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∗Institute of Mathematics
Jiaxing University, Zhejiang 314001, P. R. China

†Faculty of Applied Mathematics
AGH University of Kraków

al. Mickiewicza 30, 30-059 Kraków, Poland

‡Brno University of Technology
Faculty of Electrical Engineering and Communication
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1. Introduction

We look for solutions (u, λ) ∈ H1(RN ) × R of the quasilinear problem

−Δu − Δ(u2)u + λu = (Iα ∗ |u|p)|u|p−2u in R
N (1.1)

satisfying the additional condition∫
RN

u2 dx = c > 0. (1.2)

Such solutions are commonly referred to as normalized solutions since (1.2) imposes
a normalization on the L2-mass of the solution u. Therefore, λ ∈ R in (1.1) cannot
be prescribed a priori but rather emerges as part of the unknown. Here and through-
out the subsequent discussion, we consistently assume that the spatial dimension
N ≥ 3 and the exponent p satisfies N+α

N ≤ p ≤ 2(N+α)
N−2 unless otherwise specified. In

addition, Iα represents the Riesz potential of order α ∈ (0, N), which is defined as

Iα(x) =
Γ(N−α

2 )

2απ
N
2 Γ(α

2 )|x|N−α
, for x ∈ R

N\{0}.

1.1. Motivation

Clearly, problem (1.1) is a special case of the quasilinear elliptic equation

−Δu − Δ(u2)u + λu = f(x, u) in R
N , (1.3)

which originates from the study of solitary waves of nonlinear Schrödinger equation

i∂tψ + Δψ + Δ(|ψ|2)ψ + g(x, |ψ|2)ψ = 0 in R
+ × R

N . (1.4)

It is known that (1.4) appears in many different physical contexts, including
condensed matter theory, dissipative quantum mechanics, fluid mechanics and
plasma physics, and the theory of Heisenberg ferromagnets and magnons (see, e.g.
[3, 22, 23, 28, 37, 41]).

The study of (1.3) admits two different approaches. One can either consider
the chemical potential λ ∈ R to be given, or regard it as part of the unknown. In the
former case, (1.3) has been widely investigated over the past two decades, and the
situation is now well understood. We do not even attempt to review the available
results here, instead we refer the interested reader to [2, 7, 9, 19–21, 30–36, 40, 42,
51]. See also the references therein. In the latter case, the L2-mass normalization of
the solution u becomes essential. This constraint naturally introduces λ ∈ R in (1.3)
as a Lagrange multiplier. The classical variational approach to finding normalized
solutions of (1.3) is to seek critical points of the energy functional

J(u) =
1
2

∫
RN

|∇u|2 dx +
∫

RN

u2|∇u|2 dx −
∫

RN

F (x, u)dx
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constrained on the L2-sphere

Sc =
{

u ∈ H1(RN )
∣∣∣∣
∫

RN

u2|∇u|2 dx < ∞,

∫
RN

u2 dx = c

}
,

where F (x, u) =
∫ u

0 f(x, t) dt. A first strategy is to find minimizers of J restricted to
Sc. It is known that the number 4+ 4

N plays a pivotal role and serves as a watershed
for the minimization method. To elucidate this, we consider the prototypical non-
linearity f(x, u) = |u|p−2u, where 2 < p < 4N

N−2 . Utilizing the Gagliardo–Nirenberg
inequality together with L2-invariant rescaling argument, we see that J is bounded
from below on Sc if p < 4 + 4

N , whereas it becomes unbounded from below on Sc

if p > 4 + 4
N . Consequently, the threshold number 4 + 4

N is designated as the mass
critical exponent for (1.3).

We summarize some known results on normalized solutions of (1.3), which pri-
marily focus on the power nonlinearity f(x, u) = |u|p−2u. In the mass subcritical
and critical case 2 < p ≤ 4 + 4

N , existence and nonexistence of global minimizers
for J on Sc were established in [8, 15, 49]. When 2 + 4

N < p < 4 + 4
N , Jeanjean

et al., [16] obtained both local minimizer and mountain pass normalized solution by
the perturbation method from [36]. When p = 4 + 4

N , existence and concentration
behavior of normalized solutions were studied in [24, 49, 52, 53] provided that the
mass c is suitably large. Later, Zhang et al., [54] adopted the dual approach from
[7, 33] to find infinitely many normalized solutions when 2 < p < 2 + 4

N and as
many normalized solutions as prescribed when 2 + 4

N ≤ p < 4 + 4
N and the mass c

is suitably large. See [48] for analogous results of (1.3) with general nonlinearities
in the mass subcritical regime.

The mass supercritical case 4 + 4
N < p < 4N

N−2 has been less studied due to
inherent technical difficulties. Li and Zou [24] employed the perturbation method
to establish the existence of a positive ground state normalized solution and applied
the index theory to obtain infinitely many normalized solutions for (1.3). They
required that the spatial dimension N ≤ 3 and the exponent p is also less than H1-
critical exponent when N = 3, stemming from delicate control on the sign property
of the Lagrange multiplier. Zhang et al., [53] also established the existence of a
positive ground state normalized solution via the Pohožaev manifold technique,
successfully handling the case of H1-critical exponent. Recently, inspired by [4],
Jeanjean et al., [17] studied a relaxed minimization problem

mc,D = inf
u∈Dc

J(u),

where

Dc =
{

u ∈ H1(RN )\{0}
∣∣∣∣
∫

RN

u2|∇u|2 dx < ∞,

∫
RN

u2 dx ≤ c, P (u) = 0
}

with

P (u) =
∫

RN

|∇u|2 dx + (N + 2)
∫

RN

u2|∇u|2 dx − N(p − 2)
2p

∫
RN

|u|p dx.
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They proved that mc,D has a minimizer if either N ≤ 4 or N ≥ 5 and c > 0 is
suitably small. Such a minimizer is indeed a solution of (1.3) for some λ ∈ R and
belongs to Sc. Asymptotic behavior of the minimizers was further analyzed in [17]
as the mass c tends to some limit. Gao and Zhang [13] combined the perturbation
method with the Pohožaev manifold technique to obtain infinitely many normalized
solutions for (1.3) in the dimensions N = 3, 4.

1.2. Main results

It should be noted that quasilinear problems involving potentials or general non-
linearities remain largely unexplored in the literature. Some partial results can be
found in [10–12, 14, 18, 25, 29, 38, 43, 44, 48, 50]. In particular, we refer to Chen
and Tang [6] for a comprehensive review on the existence of normalized solutions
for several classes of nonlinear elliptic equations.

In this paper, we are interested in solutions of (1.1) satisfying the mass con-
straint (1.2). The corresponding energy functional is defined by

Φ(u) =
1
2

∫
RN

|∇u|2 dx +
∫

RN

u2|∇u|2 dx − 1
2p

∫
RN

(
Iα ∗ |u|p)|u|p dx,

which is not of class C1 in H1(RN ) due to the second integral term. To avoid
this difficulty, we shall adopt a direct approach inspired by [8] and investigate the
following minimization problem

mc = inf
u∈Sc

Φ(u),

where again

Sc =
{

u ∈ H1(RN )
∣∣∣∣
∫

RN

u2|∇u|2 dx < ∞,

∫
RN

u2 dx = c

}
.

In order to present our main results, we introduce the function

QN+α
N

(x) = C0

(
σ

σ2 + |x − z|2

)N
2

, for x ∈ R
N ,

where σ > 0 and z ∈ R
N are parameters, and C0 > 0 is a fixed constant such that∫

RN

(
Iα ∗

∣∣QN+α
N

∣∣N+α
N

)∣∣QN+α
N

∣∣N+α
N dx = 1.

