distribution of the underlying Markov chain is ζ = (0.6143, 0.3857), 
indicating unequal sojourn times across the two phases. The conditional mean arrival rates 
are λ(1) = 6.1201 and λ(2) = 11.5480 customers per unit time, indicating a clear distinc-
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tion between a moderate and a high-arrival regime. The overall mean customer arrival rate 
is λ = 8.2137, while the mean batch arrival rate is λg = 4.1956.

Furthermore, the squared coefficient of variation of the inter-arrival times is c2
var = 1.2544 

and the correlation coefficient between successive inter-arrival times is ccor = 0.0421, con-
firming the presence of burstiness and positive correlation in the arrival stream. These char-
acteristics make the selected BMAP particularly suitable for evaluating the performance of 
state-dependent retrial admission and threshold-based control policies.

Each customer’s service time follows a phase-type distribution, defined by an initial 
probability vector α = α′ = (0.5, 0.5) and the matrix:

	
T =

(−2 0
0 −2/3

)
,

such that Te + T 0 = 0. The average time to serve a customer is 1 time unit, with a squared 
coefficient of variation of 4, suggesting considerable variation in service times. The system 
operates with 14 servers.

The remaining parameters are fixed as follows: The rate at which customers in the orbit 
attempt to re-access the system is given by θq = qθ, where q ≥ 1, having θ = 0.2. Additionally, 
ν = 0.8, ω = 0.3, ϕ = 0.7, bn = 0.4, bv = 0.4, γ = 0.009, ψ = 0.1, η = 1, and br = 0.3.

6.1  Illustration 1

The objective of this illustration is to quantify the impact of phase-dependent retrial thresh-
olds on system congestion, customer losses, and profitability, as influenced by the control 
strategy parameters Rξ , where ξ ranges from 1 to m, and to identify optimal threshold com-
binations under competing performance criteria.

We employ three-dimensional surface plots to visualize how key performance metrics 
change as we systematically adjust both thresholds R1 and R2 across their entire possible 
range (from 0 to c − 1). 

1.	 Dependence of Eorbit on R1 and R2 Figure  2 shows the mean number of cus-
tomers in the orbit, Eorbit, as a function of the phase-dependent retrial thresholds 
(R1, R2). Eorbit decreases monotonically with increasing thresholds, from 73.41 under 
the most restrictive policy (R1, R2) = (0, 0) to 5.18 under the fully permissive policy 
(R1, R2) = (13, 13). A pronounced asymmetry in the influence of the two thresholds is 
observed. Increasing R1 from 0 to 13 while keeping R2 = 0 reduces Eorbit by approxi-
mately 89.4%, whereas increasing R2 from 0 to 13 with fixed R1 = 0 yields only an 
83.6% reduction. This difference arises from the structure of the underlying BMAP. The 
system spends most of its time in the moderate-arrival phase (phase 1, stationary prob-
ability 0.614), whereas transitions to the high-arrival phase occur mainly due to large 
batch arrivals. As a result, allowing more retrial access during the dominant moderate-
load phase is particularly effective in reducing orbit congestion.

2.	 Dependence of Pimp
lost  on R1 and R2 Figure 3 illustrates the impatience loss probability 

as a function of the phase-dependent retrial thresholds (R1, R2). Since the impatience 
loss is proportional to the mean orbit size, it decreases monotonically as either thresh-
old increases. The highest loss probability, equal to 0.0805, is observed under the most 
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restrictive retrial policy (R1, R2) = (0, 0), where customers experience long waiting 
times in the orbit. As the thresholds are relaxed, retrial customers gain more frequent 
access to service, leading to a steady reduction in orbit congestion and, consequently, 
in impatience-induced losses. Under the fully permissive policy (R1, R2) = (13, 13), 
the impatience loss probability drops to 0.0057, indicating that only a small fraction of 
customers abandon the system due to excessive waiting in the orbit.

