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Abstract - The current paper reviews theoretically
and examines experimentally the polar plot of a
loudspeaker in the far and near field. An original
equation for sound pressure calculation in the near
and far field is proposed. An experiment is
conducted to confirm the theoretical data and the
accuracy of the proposed expression. Several
conclusions are drawn from the analysis of the
study. Sound emission from a linear array of
loudspeakers, whose excitation factors are set in
accordance with the Bessel functions, creates a
sound pressure distribution in the plane of the
loudspeaker axes that corresponds to the radiation
pattern of a single loudspeaker. Experimental data
confirms that the Bessel array's directivity pattern
broadens compared to a linear array of
loudspeakers with a constant excitation factor, and
approaches that of a single loudspeaker.
Considering the analyzed patterns in selecting the
number of loudspeakers is recommended when
designing Bessel arrays to create an
omnidirectional sound pressure distribution with
an overall increase in sound pressure level. The
novelty and originality of this work lies in its
ability to more accurately determine the
fundamental resonance frequency of a
loudspeaker's moving system, establish the
optimal amplifier output stage load and crossover
filter element data, and also improve the frequency
range, rated power, and sensitivity.

Index Terms - Mathematical Modeling, Loudspeaker,
Polar Plot, Near Field, Far Field, Sound Pressure,
Measurements.

I. INTRODUCTION

The widespread wuse of loudspeakers in
commercial and defense applications means that
engineers with only a passing familiarity with
their operating principles are often entrusted with
these designs. The term “loudspeaker”, like the
design itself, is far from new; their theoretical
foundations have been developed over several
decades, but most existing publications are
primarily aimed at specialists well versed in
mathematical analysis and electromagnetic fields.

As loudspeakers are increasingly used in mixed-
signal systems, many designers would appreciate
a simple explanation of the concepts and
principles of their polar patterns. As it turns out,
there are many analogies between loudspeaker
behavior and the time-sampling systems that
mixed-signal engineers encounter almost daily.
This article is not intended for loudspeaker design
engineers; rather, it aims to assist designers
working with subsystems or components used in
loudspeakers. This article will help to some extent
visualize the principles that determine how an
engineer's actions can affect the loudspeaker's
directivity pattern.

The controlling and modeling of loudspeakers and
microphones’ radiation pattern has become a
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separate scientific branch of acoustics. Through

deeper understanding of the problem’s nature the
examination and improvement of microphones’
radiation has become possible [1, 2], as well as
the manufacturing of directed [3, 4] and hyper
directed loudspeakers [5-7]. When directed
sound pressure is generated by powerful sound
waves, one can overcome the gravitational force
[8-11] or excite liquid, during which process,
short bursts of light are emitted [12-15]. That
process is called sonoluminescence. During
sonoluminescence sound waves form little
bubbles in the liquid, that bloat and implode
quickly, which results in producing light. At the
same time huge amount of heat is released.
Directed microphones and loudspeakers are
often used in architectural acoustics as well [16-
20].

In the present paper the radiation pattern of a
circular piston in the near [7] and far [8] field is
theoretically reviewed and experimentally
examined.

Il. THEORETICAL BACKGROUND

The object of this study is a circular piston. Due
to its symmetry with respect to the z axis (Fig. 1)
one can assume that its polar pattern will be one
with rotational symmetry.
z

d=2-a .

Fig. 1. Geometry of a circular piston directivity [21].

To define that symmetry, it is sufficient to
determine the sound pressure level at distance r
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in a plane who’s normal is perpendicular to the z
axis.

The sound pressure created by the emitter in the
environment can be calculated under the
assumption that its surface consists of multiple
elementary sections dQ. The surface area of each
elementary section can be determined using the
following relation [22-25]:

dQ = x-dx - da. 1)

Each of the elementary section creates sound
pressure in point A. Point A is situated at distance
y and angle 6 with respect to the z axis. The
sound pressure is [26-29]:

dpg == el (@7, @)

where v is the distance between the elementary
section and point A (Fig. 1); p, — the
instantaneous amplitude of the sound pressure;
ro— the radius of the point section.

With reference to Fig. 1 where angle DCB = 90°
one can derive several expressions:

DC = DO + OC = rsinf + xcosa;  (3)

BD? = DC? + CB? = (rsinf + xcosa)? +
+x%sina = r?sin?0 + 2rxBcosa + x?, (4)

AB? = BD? + AD? = r?sin?0 +
+2rxsinfcosa + x? + r?cos?6. (5)

Equation (5) can also be represented as:
2 _ .2 2 i
Y4 =1°+ x° + 2rxsinfcosa (6)

or

y =Vr2 + x2 + 2rxsinfcosa. )

Instantaneous amplitude of the sound pressure is
[30-33]:

Pm = PsCokToUm. (8)
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where ¢, is a speed of sound; k = 7”— wave

number; v,,— particles velocity; p; — density of
the environment; A — wave length.