Theorem 1.1. If p = N+α
N , then

mc = − Nc
N+α

N

2(N + α)
∥∥QN+α

N

∥∥ 2(N+α)
N

L2(RN )

< 0 (1.5)

and mc is not achieved for any c > 0.
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Theorem 1.2. Let N+α
N < p < 2N+α+2

N . We have the following conclusions:

(1) If N+α
N < p < N+α+2

N , then mc < 0 and mc is achieved for any c > 0.
(2) If p = N+α+2

N , then there exists a threshold mass c∗1 > 0 such that

(2.1) mc = 0 and mc is not achieved for any 0 < c ≤ c∗1.
(2.2) mc < 0 and mc is achieved for any c > c∗1.

(3) If N+α+2
N < p < 2N+α+2

N and, in addition,

max
{

N − 4,
2(N + 1)(N − 2)

3N + 2

}
≤ α < N when N ≥ 4, (1.6)

then there exists a threshold mass c∗2 > 0 such that

(3.1) mc = 0 and mc is not achieved for any 0 < c < c∗2.
(3.2) mc = 0 and mc is achieved for any c = c∗2.
(3.3) mc < 0 and mc is achieved for any c > c∗2.

Theorem 1.3. Let 2N+α+2
N ≤ p < 2(N+α)

N−2 . We have the following conclusions:

(1) If p = 2N+α+2
N , then there exists a threshold mass c∗3 > 0 such that

mc =

⎧⎨
⎩

0, for any 0 < c ≤ c∗3,

−∞, for any c > c∗3.

(2) If 2N+α+2
N < p < 2(N+α)

N−2 , then mc = −∞ for any c > 0.
(3) The infimum mc fails to be attained for any c > 0.

In Theorems 1.1–1.3, we require that N+α
N ≤ p < 2(N+α)

N−2 , which is equivalent
to 2 ≤ 2Np

N+α < 4N
N−2 . Indeed, using the Hardy–Littlewood–Sobolev inequality (see

Lemma 2.2), the Hölder inequality and the Sobolev inequality, we have

∫
RN

(Iα ∗ |u|p)|u|p dx ≤ C

(∫
RN

|u|
2Np
N+α dx

)N+α
N

≤ C

(∫
RN

u2 dx

) 2(N+α)−p(N−2)
N+2

(∫
RN

|u| 4N
N−2 dx

) (N−2)(Np−N−α)
N(N+2)

≤ C

(∫
RN

u2 dx

) 2(N+α)−p(N−2)
N+2

(∫
RN

u2|∇u|2 dx

)Np−N−α
N+2

(1.7)

for any u ∈ X :=
{
u ∈ H1(RN ) |

∫
RN u2|∇u|2 dx < ∞

}
, where C is a positive

constant. This inequality ensures that the energy functional Φ is well defined in
X under the condition N+α

N ≤ p < 2(N+α)
N−2 . Consequently, the bounds N+α

N and
2(N+α)

N−2 are termed lower and upper critical exponents for (1.1), respectively.
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Let N+α
N < p < N+α

N−2 and Qp be a ground state solution of

−Np − (N + α)
2

Δu +
N + α − (N − 2)p

2
u = (Iα ∗ |u|p)|u|p−2u in R

N .

Then any u ∈ H1(RN ) satisfies∫
RN

(Iα ∗ |u|p)|u|p dx

≤ p

‖Qp‖2p−2
L2(RN )

(∫
RN

|∇u|2 dx

)Np−N−α
2

(∫
RN

u2 dx

)N+α−(N−2)p
2

, (1.8)

with equality attained when u = Qp. Theorems 1.2 and 1.3 reveal that the threshold
mass emerges when the exponent p lies within the interval [N+α+2

N , 2N+α+2
N ]. The

constants c∗1, c∗2 and c∗3 will be rigorously constructed in Secs. 4 and 5, defined as
follows:

c∗1 = ‖QN+α+2
N

‖2
L2(RN ),

c∗2 = inf{c > 0 |mc < 0},

c∗3 =

⎛
⎝4N + 2α + 4

N
inf

u∈X\{0}

(∫
RN u2 dx

)α+2
N
∫

RN u2|∇u|2 dx∫
RN

(
Iα ∗ |u| 2N+α+2

N

)
|u| 2N+α+2

N dx

⎞
⎠

N
α+2

.

Remark 1.4. Theorem 1.3 states that Φ has no global minimizer on Sc for
p = 2N+α+2

N and 0 < c ≤ c∗3. In this special case, we can further establish the
nonexistence of normalized solutions of (1.1) subject to the mass constraint (1.2).
Assume by contradiction that (u, λ) ∈ H1(RN ) × R solves (1.1) and (1.2). Then∫

RN

|∇u|2 dx + 4
∫

RN

u2|∇u|2 dx + λ

∫
RN

u2 dx

−
∫

RN

(
Iα ∗ |u|

2N+α+2
N )|u|

2N+α+2
N dx = 0. (1.9)

In addition, using standard arguments, we see that u also satisfies

N − 2
2

∫
RN

|∇u|2 dx + (N − 2)
∫

RN

u2|∇u|2 dx +
Nλ

2

∫
RN

u2 dx

− N(N + α)
4N + 2α + 4

∫
RN

(
Iα ∗ |u|

2N+α+2
N )|u|

2N+α+2
N dx = 0. (1.10)

Multiplying (1.9) by N
2 and subtracting (1.10) yields∫

RN

|∇u|2 dx + (N + 2)
∫

RN

u2|∇u|2 dx

=
N(N + 2)

4N + 2α + 4

∫
RN

(
Iα ∗ |u|

2N+α+2
N )|u|

2N+α+2
N dx.
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It then follows that

c∗3 ≤

⎛
⎝4N + 2α + 4

N

(∫
RN u2 dx

)α+2
N
∫

RN u2|∇u|2 dx∫
RN

(
Iα ∗ |u| 2N+α+2

N

)
|u| 2N+α+2

N dx

⎞
⎠

N
α+2

<

∫
RN

u2 dx = c,

thus contradicting the initial assumption 0 < c ≤ c∗3.

The global minimizer of Φ on Sc, if it exists, is necessarily a normalized solution
of (1.1) for some λ ∈ R. While Theorem 1.3 establishes the nonexistence of global
minimizers for 2N+α+2

N ≤ p < 2(N+α)
N−2 , this does not preclude the existence of

normalized solutions for (1.1) altogether. Indeed, Remark 1.4 demonstrates the
absence of normalized solutions specifically when p = 2N+α+2

N and 0 < c ≤ c∗3. For
other parameter regimes, normalized solutions may still exist. To address this, we
introduce the Pohožaev set Pc = {u ∈ Sc |P (u) = 0} as in [53] and analyze the
minimization problem

mc,P = inf
u∈Pc

Φ(u),

where

P (u) =
∫

RN

|∇u|2 dx + (N + 2)
∫

RN

u2|∇u|2 dx

− Np − N − α

2p

∫
RN

(
Iα ∗ |u|p)|u|p dx.

In the forthcoming result, we prove that the local minimizer of Φ on Pc does exist
under certain conditions. Moreover, Lemma A.4 in the appendix shows that the
local minimizer is indeed a normalized solution of (1.1) for some λ ∈ R.

Theorem 1.5. Suppose that N = 3, 4, 2N − 6 < α < N and 2N+α+2
N ≤ p ≤ N+α

N−2 .
Set

c∗4 =

⎧⎨
⎩

c∗3, when p = 2N+α+2
N ,

0, when 2N+α+2
N < p ≤ N+α

N−2 .

If c > c∗4, then we have Pc 	= ∅, mc,P > 0 and mc,P has a minimizer.

Notations. Throughout this paper, C denotes a positive constant whose value
may change from line to line, and on(1) signifies a generic infinitesimal as n → ∞.
We shall work in the metric space

X =
{

u ∈ H1(RN )
∣∣∣∣
∫

RN

u2|∇u|2 dx < ∞
}

equipped with the distance dX(u, v) = ‖u − v‖H1(RN ) + ‖∇(u2) − ∇(v2)‖L2(RN ).
While X is complete under this metric, it is not a vector space since it fails to be

2650006-7

B
ul

l. 
M

at
h.