3.	 Trade-off Between Retrial Access and Primary Customer Loss Figure 4 presents 
the probability Pinsuff

lost  that an arriving primary customer is lost due to insufficient 
idle servers, while Figs. 5 and 6 break it down by phase. In contrast to the decreasing 
trends observed for orbit size and impatience losses, Pinsuff

lost  increases monotonically 
with higher thresholds, rising from 0.0351 under the restrictive policy (0, 0) to 0.0486 

Fig. 2  Mean number of customers in the orbit (Eorbit) as a function of state-dependent thresholds R1 
and R2

 

Fig. 3  Influence of R1 and R2 on impatience loss probability, Pimp
lost0
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under the permissive policy (13, 13). This reflects the inherent trade-off: more liberal 
retrial admission occupies additional servers, elevating the risk of batch rejection for 
primary arrivals. Notably, the threshold R2, corresponding to the high-arrival burst 
phase, induces a stronger increase in losses. Liberalizing retrials solely in this phase 
(increasing R2 from 0 to 13 with R1 = 0) raises Pinsuff

lost  by 38.2%, compared to a 33.2% 
increase when liberalizing solely in the dominant moderate phase (R1 from 0 to 13 with 
R2 = 0). This asymmetric effect is consistent with the BMAP-induced phase behavior 
discussed earlier.

Overall, these results reveal a clear trade-off between retrial accessibility and primary cus-
tomer protection: more permissive retrial thresholds substantially reduce orbit congestion 
and impatience losses, but at the cost of increased primary customer loss due to insuffi-

Fig. 4  Impact of R1 and R2 on loss probability due to insufficient servers, Pinsuff
lost

 

Fig. 5  Variation in state 1 primary customer loss probability, P(1),insuff
lost , with R1 and R2
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cient server availability. Consistent with the asymmetric effects observed across phases, 
liberalizing the threshold in the moderate-arrival phase R1 yields particularly favourable 
performance, achieving reductions of over 89% in orbit size and abandonment with only a 
moderate increase in primary losses (approximately 33%). In contrast, relaxing the threshold 
in the high-arrival burst phase R2 provides smaller congestion relief while inducing a larger 
increase in primary losses (approximately 38%). Consequently, effective state-dependent 
retrial policies in bursty and correlated environments should favour relatively high values of 
R1 and more conservative settings of R2 to attain balanced and robust performance gains.

Optimization of Retrial Thresholds  Figure  7 depicts the total customer loss probability 
(Plost), which aggregates primary customer losses and losses due to customer impatience 
in the orbit, across the range of phase-dependent thresholds (R1, R2). The resulting loss 
surface exhibits a minimum at (R1, R2) = (9, 8), where the total loss probability attains its 
minimum value of approximately 0.07818. This represents a substantial improvement of 
over 45% relative to the most restrictive policy (0, 0) and approximately 4% relative to the 
fully permissive policy (13, 13).

The optimal policy is asymmetric, employing a relatively liberal threshold in the mod-
erate-arrival phase (R1 = 9) and a slightly more conservative threshold in the high-arrival 
burst phase (R2 = 8). Consistent with the phase-dependent effects observed earlier, this 
configuration effectively balances retrial access against server availability, thereby minimiz-
ing the overall loss probability.

Optimization of Thresholds to Maximize Average Profit  To illustrate the practical implica-
tions of the threshold policy, we consider the net revenue function

	 C(R1, R2) = a1λout − a2λParrival
lost − a3λPimp

lost ,

Fig. 6  Variation in state 2 primary customer loss probability, P(2),insuff
lost , with R1 and R2
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where λout is the effective output rate of successfully served customers, Parrival
lost  is the 

probability of primary customer loss, and Pimp
lost  is the loss probability due to customer impa-

tience in the orbit. The coefficients a1, a2, and a3 represent the revenue per served customer 
and costs per lost customer (primary and impatient), respectively. Unless stated otherwise, 
we set a1 = 1, a2 = 5, and a3 = 2.