After multiplying both sides of the expression (8)
by 7y, and also multiplying the right-hand side by

;—Z one can take into consideration that the

surface of the point emitter is 2mré = dQ and
subsequently:

S k m
Topm = EmdQ. )
If expressions (1) and (9) are substituted in
equation (2), the elementary sound pressure in
the direction defined by the 6 angle will be as
follows:

dpy = B2 eI @M xdxda.  (10)

After expression (7) is substituted in the previous
equation (10) and it is afterwards applied to the
entire surface of the piston, the following
original equation for calculating the total sound
pressure level, created by all point emitters, can
be rewritten:

[ I

For the far field, when the distance is
significantly larger than the diameter of the
piston (r >>d ), the denominator of the
integrant is Vr2 + x2 + 2rxsinfcosa = r (Fig.
2), and the numerator is

e~ Jk(Vr?+x2+2rxsinfcosa) — ,—jk(r+xsinfcosa)

(Fig. 3).

After the new denominator and numerator are
replaced in expression (11), the well-known
expression for calculating sound pressure level,
created by all point emitters, can be rewritten
[34-37]:

_ PsCokvm cokv
S m ]“’tx

—]k r2+x2+2rxgn9cosa)

da. (11)

VrZ+x2+2rxsinfcosa
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cokvy
PsCo mel“’tx

Po = 2mr

a
xf xdx fozne—jk(rﬂcsinecosa) da. (12)
0

----- 20logr

20log (\/72 + x2 + 2xrsinfcosa)

-60

0 01 02 03 04 05 r

Fig. 2. Graphic representation of the denominators in
the newly-proposed original expression (11) — solid
blue line and the well-known expression (12) —
dashed red line.
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Fig. 3. Graphic representation of the numerators in
the newly-proposed original expression (11) — solid
blue line and the well-known expression (12) —
dashed red line.

After integrating by a, expression (12) becomes
[38-40]:

po = %e—ﬂcr Jy Jo(kxsin®)xdx, (13)

where J,(kxsin8) is Bessel function of the zero
kind of the argument (kxsinf), and after
integrating by x, one obtains [41, 42]:
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o = psCokvma? o—Jkr J1(kasin®)

r kasinf

(14

where J; (kasin®) is Bessel function of the first
kind of the argument (kasin®).

The Bessel function can also be represented as
[14]:

, kasin® k3a3sin36
J,(kasinf) = > T 21

k5a®sin®0
2T (19)

therefore, the interrelation after the e /¥ in
expression (14) can be rewritten [9]:

kasin® 1 Kk?a®sin?0  k*a*sin*0
Ji(kasing) _ 1 _ + — ... (16)

kasin® 2 224 22426

The radiation pattern G(6) is derived from the
interrelation [11]:

Gw):ﬁg (17)

where p,- is the amplitude of the sound pressure
level at the acoustic axis.

To obtain a radiation pattern it is necessary to
determine the sound pressure level for 6 = 0°.
Due to the zero value of the 6 angle, the
expression (16) becomes:

J1(kasin0°) 1

kasino® 2’ (18)
and for the sound pressure level in that direction
the following is valid:

_ psCokvma®?  _ipr1
=—_ e J > (19)

Po°

If expressions (14) and (19) are substituted in
equation (17), the polar response of a circular
piston in the far field will be:

J1(kasin®)
kasin®

G(O) =2 (20)

There are zeros to be expected in the radiation
pattern, when k - a - sin@ is a root of Bessel
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function: 3.83 — Fig. 4; 7.02 — Fig. 5; 10.2 — Fig.
6; 13.3 - Fig. 7; 16.5.
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&
T B JI =
Polar response at: k - a - sin6 = 10.2.

P = } = R
Fig. 7. Polar response at nf = 13.3.

In Figs. 8-10 comparison is made between the
newly-proposed original expression (11) and the
well-known expression (12) for different
distances and k-a-sinf = 7.02.
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Fig. 8. Polar response at 2.40 m and
k - a - sinf = 7.02: solid blue line — newly-
proposed original expression (11); dashed red line —

well-known expression (12).
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Fig. 9. Polar response at 0.60 mand k - a - sinf =
7.02: solid blue line — newly-proposed original
expression (11); dashed red line — well-known

expression (12).
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Fig. 10. Polar response at 0.15 m and
k - a - sinf = 7.02: solid blue line — newly-
proposed original expression (11); dashed red line —
well-known expression (12).

I1l. EXPERIMENTAL SETUP AND
RESULTS

The practical measurements were carried out with
a sound-level meter Robotron Préazisions, a
microphone MK301, a sound card Realtek High-
Definition Audio and a Matlab® program [15]
using a time selection method [16]. The object of
the study is a JBL loudspeaker with nominal
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diameter of 0.13 m. The parameters were selected
sothat k-a-sinf = 7.02.

Results from the measurements at different
distances — 2.40 m, 0.60 m and 0.15 m from the
loudspeaker are visually represented in Fig. 11, Fig.
12, Fig. 13.

j 7 ) S e BN
Fig. 11. Polar response at 2.40 m from the loudspeaker
and k - a - sinf = 7.02: solid blue line — newly-
proposed original expression (11); dashed red line —
well-known expression (12); solid black line with

diamonds — experimental data (0° + 90°).