 S
ci

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 V
ic

en
tiu

 R
ad

ul
es

cu
 o

n 
03

/1
2/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



2nd Reading

February 20, 2026 18:41 WSPC/1664-3607 319-BMS 2650006

H. Liu & V. D. Rădulescu

closed under the sum. We define (s�u)(x) = s
N
2 u(sx) for s > 0. Then ‖s�u‖L2(RN ) =

‖u‖L2(RN ) and ∫
RN

|∇(s � u)|2 dx = s2

∫
RN

|∇u|2 dx, (1.11)

∫
RN

(s � u)2|∇(s � u)|2 dx = sN+2

∫
RN

u2|∇u|2 dx, (1.12)

∫
RN

(Iα ∗ |s � u|p)|s � u|p dx = sNp−N−α

∫
RN

(Iα ∗ |u|p)|u|p dx. (1.13)

The scaling properties (1.11)–(1.13) play a crucial role in our analysis.

2. Preliminaries

In this section, we state some useful lemmas. We first recall the Gagliardo–Nirenberg
inequality (see [45, Theorem B]) and the Hardy–Littlewood–Sobolev inequality (see
[26, Theorem 4.3]).

Lemma 2.1 (Gagliardo-Nirenberg inequality). Assume that 2 < p < 2N
N−2

and denote by Wp ∈ H1(RN ) the unique positive radial solution of the following
semilinear elliptic equation

−N(p − 2)
4

Δu +
(

1 − (p − 2)(N − 2)
4

)
u = |u|p−2u in R

N .

Then any u ∈ H1(RN ) satisfies
∫

RN

|u|p dx ≤ p

2‖Wp‖p−2
L2(RN )

(∫
RN

u2 dx

) 2p−N(p−2)
4

(∫
RN

|∇u|2 dx

)N(p−2)
4

.

Lemma 2.2 (Hardy–Littlewood–Sobolev inequality). Let t > 1, r > 1 and
0 < μ < N be such that 1

t + μ
N + 1

r = 2. Then there is a sharp constant C(N, μ, t, r)
such that, for f ∈ Lt(RN ) and h ∈ Lr(RN ), it holds∣∣∣∣

∫
RN

∫
RN

f(x)h(y)
|x − y|μ dxdy

∣∣∣∣ ≤ C(N, μ, t, r)‖f‖Lt(RN )‖h‖Lr(RN ).

The next result is a nonlocal version of Brézis-Lieb lemma, which was essentially
proved in [1] (see also [5, 39]). We shall briefly sketch the proof in the appendix for
the reader’s convenience.

Lemma 2.3. Assume that F ∈ C1(R, R) satisfies F (0) = 0 and there exists C > 0
such that |F ′(t)| ≤ C

(
|t| α

N + |t|
N+2α+2

N−2
)

for t ∈ R. If {un} is a bounded sequence in
X and un → u a.e. in R

N for some u ∈ X, then

lim
n→∞

∫
RN

[(Iα ∗ F (un))F (un)

− (Iα ∗ F (un − u))F (un − u) − (Iα ∗ F (u))F (u)]dx = 0.
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3. Proof of Theorem 1.1

This section addresses the case p = N+α
N . Recall that

QN+α
N

(x) = C0

(
σ

σ2 + |x − z|2

)N
2

, for x ∈ R
N ,

where σ > 0 and z ∈ R
N are parameters, and C0 > 0 is a fixed constant such that∫

RN

(
Iα ∗

∣∣QN+α
N

∣∣N+α
N

)∣∣QN+α
N

∣∣N+α
N dx = 1.

Then any u ∈ H1(RN ) satisfies∫
RN

(
Iα ∗ |u|

N+α
N

)
|u|

N+α
N dx ≤ 1∥∥QN+α

N

∥∥ 2(N+α)
N

L2(RN )

(∫
RN

u2 dx

)N+α
N

, (3.1)

with equality attained if and only if u = QN+α
N

.

Proof of Theorem 1.1. Let c > 0. Setting

κ =
√

c∥∥QN+α
N

∥∥
L2(RN )

,

we have s �
(
κ QN+α

N

)
∈ Sc for all s > 0. Then, since QN+α

N
optimizes (3.1), it holds

mc ≤ lim
s→0+

Φ
(
s �

(
κ QN+α

N

))
= − Nc

N+α
N

2(N + α)
∥∥QN+α

N

∥∥ 2(N+α)
N

L2(RN )

. (3.2)

By (3.1) again, we have

Φ(u) ≥ − N

2(N + α)
∥∥QN+α

N

∥∥ 2(N+α)
N

L2(RN )

(∫
RN

u2 dx

)N+α
N

= − Nc
N+α

N

2(N + α)
∥∥QN+α

N

∥∥ 2(N+α)
N

L2(RN )

for any u ∈ Sc, which implies

mc ≥ − Nc
N+α

N

2(N + α)
∥∥QN+α

N

∥∥ 2(N+α)
N

L2(RN )

. (3.3)

Then (1.5) follows directly by combining (3.2) and (3.3).
If there exists u ∈ Sc achieving mc, then we see from (1.5) and (3.1) that

1
2

∫
RN

|∇u|2 dx ≤ Φ(u) +
N

2(N + α)

∫
RN

(
Iα ∗ |u|

N+α
N

)
|u|

N+α
N dx

≤ mc +
N

2(N + α)
∥∥QN+α

N

∥∥ 2(N+α)
N

L2(RN )

(∫
RN

u2 dx

)N+α
N

= 0.

This forces u = 0 in R
N , contradicting u ∈ Sc. The proof is finished.
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4. Proof of Theorem 1.2

Throughout this section, we always assume that N+α
N < p < 2N+α+2

N .

4.1. Some useful lemmas

Lemma 4.1. The functional Φ is coercive and bounded from below on Sc.

Proof. By (1.7), we have

Φ(u) ≥ 1
2

∫
RN

|∇u|2 dx +
∫

RN

u2|∇u|2 dx

− C · c
2(N+α)−p(N−2)

N+2

2p

(∫
RN

u2|∇u|2 dx

)Np−N−α
N+2

for any u ∈ Sc. The desired conclusion follows easily because 0 < Np−N−α
N+2 < 1.

As an immediate consequence of Lemma 4.1, one has mc > −∞ for any c > 0.

Lemma 4.2. It holds that mc ≤ 0 for any c > 0.

Proof. Fix an arbitrary u ∈ Sc. Observe that s � u ∈ Sc for all s > 0. Therefore,

mc ≤ lim
s→0+

Φ(s � u) = 0.

This completes the proof.

In the subsequent lemma, we establish the existence of a global minimizer under
additional condition mc < 0. Interestingly, as will be discussed later, the critical
threshold case mc = 0 exhibits a dichotomy: minimizers may or may not exist,
depending on the specific values of c and p.

Lemma 4.3. Let c > 0 be such that

mc < 0.

Then there exists a Schwartz symmetric function u ∈ Sc achieving mc.

Proof. Let {un} ⊂ Sc be a minimizing sequence of mc, i.e.

lim
n→∞

Φ(un) = mc < 0.

By [8, Lemma 4.3] and [26, Theorem 3.7], we may assume without loss of generality
that {un} ⊂ Sc is a minimizing sequence of Schwartz symmetric functions. It follows
from Lemma 4.1 that {un} is bounded in X and, by the Sobolev inequality, is also
bounded in L

4N
N−2 (RN ). Assume by extracting a subsequence that un ⇀ u in X ,

2650006-10

B
ul

l. 
M

at
h.

 S
ci

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 V
ic

en
tiu

 R
ad

ul
es

cu
 o

n 
03

/1
2/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



2nd Reading

February 20, 2026 18:41 WSPC/1664-3607 319-BMS 2650006

Normalized solutions for quasilinear nonlocal problems

un → u in Lq(RN ) with 2 < q < 4N
N−2 , and un → u a.e. in R

N . Using (1.7) and
Lemma 2.3 yields that

lim
n→∞

∫
RN

(Iα ∗ |un|p)|un|p dx =
∫

RN

(Iα ∗ |u|p)|u|p dx.