Figure 8 depicts the net revenue surface C(R1, R2) over the threshold grid. The maxi-
mum net revenue is attained at (R1, R2) = (8, 6) with C ≈ 4.57, which is significantly 
higher than that achieved under the restrictive policy (0, 0) and also exceed the revenue 
obtained under fully permissive policy (13, 13). The optimal policy is asymmetric, employ-
ing a higher threshold in the moderate-arrival phase (R1 = 8) and a lower threshold in the 
high-arrival burst phase (R2 = 6). This configuration balances the benefits of orbit clearing 
against the risk of primary batch rejection, thereby maximizing overall system profitability.

Fig. 7  Effect of R1 and R2 on total loss probability, Plost

 

Fig. 8  Influence of R1 and R2 on cost function, C(R1, R2)
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6.2  Illustration 2

To demonstrate the impact of explicitly modeling batch arrivals, we compare the system 
performance under the considered BMAP with that obtained under a matched MAP that pre-
serves the same mean arrival rate, variability, and inter-arrival correlation. This comparison 
is intended to assess the extent to which ignoring batch arrivals affects performance evalua-
tion and threshold optimization in bursty and correlated traffic environments.

The underlying matrices of this MAP are

	
D0 =

(−5.848 0
0 −11.9812

)
, D1 =

(3.9224 1.9256
3.0666 8.9146

)
,

yielding the arrival rate λ = 8.2137.
Figures 9, 10, 11, 12 and 13 illustrate selected performance measures under this MAP.
Ignoring batch arrivals and modelling the system with the matched MAP leads to a severe 

underestimation of key loss probabilities and a corresponding overestimation of system 
profitability. Under the BMAP, the minimum primary loss probability due to insufficient 
servers (Pinsuff

lost ) is approximately 0.035 under restrictive thresholds and increases to nearly 
0.049 for permissive policies; in contrast, this probability never exceeds 0.013 under the 

MAP. Impatience-related (Pimp
lost ) and total loss probabilities (Plost) are likewise substan-

tially lower in the MAP-based model.
As a consequence, the optimal net revenue is overstated with a maximum value of about 

6.245 attained at thresholds (10,9) under the MAP, compared to a maximum of about 4.57 
under the BMAP. This discrepancy indicates that MAP-based models not only misestimate 
performance measures but also lead to overly suboptimal threshold selections. These results 
demonstrate that explicit modeling of batch arrivals via BMAP is essential for reliable perfor-
mance evaluation and threshold optimization in bursty and correlated traffic environments.

Fig. 9  Influence of R1 and R2 on Eorbit for MAP arrivals
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Remark  Based on the optimization results obtained in Illustration 1, the retrial thresholds 
are fixed at their near-optimal values (R1, R2) = (9, 8) in Illustrations 3–6. This allows us 
to isolate and systematically examine the sensitivity of system performance to other model 
parameters without confounding effects from suboptimal threshold selection.

6.3  Illustration 3. Sensitivity to Synchronous Working Vacation Parameters

To investigate the sensitivity of system performance to the synchronous working vacation 
mechanism and to quantify the joint impact of vacation duration and service-rate degrada-
tion, we vary the vacation completion rate ω (with mean vacation duration 1/ω) and the 
service slowdown factor ϕ ∈ (0, 1).