300

7 e 1+ §
Fig. 12. Polar response at 0.60 m from the loudspeaker
and k - a - sinf = 7.02: solid blue line — newly-
proposed original expression (11); dashed red line —
well-known expression (12); solid black line with
diamonds — experimental data (0° - 90°).

o I B 7 7 f
Fig. 13. Polar response at 0.15 m from the loudspeaker
and k - a - sinf = 7.02: solid blue line — newly-
proposed original expression (11); dashed red line —
well-known expression (12); solid black line with
diamonds — experimental data (0° - 90°).

[JMOT-2025-11-353098 © 2026 IAMOT

25



—o
«>

IJMOT

IV. EQUIVALENT CIRCUIT OF A
LOUDSPEAKER

To construct a loudspeaker equivalent circuit, we
don't need much: just get real-world equivalent
circuits of the loudspeakers, i.e., those that take the
acoustic design into account, run them in any
simulator, and then run the calculated filters
through it, but this time taking into account the
actual load. Then, let loose, adjusting the filter
element values, achieving brilliant results, and
always remaining energized. The result may not be
100% accurate, but it will be significantly closer to
real life than if filters were designed without taking
the actual complex load into account. The
equivalent circuit of the loudspeaker is shown in
Fig. 14.

Re Le

' —_ Lm |Cm| |Rm
— -
= —| [ |

Fig. 14. The equivalent circuit of the loudspeaker.

Where, Re and L are the resistance and inductance
of the voice coil (specified in the datasheet, but can
be easily measured with standard instruments).
These elements cause the speaker's impedance to
increase in the high-frequency range of
frequencies applied to it. In the case shown in Fig.
14, this increase is noticeable starting at 100 Hz.

The parallel resonant circuit formed by L, C, and
Rm forms an electrical circuit that simulates the
mechanical properties of a loudspeaker, i.e., its
ability to resist cone movement. In Fig. 14, this
circuit leads to a resonant surge in the speaker's
impedance around 33 Hz. Since Ln = 12.46 mH,
Cn=1868 uF, Rm = 44 Ohm. R. (voice coil DC
resistance) — 4.1 Ohm, L. (voice coil inductance) —
2.6 mH. Fs (natural resonant frequency) — 33 Hz,
Qms (mechanical quality factor) — 6.84, Qes
(electrical quality factor) — 0.63, Qs (total quality
factor) — 0.57. A comparison of the results of
existing works and this work on loudspeaker
parameters is shown in Table 1.
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Table 1: Comparison of the results of existing works
and this work on loudspeaker parameters.

Frequency Nominal Charac_tgfistic
References band. Hz power, sensitivity
' W level, dB
[5] 60-15 500 50 75
[6] 50-14 500 60 65
[7] 75-14 500 40 85
[8] 20-15000 45 75
[9] 20-20000 50 90
This work 30-30000 75 100

The frequency response of a loudspeaker's
impedance allows for a more accurate
determination of the fundamental resonance
frequency of the loudspeaker's moving system,
the optimal amplifier output stage load, and the
crossover filter element data. Table 1
demonstrates that the wvoice coil's active
impedance alone should not be used in calculating
the amplifier's load. The average absolute value of
the voice coil's impedance will obviously be its
value at 1.5 or 2.5 kHz, depending on the higher
cutoff frequency. It is also important to consider
whether an increase in load resistance versus the
nominal value is more undesirable in terms of
increased distortion for the amplifier being used.
The calculated value should be selected based on
this and the frequency response of the
loudspeaker's impedance. When calculating the
crossover filter, the average absolute value of the
loudspeaker's impedance over its operating
frequency band (the filter's transparency band).
As can be seen from Table 1, this system allows
for a more accurate determination of the
fundamental resonance frequency of the
loudspeaker's moving system, the optimal
amplifier output stage load, and the crossover
filter element data, as well as an improved
frequency response, rated power, and sensitivity.

V. CONCLUSION

A study of the well-known expression (20) for far
field polar response calculation reveals several
conclusions: the polar pattern form depends on the
relation between the loudspeaker’s diameter
(respectively radius a) and the emitted sound
wave’s length (wave number k); when the size of
the loudspeaker is significantly smaller than the
emitted wave length, then the and G(6) ~ 1.
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From the experimental data analysis of the

expressions (11) and (12) and their graphic
representation (Figs. 11-13), one can deduce: the
newly-proposed, by the author generalized
expression for sound pressure level calculation
(12) is more accurate compared to the well-known
expression (12) in regards to the near field and
hence it should be used for determining the sound
pressure level in it; practically, in the space directly
in front of the loudspeaker the radiation pattern
lacks pronounced minimums, while in the far field
the minimums become commeasurable with the
measuring system’s (microphone, sound card)
proper noises; the greater the distance the more the
graphic representation of the two expressions — the
one proposed by the author (11) and the well-
known (12) — over lapses and in the far field it
becomes completely identical.
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