Then by [8, Lemma 4.3] again,

Φ(u) ≤ lim inf
n→∞

Φ(un) = mc < 0. (4.1)

To conclude that u is the desired minimizer of mc, it suffices to prove u ∈ Sc.
Clearly, u 	= 0 by (4.1) and ‖u‖2

L2(RN ) ≤ lim infn→∞ ‖un‖2
L2(RN ) = c. Suppose, for

contradiction, that τ := ‖u‖2
L2(RN ) ∈ (0, c). We define the scaled function ũ(x) =

u
(
( c

τ )−
1
N x
)

for x ∈ R
N . Then ũ ∈ Sc and, since Φ(u) < 0,

mc ≤ Φ(ũ)

=
( c

τ

)N−2
N

(
1
2

∫
RN

|∇u|2 dx +
∫

RN

u2|∇u|2 dx

)

−
( c

τ

)N+α
N 1

2p

∫
RN

(Iα ∗ |u|p)|u|p dx

≤
( c

τ

)N+α
N

Φ(u)

< Φ(u),

which contradicts (4.1). The proof is finished.

4.2. The case N+α
N

< p < N+α+2
N

Lemma 4.4. If N+α
N < p < N+α+2

N , then mc < 0 for any c > 0.

Proof. The assumption N+α
N < p < N+α+2

N can be equivalently expressed as

0 < Np − N − α < 2.

Fix an arbitrary function u ∈ Sc. Then s � u ∈ Sc for all s > 0 and thereby

mc ≤ Φ(s � u)

=
s2

2

∫
RN

|∇u|2 dx + sN+2

∫
RN

u2|∇u|2 dx − sNp−N−α

2p

∫
RN

(Iα ∗ |u|p)|u|p dx

< 0,

provided that s > 0 is sufficiently small. The proof is finished.

Proof of Theorem 1.2(1). The result is a conjunction of Lemmas 4.3 and 4.4.
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4.3. The case p = N+α+2
N

We first set c∗1 = ‖QN+α+2
N

‖2
L2(RN ) > 0, which is the threshold mass as shown below.

Lemma 4.5. If p = N+α+2
N , then mc = 0 and mc is not achieved for any

0 < c ≤ c∗1.

Proof. Let p = N+α+2
N . We see from (1.8) that, for any u ∈ Sc,

N

N + α + 2

∫
RN

(Iα ∗ |u|
N+α+2

N )|u|
N+α+2

N dx ≤
(

c

c∗1

)α+2
N
∫

RN

|∇u|2 dx

and thus

Φ(u) ≥ 1
2

(
1 −

(
c

c∗1

)α+2
N

)∫
RN

|∇u|2 dx +
∫

RN

u2|∇u|2 dx > 0 (4.2)

when 0 < c ≤ c∗1. It follows mc ≥ 0. Combining this with Lemma 4.2 yields
mc = 0 for any 0 < c ≤ c∗1. The strict inequality in (4.2) precludes the existence of
minimizers for mc.

Lemma 4.6. If p = N+α+2
N , then mc < 0 and mc admits a minimizer for any

c > c∗1.

Proof. Let p = N+α+2
N and recall the constant

c∗1 =
∫

RN

|QN+α+2
N

|2 dx =
∫

RN

|∇QN+α+2
N

|2 dx

=
N

N + α + 2

∫
RN

(
Iα ∗ |QN+α+2

N
|

N+α+2
N

)
|QN+α+2

N
|

N+α+2
N dx.

Write κ =
√

c
c∗1

for simplicity. Then s �
(
κQN+α+2

N

)
∈ Sc for all s > 0 and so

mc ≤ inf
s>0

Φ
(
s �

(
κQN+α+2

N

))

= inf
s>0

(
− c

2

(
κ

2α+4
N − 1

)
s2 + κ4

∫
RN

|QN+α+2
N

|2|∇QN+α+2
N

|2 dx · sN+2

)

= − Nc1− 2
N

2(N + 2)

(
κ

2α+4
N − 1

)1+ 2
N

(
(c∗1)

2

(N + 2)
∫

RN |QN+α+2
N

|2|∇QN+α+2
N

|2 dx

) 2
N

< 0

when c > c∗1. With this, Lemma 4.3 ensures the existence of a minimizer for mc.

Proof of Theorem 1.2(2). The result is a conjunction of Lemmas 4.5 and 4.6.
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4.4. The case N+α+2
N

< p < 2N+α+2
N

Lemma 4.7. If N+α+2
N < p < 2N+α+2

N and (1.6) holds, then mc is not achieved
for small c > 0.

Proof. Assume by contradiction that there exists a sequence of positive numbers
{cn} such that limn→∞ cn = 0 and mcn is achieved by some un ∈ Scn . Since
Φ(un) = mcn ≤ 0 by Lemma 4.2, we have

1
2

∫
RN

|∇un|2 dx +
∫

RN

u2
n|∇un|2 dx ≤ 1

2p

∫
RN

(Iα ∗ |un|p)|un|p dx. (4.3)

It follows from (1.7) that

∫
RN

(Iα ∗ |un|p)|un|p dx ≤ C · c
2(N+α)−p(N−2)

N+2
n

(∫
RN

u2
n|∇un|2 dx

)Np−N−α
N+2

. (4.4)

Combining (4.3) and (4.4), we obtain∫
RN

|∇un|2 dx +
∫

RN

u2
n|∇un|2 dx +

∫
RN

(Iα ∗ |un|p)|un|p dx ≤ C · c
2(N+α)−p(N−2)

2N+α+2−Np
n .

Since 2(N+α)−p(N−2)
2N+α+2−Np > 0 and limn→∞ cn = 0, there must be

lim
n→∞

∫
RN

|∇un|2 dx = lim
n→∞

∫
RN

u2
n|∇un|2 dx

= lim
n→∞

∫
RN

(Iα ∗ |un|p)|un|p dx = 0. (4.5)

We shall divide into two cases and get a contradiction to (4.5) in each case.

Case 1. p ≤ N+α
N−2

. If p < N+α
N−2 , then Φ(un) = mcn ≤ 0 and (1.8) imply

∫
RN

|∇un|2 dx ≤ 1
p

∫
RN

(Iα ∗ |un|p)|un|p dx

≤ C

(∫
RN

|∇un|2 dx

)Np−N−α
2

(∫
RN

u2
n dx

)N+α−(N−2)p
2

.

We remark that the above inequality also holds when p = N+α
N−2 by using Lemma

2.2 and the Sobolev inequality. Since Np−N−α
2 > 1 and N+α−(N−2)p

2 ≥ 0, there
exists a constant δ > 0 such that∫

RN

|∇un|2 dx ≥ δ,

directly contradicting (4.5).
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Case 2. p > N+α
N−2

. This case occurs only when N ≥ 5 or N = 4 and 0 < α < 2.
In the following arguments, we will always keep this in mind and assume that (1.6)
holds true. We claim that

un ∈ Lq(RN ) (4.6)

and {un} is bounded in Lq(RN ) for any q ≥ 4N
N−2 . The proof relies on the Moser

iteration and is given in the appendix. Then we deduce from Φ(un) = mcn ≤ 0,
Lemma 2.2 and the Hölder inequality that∫

RN

|∇un|2 dx ≤ 1
p

∫
RN

(Iα ∗ |un|p)|un|p dx

≤ C

(∫
RN

|un|
2Np
N+α dx

)N+α
N

≤ C

(∫
RN

|un|
2N

N−2 dx

) (N−2)(N+α−2)p
N [(N−2)p−2]

(∫
RN

|un|Np dx

) 2[(N−2)p−N−α]
N [(N−2)p−2]

≤ C

(∫
RN

|∇un|2 dx

) (N+α−2)p
(N−2)p−2

(∫
RN

|un|Np dx

) 2[(N−2)p−N−α]
N [(N−2)p−2]

.