Fig. 10  Impact of R1 and R2 on Pimp
lost  for MAP arrivals

 

Fig. 11  Effect of R1 and R2 on Pinsuff
lost  for MAP arrivals
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Specifically, we consider ϕ ∈ {0.1, 0.2, . . . , 0.9} and ω ∈ {0.02, 0.05, 0.1, 0.2, 0.5, 0.75, 1, 2}. 
Smaller values of ω correspond to longer working vacation durations, while larger ω yield 
shorter vacations once initiated. Likewise, smaller values of ϕ represent more severe service 
degradation during vacations, whereas ϕ approaching unity corresponds to mild slowdown 
and near-normal service capacity. Figures 14 and 15 depict the joint and marginal effects 
of (ω, ϕ) on the mean orbit size (Eorbit), Figs. 16 and 17 correspond to the impatience loss 
probability (Pimp

lost ), and Figs. 18 and 19 illustrate the behavior of the primary loss probabil-
ity due to insufficient servers (Pinsuff

lost ).
The numerical results reveal pronounced interaction effects between ω and ϕ, which 

are further amplified by the bursty and correlated structure of the underlying BMAP arriv-
als. Both the mean orbit size, Eorbit, and the impatience loss probability, Pimp

lost , exhibit a 

Fig. 12  Effect of R1 and R2 on Plost for MAP arrivals

 

Fig. 13  Influence of R1 and R2 on C(R1, R2) for MAP arrivals
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Fig. 15  Cross-sectional analysis of mean orbit size Eorbit: (a) variation with respect to vacation comple-
tion rate ω for selected service slowdown factors ϕ; (b) variation with respect to ϕ for selected values of ω

 

Fig. 14  Joint effect of the working vacation completion rate ω and service slowdown factor ϕ on the mean 
number of customers in the orbit, Eorbit

 

Fig. 16  Joint dependence of the impatience loss probability, Pimp
lost , on the working vacation parameters 

(ω, ϕ)
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Fig. 17  Sensitivity analysis of impatience loss probability Pimp
lost : (a) variation with respect to vacation 

completion rate ω for selected service slowdown factors ϕ; (b) variation with respect to ϕ for selected 
values of ω

 

Fig. 18  Joint influence of ω and ϕ on the primary customer loss probability due to insufficient servers 
Pinsuff

lost

 

Fig. 19  Sensitivity of insufficient-server loss probability Pinsuff
lost  to vacation parameters: (a) variation 

with respect to vacation completion rate ω for selected service slowdown factors ϕ; (b) variation with 
respect to ϕ for selected values of ω
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monotone decreasing trend as either ω or ϕ increases. In particular, under severe service 
slowdown (ϕ = 0.1), long working vacations (ω = 0.02) lead to substantial congestion, 
with Eorbit exceeding 85 customers and Pimp

lost  approaching 0.094. In contrast, increasing 
ω significantly mitigates this effect by shortening vacation durations and restoring effective 
service capacity. For moderate to large values of ω ≥ 0.5 and ϕ ≥ 0.5, the orbit size stabi-
lizes at relatively low levels (approximately 7–8 customers), indicating robust congestion 
control.

Conversely, the primary loss probability due to insufficient servers, Pinsuff
lost , increases 

under longer and more severe vacations. Reduced service rates prolong server occupancy 
and heighten the risk of batch rejection, particularly during high-intensity arrival bursts. 
This effect is most pronounced when both ω and ϕ are small, but becomes negligible as ϕ 
approaches unity, even for moderate vacation frequencies.

Overall, these findings demonstrate that extreme vacation policies characterized by long 
vacation durations combined with severe service degradation are highly detrimental to 
system performance. In contrast, policies that maintain relatively mild service slowdown 
during vacations, together with sufficiently frequent vacation completions, achieve a favor-
able balance between orbit congestion control and primary customer protection. The results 
highlight the importance of jointly tuning the working vacation parameters ω and ϕ, rather 
than adjusting them independently, in order to sustain stable and efficient operation under 
bursty arrival conditions.

6.4  Illustration 4. Sensitivity to Disaster and Repair Dynamics

To assess the impact of system disruptions on the proposed retrial queueing model, we 
conduct a numerical sensitivity analysis with respect to the disaster occurrence rate and the 
repair rate.