Since (N+α−2)p
(N−2)p−2 > 1, Np > 4N

N−2 and 2[(N−2)p−N−α]
N [(N−2)p−2] > 0, there also exists δ > 0

such that ∫
RN

|∇un|2 dx ≥ δ,

which contradicts (4.5) again.

Remark 4.8. Combining Lemmas 4.2, 4.3 and 4.7, we conclude that

mc = 0

when c > 0 is sufficiently small.

Lemma 4.9. If N+α+2
N < p < 2N+α+2

N , then mc < 0 for large c > 0.

Proof. Let w ∈ X be such that∫
RN

(Iα ∗ |w|p)|w|p dx > 0.

Define the scaled function

uc(x) = w
(
c−

1
N ‖w‖

2
N

L2(RN ) x
)
, for x ∈ R

N .

A simple calculation shows that uc ∈ Sc and

lim
c→+∞

Φ(uc) = −∞.

Then the desired conclusion follows easily.
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Next we study the monotonicity and continuity of mc with respect to c > 0.

Lemma 4.10. If c > 0 and θ > 1, then mθc ≤ θmc.

Proof. Given ε > 0, there is a function u ∈ Sc such that

Φ(u) ≤ mc + ε.

Define ũ(x) = θ
1

N+2 u
(
θ−

1
N+2 x

)
for x ∈ R

N . Then ũ ∈ Sθc and so

mθc ≤ Φ(ũ) < θΦ(u) ≤ θ(mc + ε).

Since ε > 0 is arbitrary, we have mθc ≤ θmc, concluding the proof.

We remark that, if the infimum mc is attained, then one can take ε = 0 and
choose u ∈ Sc being a minimizer of mc in the above arguments. Therefore, the
strict inequality mθc < θmc holds true in this special case.

As a direct consequence of Lemmas 4.2 and 4.10, we have

Lemma 4.11. The function c �→ mc is non-increasing on (0, +∞).

Lemma 4.12. The function c �→ mc is continuous on (0, +∞).

Proof. According to Heine Theorem, it suffices to prove that, for any given number
c > 0 and any sequence {cn} of positive numbers satisfying cn → c as n → ∞, one
has limn→∞ mcn = mc.

Let un ∈ Scn be such that

Φ(un) ≤ mcn +
1
n
≤ 1

n
. (4.7)

In view of Lemma 4.1, {un} is bounded in X . Setting ũn =
√

c
cn

un, we have ũn ∈ Sc

and so mc ≤ Φ(ũn). A direct computation shows that Φ(ũn) = Φ(un) + on(1) as
n → ∞. Combining this with (4.7) leads to

mc ≤ lim inf
n→∞

Φ(ũn) = lim inf
n→∞

Φ(un) ≤ lim inf
n→∞

mcn . (4.8)

Conversely, one can choose a minimizing sequence {vn} ⊂ Sc of mc and set ṽn =√
cn

c vn. Similar to above, we have ṽn ∈ Scn , mcn ≤ Φ(ṽn) and Φ(ṽn) = Φ(vn) +
on(1) as n → ∞. Then

lim sup
n→∞

mcn ≤ lim sup
n→∞

Φ(ṽn) = lim sup
n→∞

Φ(vn) = mc. (4.9)

The desired result is a conjunction of (4.8) and (4.9). The proof is finished.

We introduce the critical mass threshold, defined as

c∗2 = inf{c > 0 |mc < 0}.

It follows from Remark 4.8 and Lemma 4.9 that 0 < c∗2 < ∞. Moreover, combining
Lemmas 4.2, 4.11 and 4.12, we can conclude that mc = 0 for all 0 < c ≤ c∗2, whereas
mc < 0 for all c > c∗2.
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Lemma 4.13. If N+α+2
N < p < 2N+α+2

N , then mc is not achieved for any
0 < c < c∗2.

Proof. Assume that mc has a minimizer for some 0 < c < c∗2. Then

0 = mc∗2
<

c∗2
c

mc = 0

by the strict inequality in Lemma 4.10, which is absurd. The proof is finished.

Lemma 4.14. If N+α+2
N < p < 2N+α+2

N , then mc is achieved for any c > c∗2.

Proof. Since mc < 0 for any c > c∗2, the conclusion follows from Lemma 4.3.

Lemma 4.15. If N+α+2
N < p < 2N+α+2

N , then mc∗2
admits a minimizer.

Proof. The idea in the proof of Lemma 4.3 does not work any more, because we
cannot show that the weak limit of the minimizing sequence is nontrivial due to
mc∗2

= 0. To surmount this obstacle, we adopt the dual approach introduced in
[7, 33]. Let u = ϕ(v) be the inverse function of v = 1

2u
√

1 + 2u2 +
√

2
4 ln

(√
2u +√

1 + 2u2
)
. Consider the dual minimization problem

mc = inf
v∈Sc

Φ(v),

where

Sc =
{

v ∈ H1(RN )
∣∣∣∣
∫

RN

ϕ2(v)dx = c

}
and

Φ(v) =
1
2

∫
RN

|∇v|2 dx − 1
2p

∫
RN

(Iα ∗ |ϕ(v)|p)|ϕ(v)|p dx.

Since Sc =
{
u = ϕ(v) | v ∈ Sc

}
by [54, Lemma 2.2], one can conclude that mc = mc.

Let cn = c∗2 + 1
n > c∗2. Then Lemma 4.14 ensures the existence of un ∈ Scn

satisfying Φ(un) = mcn < 0. The proof of Lemma 4.1 indicates that {un} is bounded
in X and, by the Sobolev inequality, is also bounded in Lq(RN ) for 2 ≤ q ≤ 4N

N−2 .
Write vn = ϕ−1(un). Then vn ∈ Scn and {vn} is bounded in H1(RN ). By Lemma
4.12, we have

lim
n→∞

Φ(vn) = lim
n→∞

Φ(un) = lim
n→∞

mcn = mc∗2
= 0. (4.10)

Assume up to a subsequence that

lim
n→∞

∫
RN

|∇vn|2 dx =
1
p

lim
n→∞

∫
RN

(Iα ∗ |ϕ(vn)|p)|ϕ(vn)|p dx ≥ 0.

Claim. There exists a constant δ > 0 such that

lim sup
n→∞

sup
y∈RN

∫
B1(y)

v2
n dx ≥ δ. (4.11)

If this holds true, then up to a subsequence there exist {yn} ⊂ R
N and v ∈

H1(RN )\{0} such that ṽn := vn(· + yn) ⇀ v in H1(RN ), ṽn → v in Lq
Loc(R

N )
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for 2 ≤ q < 2N
N−2 and ṽn → v a.e. in R

N . Writing u = ϕ(v) ∈ X , we have

0 < ‖u‖2
L2(RN ) = ‖ϕ(v)‖2

L2(RN )

≤ lim
n→∞

‖ϕ(ṽn)‖2
L2(RN ) = lim

n→∞
‖un‖2

L2(RN ) = lim
n→∞

cn = c∗2.

By (4.10), the definition of mc, Lemma 4.12 and Lemma A.3 in the appendix,

0 = lim
n→∞

Φ(ṽn) = Φ(v) + lim
n→∞

Φ(ṽn − v)

≥ m‖ϕ(v)‖2
L2(RN )

+ mc∗2−‖ϕ(v)‖2
L2(RN )

= m‖u‖2
L2(RN )

+ mc∗2−‖u‖2
L2(RN )

= 0,

from which it follows

Φ(u) = Φ(v) = m‖u‖2
L2(RN )

.

By Lemma 4.13, there must be ‖u‖2
L2(RN ) = c∗2 and henceforth u is a minimizer

of mc∗2
.

Now we prove the claim by contradiction. If (4.11) were false, then vn → 0 in
Lq(RN ) for 2 < q < 2N

N−2 by P.-L. Lions’ lemma (see [27, Lemma I.1] or [46, Lemma
1.21]). Since |ϕ(t)| ≤ min

{
|t|, 2

1
4
√
|t|
}

for t ∈ R, one can easily verify that

lim
n→∞

∫
RN

|∇vn|2 dx =
1
p

lim
n→∞

∫
RN

(Iα ∗ |ϕ(vn)|p)|ϕ(vn)|p dx = 0. (4.12)

Since N+α+2
N < p < 2N+α+2

N , for any ε > 0 there exists Cε > 0 such that

|ϕ(t)|
2Np
N+α ≤ ε|t|2+ 4

N+α + Cε|t|
2N

N−2 , for t ∈ R.

Then, by Lemmas 2.1 and 2.2,∫
RN

(Iα ∗ |ϕ(vn)|p)|ϕ(vn)|p dx ≤ C

(∫
RN

|ϕ(vn)|
2Np
N+α dx

)N+α
N

≤ C

(
ε

∫
RN

|vn|2+
4

N+α dx + Cε

∫
RN

|vn|
2N

N−2 dx

)N+α
N

≤ Cε

∫
RN

|∇vn|2 dx + Cε

(∫
RN

|∇vn|2 dx

)N+α
N−2

.

In the last inequality we have used the boundedness of {vn} in H1(RN ). Therefore,

Φ(vn) ≥
[

1
2
− Cε − Cε

(∫
RN

|∇vn|2 dx

) α+2
N−2

]∫
RN

|∇vn|2 dx.

Taking (4.12) into account, we conclude that

Φ(vn) ≥ 0, for sufficiently large n,

contradicting Φ(vn) = Φ(un) = mcn < 0. The proof is finished.
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Proof of Theorem 1.2(3). It is a combination of Lemmas 4.13, 4.14 and 4.15.

5. Proof of Theorems 1.3 and 1.5

This section concerns the case 2N+α+2
N ≤ p < 2(N+α)

N−2 . Set

c∗3 =

⎛
⎝4N + 2α + 4

N
inf

u∈X\{0}

(∫
RN u2 dx

)α+2
N
∫

RN u2|∇u|2 dx∫
RN

(
Iα ∗ |u| 2N+α+2

N

)
|u| 2N+α+2

N dx

⎞
⎠

N
α+2

.

As a particular case of (1.7), one has∫
RN

(
Iα ∗ |u|

2N+α+2
N

)
|u|

2N+α+2
N dx ≤ C

(∫
RN

u2 dx

)α+2
N
∫

RN

u2|∇u|2 dx

for any u ∈ X , thereby establishing that c∗3 is indeed a positive constant.

Lemma 5.1. If p = 2N+α+2
N , then mc = 0 and mc is not achieved for any

0 < c ≤ c∗3.

Proof. Let 0 < c ≤ c∗3. By the definition of c∗3, we have

Φ(u) ≥ 1
2

∫
RN

|∇u|2 dx +

(
1 −

(
c

c∗3

)α+2
N

)∫
RN

u2|∇u|2 dx > 0 (5.1)

for all u ∈ Sc, which implies that mc ≥ 0. On the other hand, we also have mc ≤ 0
as in Lemma 4.2. Then it must be mc = 0. The strict inequality in (5.1) precludes
the existence of minimizers for mc.

Lemma 5.2. If p = 2N+α+2
N and c > c∗3, then{

u ∈ Sc

∣∣∣∣
∫

RN

u2|∇u|2 dx <
1
2p

∫
RN

(
Iα ∗ |u|p)|u|p dx

}
	= ∅.

Proof. By the definition of c∗3, there exists w ∈ X\{0} such that(∫
RN

w2 dx

)α+2
N
∫

RN

w2|∇w|2 dx

<
Nc

α+2
N

4N + 2α + 4

∫
RN

(
Iα ∗ |w|

2N+α+2
N

)
|w|

2N+α+2
N dx.

Define u(x) =
√

c
‖w‖L2(RN )

w(x) for x ∈ R
N . Then u ∈ Sc and∫

RN

u2|∇u|2 dx <
N

4N + 2α + 4

∫
RN

(
Iα ∗ |u|

2N+α+2
N

)
|u|

2N+α+2
N dx.

The proof is finished.
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Lemma 5.3. If p = 2N+α+2
N , then mc = −∞ for any c > c∗3.

Proof. Let c > c∗3 and, by Lemma 5.2, fix some u ∈ Sc such that∫
RN

u2|∇u|2 dx <
1
2p

∫
RN

(
Iα ∗ |u|p)|u|p dx.

By (1.11)–(1.13), we have

Φ(s � u) =
s2

2

∫
RN

|∇u|2 dx − sN+2

×
[

1
2p

∫
RN

(
Iα ∗ |u|p

)
|u|p dx −

∫
RN

u2|∇u|2 dx

]
→ −∞

as s → +∞. The desired conclusion follows easily.

Lemma 5.4. If 2N+α+2
N < p < 2(N+α)

N−2 , then mc = −∞ for any c > 0.

Proof. Let u ∈ Sc be fixed. By (1.11)–(1.13), we have

Φ(s � u) =
s2

2

∫
RN

|∇u|2 dx + sN+2

∫
RN

u2|∇u|2 dx − sNp−N−α

2p

∫
RN

(Iα ∗ |u|p)|u|p dx.

Given that Np − N − α > N + 2 > 2, it follows

lim
s→+∞

Φ(s � u) = −∞,

which implies that mc = −∞. The proof is finished.

Proof of Theorem 1.3. It follows immediately from Lemmas 5.1, 5.3 and 5.4.

In the remainder of this section, we always assume that N = 3, 4, 2N − 6 <

α < N and 2N+α+2
N ≤ p ≤ N+α

N−2 . We also set c∗4 = c∗3 if p = 2N+α+2
N and c∗4 = 0 if

2N+α+2
N < p ≤ N+α

N−2 . Now we introduce the Pohožaev set

Pc = {u ∈ Sc |P (u) = 0}
for c > c∗4, where P is defined by

P (u) =
∫

RN

|∇u|2 dx + (N + 2)
∫

RN

u2|∇u|2 dx − Np − N − α

2p

×
∫

RN

(
Iα ∗ |u|p)|u|p dx.

In order to show that Pc 	= ∅, we need the following two elementary lemmas.

Lemma 5.5. Let p = 2N+α+2
N . Then, for each fixed u ∈ Sc satisfying∫

RN

u2|∇u|2 dx <
1
2p

∫
RN

(
Iα ∗ |u|p)|u|p dx, (5.2)

there is a unique constant su > 0 such that su � u ∈ Pc and Φ(su � u) =
maxs>0 Φ(s � u).
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Proof. Let u ∈ Sc satisfy (5.2) and define ϕ : (0, +∞) → R by

ϕ(s) = Φ(s � u)

=
s2

2

∫
RN

|∇u|2 dx − sN+2

[
1
2p

∫
RN

(
Iα ∗ |u|p)|u|p dx −

∫
RN

u2|∇u|2 dx

]
.

Clearly, ϕ has a unique maximum point su > 0, i.e.

Φ(su � u) = ϕ(su) = max
s>0

ϕ(s) = max
s>0

Φ(s � u).

Then P (su �u) = suϕ′(su) = 0, which means that su �u ∈ Pc. The proof is finished.

Lemma 5.6. Assume that 2N+α+2
N < p ≤ N+α

N−2 . Then, for each fixed u ∈ Sc, there
exists a unique constant su > 0 such that su�u ∈ Pc and Φ(su�u) = maxs>0 Φ(s�u).

Proof. The proof is similar to that of Lemma 5.5 and is thus dropped.

As a direct consequence of Lemmas 5.2, 5.5 and 5.6, we have

Lemma 5.7. The Pohožaev set Pc 	= ∅ for any c > c∗4.

Next we investigate the properties of Φ on the Pohožaev set Pc.

Lemma 5.8. Let p = 2N+α+2
N . We have the following conclusions:

(1) Φ is coercive and bounded from below on Pc.
(2) There exists a constant δ > 0 such that∫

RN

|∇u|2 dx ≥ δ,

∫
RN

(
Iα ∗ |u|p)|u|p dx ≥ δ, Φ(u) ≥ δ, for u ∈ Pc.