The disaster occurrence rate ψ is varied over {0.005, 0.01, 0.02, 0.05, 0.1, 0.2}, repre-
senting environments ranging from rare to frequent catastrophic disruptions, while the repair 
rate η is varied over {0.2, 0.5, 1, 2, 5}, corresponding to slow to rapid system recovery. For 
each (ψ, η) pair, we evaluate the mean number of customers in the orbit, the impatience 
loss probability, and the primary customer loss probability due to balking, which together 
capture the combined effects of disruption-induced clearing and service unavailability.

Figures 20, 21, 22, 23, 24, 25 illustrate the joint and marginal sensitivity of system per-
formance to the disaster occurrence rate ψ and the repair rate η. For each performance mea-
sure, a three-dimensional surface plot is presented to capture the combined effects of (ψ, η), 
followed by two representative cross-sections that highlight the impact of one parameter 
while fixing the other at selected values.

The numerical results reveal a pronounced interaction between the disaster and repair 
processes. For low disaster rates (e.g., ψ = 0.005, 0.01), the mean orbit size decreases only 
moderately as η increases (from about 5.50 → 3.20 and 7.79 → 3.21, respectively). This 
justifies that repair rate has a modest influence when disasters are rare. For moderate to high 
disaster rates (e.g., ψ = 0.05, 0.1, 0.2), the orbit size grows dramatically under slow repair 
(e.g., exceeding 25, 47, and even 92 customers at η = 0.2), but drops sharply as η increases. 
This claims that rapid repair becomes essential under frequent disruptions.

For a fixed repair rate, both the impatience loss probability and the primary customer 
balking probability increase substantially as the disaster rate rises, reflecting more fre-
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Fig. 21  Cross-sectional analysis of mean orbit size Eorbit under disaster-repair scenarios: (a) variation 
with respect to disaster occurrence rate ψ for selected repair rates η; (b) variation with respect to repair 
rate η for selected values of ψ

 

Fig. 20  Joint effect of the disaster occurrence rate ψ and the repair rate η on the mean number of custom-
ers in the orbit, Eorbit

 

Fig. 22  Joint effect of the disaster occurrence rate ψ and the repair rate η on the impatience loss prob-
ability Pimp

lost
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Fig. 23  Cross-sectional analysis of impatience loss probability Pimp
lost  under disaster-repair scenarios: (a) 

variation with respect to disaster occurrence rate ψ for selected repair rates η; (b) variation with respect 
to repair rate η for selected values of ψ

 

Fig. 25  Sensitivity of balking loss probability Pbalk to disaster-repair parameters: (a) variation with re-
spect to disaster occurrence rate ψ for selected repair rates η; (b) variation with respect to repair rate η 
for selected values of ψ

 

Fig. 24  Joint influence of the disaster occurrence rate ψ and the repair rate η on the primary customer loss 
probability due to balking, Pbalk
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quent service interruptions. This effect is particularly pronounced under slow repair, where 
prolonged service unavailability leads to sustained orbit buildup and higher customer 
abandonment.

Increasing the repair rate η significantly mitigates both forms of loss. For each disaster 
rate, faster repair results in sharp reductions in impatience losses by limiting waiting times 
in the orbit, and simultaneously lowers balking losses by restoring service availability more 
quickly. The sensitivity to η becomes stronger as disasters become more frequent, indicating 
a pronounced interaction between disruption intensity and recovery speed.

Overall, the results demonstrate that while disasters inherently degrade system perfor-
mance, rapid repair mechanisms are highly effective in controlling both impatience induced 
and balking-induced losses, especially in environments subject to frequent disruptive events.

6.5  Illustration 5. Combined Effect of Retrial and Impatience Rates

To gain deeper insight into orbit customer behavior, we investigate the joint influence of 
the retrial rate θ (intensity of retry attempts from the orbit) and the impatience rate γ (indi-
vidual abandonment rate per orbiting customer). We vary θ ∈ {0.1, 0.2, 0.5, 1, 2} and 
γ ∈ {0.01, 0.05, 0.1, 0.2, 0.5}.