Proof. (1) It holds that

Φ(u) = Φ(u) − 1
N + 2

P (u) =
N

2(N + 2)

∫
RN

|∇u|2 dx, for u ∈ Pc. (5.3)

Note that, when N = 3, 4 and 2N − 6 < α < N , one has

p =
2N + α + 2

N
<

N + α

N − 2
.

Then, for u ∈ Pc, we deduce from P (u) = 0 and (1.8) that∫
RN

|∇u|2 dx +
∫

RN

u2|∇u|2 dx ≤ C

∫
RN

(
Iα ∗ |u|p)|u|p dx

≤ C

(∫
RN

|∇u|2 dx

)N+2
2

. (5.4)

Combining this with (5.3), we see that Φ is coercive and bounded from below on Pc.
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(2) As a consequence of (5.4), one has∫
RN

|∇u|2 dx ≤ C

(∫
RN

|∇u|2 dx

)N+2
2

, for u ∈ Pc.

Since N+2
2 > 1, there exists a constant δ > 0 such that∫

RN

|∇u|2 dx ≥ δ, for u ∈ Pc. (5.5)

The other two inequalities follow directly from (5.3)−(5.5).

Lemma 5.9. Let 2N+α+2
N < p ≤ N+α

N−2 . We have the following conclusions:

(1) Φ is coercive and bounded from below on Pc.
(2) There exists a constant δ > 0 such that∫

RN

u2|∇u|2 dx ≥ δ,

∫
RN

(
Iα ∗ |u|p)|u|p dx ≥ δ, Φ(u) ≥ δ, for u ∈ Pc.

Proof. Observe that

Φ(u) = Φ(u) − 1
Np − N − α

P (u)

=
Np − N − α − 2
2(Np− N − α)

∫
RN

|∇u|2 dx +
Np − 2N − α − 2

Np − N − α

∫
RN

u2|∇u|2 dx

(5.6)

for u ∈ Pc and, by (1.7),∫
RN

u2|∇u|2 dx ≤ C

∫
RN

(
Iα ∗ |u|p)|u|p dx ≤ C

(∫
RN

u2|∇u|2 dx

)Np−N−α
N+2

(5.7)

for u ∈ Pc. The conclusion follows easily from (5.6) and (5.7).

Define the infimum

mc,P = inf
u∈Pc

Φ(u).

Clearly, Lemmas 5.8 and 5.9 imply that mc,P > 0.

Lemma 5.10. mc,P is strictly decreasing with respect to c ∈ (c∗4, +∞).

Proof of Lemma 5.10 for the Case p = 2N+α+2
N

. We assume that d > c > c∗3.
By the definition of mc,P and Lemma 5.5, for each n ∈ N there is a function un ∈ Pc

such that

Φ(un) ≤ mc,P +
1
n

(5.8)

and Φ(un) = maxs>0 Φ(s�un). By Lemma 5.8 and (5.8), {un} is bounded in X . We
set κ =

√
c/d < 1 and define the scaled function wn(x) = κ

N−2
2 un(κx) for x ∈ R

N .
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Then ‖wn‖2
L2(RN ) = d and

∫
RN

|∇wn|2 dx =
∫

RN

|∇un|2 dx, (5.9)

∫
RN

w2
n|∇wn|2 dx = κN−2

∫
RN

u2
n|∇un|2 dx, (5.10)

∫
RN

(
Iα ∗ |wn|p)|wn|p dx = κ(N−2)p−N−α

∫
RN

(
Iα ∗ |un|p)|un|p dx. (5.11)

Therefore, by (5.10) and (5.11), we see that wn ∈ Sd satisfies

∫
RN

w2
n|∇wn|2 dx <

∫
RN

u2
n|∇un|2 dx

<
1
2p

∫
RN

(
Iα ∗ |un|p)|un|p dx <

1
2p

∫
RN

(
Iα ∗ |wn|p)|wn|p dx.

Here we have used the fact p = 2N+α+2
N < N+α

N−2 when N = 3, 4 and 2N−6 < α < N .
By Lemma 5.5, there is a unique constant sn := swn > 0 such that sn � wn ∈ Pd

and Φ(sn �wn) = maxs>0 Φ(s �wn). Since {wn} is bounded in X and Φ(sn �wn) ≥
md,P > 0, there exists δ > 0 such that sn ≥ δ for all n ∈ N. Then, since un ∈ Pc,
we see from Lemma 5.8 that

sN+2
n

2p

(
κ(N−2)p−N−α − 1

)∫
RN

(
Iα ∗ |un|p)|un|p dx ≥ δ′

for some δ′ > 0. By (5.8)−(5.11) and un ∈ Pc, we have

md,P ≤ Φ(sn � wn)

≤ Φ(sn � un) − sN+2
n

2p
[κ(N−2)p−N−α − 1]

∫
RN

(
Iα ∗ |un|p)|un|p dx

≤ Φ(un) − δ′ ≤ mc,P +
1
n
− δ′ < mc,P ,

for n sufficiently large. The proof is finished.

Proof of Lemma 5.10 for the Case 2N+α+2
N

< p ≤ N+α
N−2

. Let d > c > 0 and

denote κ =
(

d
c

) 1
N > 1. We first claim that, for each fixed function u ∈ Pc, there

exists su ∈ R such that

α + 2
2(2N + α + 2 − Np)

< su <
α + 2

2(N + α + 2 − Np)
and

w := κNsuu(κ2su−1·) ∈ Pd.
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Indeed, ‖w‖2
L2(RN ) = κN‖u‖2

L2(RN ) = d. Define the function ϕu : R → R by

ϕu(s) = P
(
κNsu(κ2s−1x)

)
= κ4s+N−2

∫
RN

|∇u|2 dx + (N + 2)κ2s(N+2)+N−2

∫
RN

u2|∇u|2 dx

− Np − N − α

2p
κ2s(Np−N−α)+N+α

∫
RN

(
Iα ∗ |u|p)|u|p dx,

which is clearly continuous with respect to s. Let s∗ = α+2
2(2N+α+2−Np) < 0. Since

2s∗(N + 2) + N − 2 = 2s∗(Np − N − α) + N + α,

we see from P (u) = 0 that

ϕu(s∗) = κ4s∗+N−2(1 − κ2Ns∗)
∫

RN

|∇u|2 dx > 0.

Let s∗ = α+2
2(N+α+2−Np) < 0. Since

4s∗ + N − 2 = 2s∗(Np − N − α) + N + α,

we use P (u) = 0 again to obtain

ϕu(s∗) = (N + 2)κ4s∗+N−2(κ2Ns∗ − 1)
∫

RN

u2|∇u|2 dx < 0.

Then there exists su ∈ (s∗, s∗) such that ϕu(su) = 0, which implies w :=
κNsuu(κ2su−1·) ∈ Pd.

By the definition of mc,P , for each n ∈ N there exists un ∈ Pc such that

Φ(un) ≤ mc,P +
1
n

.

Let sn := sun be the constant such that

α + 2
2(2N + α + 2 − Np)

< sn <
α + 2

2(N + α + 2 − Np)
, wn := κNsnun(κ2sn−1·) ∈ Pd.

Then

md,P ≤ Φ(wn) = Φ(un) − (Φ(un) − Φ(wn)) ≤ mc,P +
1
n
− (Φ(un) − Φ(wn)).

Since P (un) = 0 and P (wn) = 0, one has

(
1 − κ4sn+N−2

) ∫
RN

|∇un|2 dx + (N + 2)
(
1 − κ2sn(N+2)+N−2

) ∫
RN

u2
n|∇un|2 dx

=
Np− N − α

2p

(
1 − κ2sn(Np−N−α)+N+α

) ∫
RN

(
Iα ∗ |un|p)|un|p dx.
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Then Φ(un) − Φ(wn) can be expressed as

Φ(un) − Φ(wn) =
1
2
(
1 − κ4sn+N−2

) ∫
RN

|∇un|2 dx

+
(
1 − κ2sn(N+2)+N−2

) ∫
RN

u2
n|∇un|2 dx

− 1
2p

(
1 − κ2sn(Np−N−α)+N+α

) ∫
RN

(
Iα ∗ |un|p)|un|p dx

=
Np − N − α − 2
2(Np − N − α)

(
1 − κ4sn+N−2

) ∫
RN

|∇un|2 dx

+
Np − 2N − α − 2

Np − N − α

(
1 − κ2sn(N+2)+N−2

) ∫
RN

u2
n|∇un|2 dx.