Figure 26 presents the mean orbit size Eorbit as a function of θ and γ.
The surface shows a pronounced decrease in orbit congestion as the retrial rate increases, 

with Eorbit dropping from over 12 customers at low retrial intensity (θ = 0.1) to below 2 
at high intensity (θ = 2). Higher impatience rates reduce the orbit size further at low θ, but 
this effect diminishes as θ grows, since rapid retrials shorten waiting times and leave little 
opportunity for abandonment.

Figure 27 displays the impatience loss probability Pimp
lost . This metric increases monotoni-

cally with γ (more customers abandon per unit time) but decreases with θ (faster retrials 
reduce waiting time in orbit).

Fig. 26  Joint effect of the retrial rate θ and the impatience rate γ on the mean number of customers in the 
orbit, Eorbit
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Figure  28 shows the primary insufficient-server loss probability Pinsuff
lost . It increases 

slightly with higher retrial rates (more aggressive orbit clearing occupies servers, mildly 
raising the risk for primary arrivals) and decreases with higher impatience rates.

Overall, the results highlight a manageable trade-off moderated by the bursty arrival pro-
cess: higher retrial rates efficiently clear the orbit and suppress abandonment but marginally 
elevate primary losses due to increased server competition. In systems with correlated batch 
arrivals and state-dependent retrial control, tuning θ and γ allows operators to balance orbit 
stability against immediate service accessibility.

Fig. 27  Joint dependence of the impatience loss probability, Pimp
lost , on the retrial rate θ and the impatience 

rate γ

 

Fig. 28  Influence of the retrial rate θ and the impatience rate γ on the primary customer loss probability 
due to insufficient servers, Pinsuff

lost
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6.6  Illustration 6. Impact of Balking Behavior During Vacation and Repair 
Interruptions

This final illustration examines how customer balking decisions affect system performance 
when service capacity is limited or entirely unavailable. Specifically, we analyze:

	● Vacation balking probability (bv): The probability that an entire batch is rejected upon 
arrival when the servers are in vacation mode and the number of idle servers is insuf-
ficient to serve the batch.

	● Repair balking probability (br): The probability that an entire batch is rejected when the 
servers are in repair mode , i.e., when service is completely unavailable.

Both mechanisms reflect real-world scenarios where customers may opt not to join a system 
experiencing degraded or interrupted service.

6.6.1  Effect of Vacation Balking Probability

We first examine the impact of the vacation balking probability bv  on system perfor-
mance under working vacation interruptions. The vacation completion rate is varied across 
ω ∈ {0.02, 0.05, 0.1, 0.2, 0.5, 0.75, 1, 2}. The vacation balking probability bv  is increased 
from 0.1 to 0.9 in steps of 0.1. Key performance measures including the mean orbit size 
Eorbit, and the probability of loss due to insufficient idle servers Pinsuff

lost , are analyzed as 
functions of bv  and ω.

As shown in Figs. 29 and 30, the analysis reveals that both the mean orbit size Eorbit and 
the loss probability due to insufficient servers Pinsuff

lost  are significantly influenced by the joint 
variation of the vacation balking probability bv  and the vacation completion rate ω.

For a fixed vacation duration, increasing bv  reduces the orbit size, since more customers 
are rejected outright but at the cost of a higher immediate loss probability. Conversely, for a 

Fig. 29  Three-dimensional surface plot of the mean orbit size Eorbit as a function of the vacation balking 
probability bv  and the vacation completion rate ω
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fixed bv , shorter vacations (larger ω) lower both congestion and loss by limiting the time the 
system operates in reduced-capacity mode.

These findings underscore the necessity of coordinating vacation duration: a moderate 
balking probability combined with reasonably short vacations strikes a practical balance 
between orbit congestion and customer loss.

6.6.2  Effect of Balking Probability During the Repair Period

We next analyze the impact of the balking probability during repair periods, denoted by 
br, on system performance. This parameter represents the likelihood that an entire arriving 
batch is rejected when the servers are under repair (τ = 2), i.e., when service is completely 
unavailable.

To quantify how customer balking during repair interacts with the speed of system 
recovery, we vary the repair completion rate η ∈ {0.2, 0.5, 1, 2, 5} together with the balk-
ing probability br ∈ {0.1, 0.2, . . . , 0.9}. For each combination (η, br), we evaluate two key 
performance measures: the mean orbit size Eorbit and the overall balking loss probability 
Pbalk.

The joint influence of the repair-period balking probability br and the repair completion 
rate η is visualized in Figs. 31 and 32. Figure 31 illustrates that the mean orbit size Eorbit 
forms a steep surface that declines sharply with both increasing br and increasing η. When 
repairs are slow (η small), the orbit grows substantially unless customers are highly likely to 
balk (br ≈ 1). Conversely, for fast repairs (η ≥ 2), the orbit remains small even when balk-
ing is rare, indicating that rapid recovery prevents backlog accumulation.

Figure 32 shows that the balking loss probability Pbalk exhibits a complementary behav-
ior: it rises monotonically with br and falls as η grows. The steepest increase occurs under 
slow repairs (η = 0.2), where raising br from 0.1 to 0.9 elevates Pbalk. In contrast, for high 
repair rates (η = 5), the loss surface is nearly flat, reflecting that fast repair limits the expo-
sure of arrivals to the repair state.

Fig. 30  Three-dimensional surface plot of the loss probability due to insufficient servers Pinsuff
lost  as a func-

tion of the vacation balking probability bv  and the vacation completion rate ω
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Together, the surfaces highlight a clear design trade-off: in slowly repaired systems (η 
small), managers must choose between a large orbit (low br) and high immediate loss (high 
br). When repairs are fast (η ≥ 2), this trade-off largely disappears, as both performance 
metrics remain at acceptable levels across the whole range of br. This emphasizes the value 
of investing in rapid recovery mechanisms, especially in systems with correlated batch 
arrivals and state-dependent retrial control to maintain robustness without sacrificing cus-
tomer retention.

Fig. 32  Three-dimensional surface plot of the balking loss probability Pbalk as a function of the repair 
balking probability br  and the repair completion rate η

 

Fig. 31  Three-dimensional surface plot of the mean orbit size Eorbit as a function of the balking prob-
ability during repair br  and the repair completion rate η
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7  Conclusion

Developing a new and very broad model including many important aspects of modern 
sophisticated systems, this study has further advanced the idea of multi-server retrial queues. 
The suggested approach uses a batch Markovian arrival process (BMAP) to account for 
correlated and bursty arrivals, and phase-type (PH) distributed service times, disaster and 
synchronous working vacations. This model uses a state-dependent retrial admission control 
policy, where orbiting customers are given access based on thresholds linked to the underly-
ing BMAP phase changed dynamically. This enables smart resource prioritization, therefore 
improving the efficiency and flexibility of the system. The study shows that a structured 
multidimensional Markov chain can capture the complex behavior of the system. Customer 
impatience, a reasonable assumption that guarantees the ergodicity of the underlying sto-
chastic process and so guarantees the stability of the system across all parameter values. We 
also defined the fundamental performance indicators of the system. As shown, our numeri-
cal analyzes show that selecting optimum thresholds can help to improve operational effi-
ciency. Furthermore, the studies highlight the need to carefully consider batch arrivals to 
avoid suboptimal outcomes. We also illustrated the effect of various system parameters 
on key performance measures in our model. To enhance the model’s utility, adding batch 
processing capabilities could be useful. Incorporating heterogeneous servers with different 
service speeds and potential failure during the service process would better simulate real-
world distributed systems.
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