Since sn < α+2
2(N+α+2−Np) < 0 and 2N+α+2

N < p ≤ N+α
N−2 , there hold

4sn + N − 2 <
N [N + α − (N − 2)p]

N + α + 2 − Np
≤ 0

and

2sn(N + 2) + N − 2 <
N [N + 2α + 2 − (N − 2)p]

N + α + 2 − Np
< 0.

Then we see from Lemma 5.9 that Φ(un)−Φ(wn) has a positive lower bound and so

md,P ≤ mc,P +
1
n
− (Φ(un) − Φ(wn)) < mc,P

for n sufficiently large. The proof is finished.

Proof of Theorem 1.5. Let c > c∗4. We have already proved that Pc 	= ∅ in
Lemma 5.7 and, as a corollary of Lemmas 5.8 and 5.9, mc,P > 0. Let {un} ⊂ Pc be
a minimizing sequence for mc,P , i.e.

lim
n→∞

Φ(un) = mc,P .

According to Lemmas 5.8 and 5.9, {un} is bounded in X . Denote by u∗
n the sym-

metric decreasing rearrangement of un. Clearly, u∗
n satisfies (see, for example, [26,

Secs. 3.3, 3.7 and 7.17])∫
RN

|∇u∗
n|2 dx ≤

∫
RN

|∇un|2 dx,

∫
RN

|u∗
n|2|∇u∗

n|2 dx ≤
∫

RN

u2
n|∇un|2 dx

and∫
RN

|u∗
n|2 dx =

∫
RN

u2
n dx,

∫
RN

(
Iα ∗ |u∗

n|p)|u∗
n|p dx ≥

∫
RN

(
Iα ∗ |un|p)|un|p dx.
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Then {u∗
n} is also bounded in X , P (u∗

n) ≤ P (un) = 0 and Φ(u∗
n) ≤ Φ(un). Assume

up to a subsequence that u∗
n ⇀ u∗ in X , u∗

n → u∗ in Lq(RN ) with 2 < q < 4N
N−2 ,

and u∗
n → u∗ a.e. in R

N . Using (1.7) and Lemma 2.3 yields that

lim
n→∞

∫
RN

(Iα ∗ |u∗
n|p)|u∗

n|p dx =
∫

RN

(Iα ∗ |u∗|p)|u∗|p dx. (5.12)

Combining this with the weak lower semi-continuity, we have

P (u∗) ≤ lim inf
n→∞

P (u∗
n) ≤ lim inf

n→∞
P (un) = 0

and

Φ(u∗) ≤ lim inf
n→∞

Φ(u∗
n) ≤ lim inf

n→∞
Φ(un) = mc,P . (5.13)

In order to conclude that u∗ is indeed a minimizer of mc,P , it suffices to show
u∗ ∈ Pc.

By Lemmas 5.8 and 5.9, there exists δ > 0 such that∫
RN

(
Iα ∗ |u∗

n|p)|u∗
n|p dx ≥

∫
RN

(
Iα ∗ |un|p)|un|p dx ≥ δ, for n ∈ N.

Then (5.12) implies u∗ 	= 0 and thus

0 < ‖u∗‖2
L2(RN ) ≤ lim inf

n→∞
‖u∗

n‖2
L2(RN ) = lim inf

n→∞
‖un‖2

L2(RN ) = c.

Suppose that β := ‖u∗‖2
L2(RN ) < c. If P (u∗) = 0, then by (5.13) and Lemma 5.10,

mβ,P ≤ Φ(u∗) ≤ mc,P < mβ,P , which is absurd. If P (u∗) < 0, then by Lemmas 5.5
and 5.6, there exists a unique constant s∗ := su∗ ∈ (0, 1) such that s∗ � u∗ ∈ Pβ.
Using Lemma 5.10 and the weak lower semi-continuity yields that

mβ,P ≤ Φ(s∗ � u∗) − 1
Np − N − α

P (s∗ � u∗)

<
Np − N − α − 2
2(Np − N − α)

∫
RN

|∇u∗|2 dx +
Np − 2N − α − 2

Np − N − α

∫
RN

|u∗|2|∇u∗|2 dx

≤ lim inf
n→∞

(
Φ(un) − 1

Np − N − α
P (un)

)
= mc,P < mβ,P ,

which is also absurd. Here we remark that P (u∗) ≤ 0 implies Pβ 	= ∅, regardless
of whether β > c∗4. Then, as seen from the proof, the conclusion of Lemma 5.10
remains valid and thus mc,P < mβ,P provided that 0 < β < c. Therefore, it must
be ‖u∗‖2

L2(RN ) = c. Repeating the above arguments, one can also conclude that
P (u∗) = 0 and henceforth u∗ ∈ Pc. Therefore, u∗ is indeed a minimizer of mc,P .

Appendix A.

A.1. Proof of Lemma 2.3

The following result is taken from [47, Proposition 5.4.7].
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Lemma A.1. Let q > 1 and Ω be a domain in R
N . If {un} is bounded in Lq(Ω)

and

un → u a.e. in Ω

for some u ∈ Lq(Ω), then we have un ⇀ u in Lq(Ω).

Lemma A.2. Under the assumptions of Lemma 2.3, there holds

lim
n→∞

∫
RN

∣∣F (un) − F (un − u) − F (u)
∣∣ 2N

N+α dx = 0. (A.1)

Proof. Since F (0) = 0 and |F ′(t)| ≤ C
(
|t| α

N + |t|
N+2α+2

N−2
)

for t ∈ R, we have

|F (u)| ≤ C
(
|u|N+α

N + |u|
2(N+α)

N−2

)
(A.2)

and

|F (un) − F (un − u)| =
∣∣∣∣
∫ 1

0

F ′(un − τu)u dτ

∣∣∣∣
≤ C

∫ 1

0

(
|un − τu| α

N + |un − τu|
N+2α+2

N−2

)
|u| dτ

≤ C
(
|un|

α
N |u| + |u|

N+α
N + |un|

N+2α+2
N−2 |u| + |u|

2(N+α)
N−2

)
.

By the Young inequality, we see that for any ε > 0 there exists Cε > 0 such that

|F (un) − F (un − u) − F (u)| 2N
N+α

≤ C
(
|un|

α
N |u| + |u|

N+α
N + |un|

N+2α+2
N−2 |u| + |u|

2(N+α)
N−2

) 2N
N+α

≤ C
(
|un|

2α
N+α |u| 2N

N+α + u2 + |un|
2N(N+2α+2)
(N−2)(N+α) |u| 2N

N+α + |u| 4N
N−2

)
≤ ε

(
u2

n + |un|
4N

N−2 − u2 − |u| 4N
N−2

)
+ Cε

(
u2 + |u| 4N

N−2

)
.

Define

gε,n = max
{
|F (un) − F (un − u) − F (u)| 2N

N+α

−ε
(
u2

n + |un|
4N

N−2 − u2 − |u| 4N
N−2

)
, 0
}

.

Then gε,n → 0 a.e. in R
N and

0 ≤ gε,n ≤ Cε

(
u2 + |u| 4N

N−2

)
∈ L1(RN ).

By the Lebesgue dominated convergence theorem, we have gε,n → 0 in L1(RN ).
Since

|F (un) − F (un − u) − F (u)| 2N
N+α ≤ gε,n + ε

(
u2

n + |un|
4N

N−2

)
,
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and {un} is bounded in X , we have

lim sup
n→∞

∫
RN

∣∣F (un) − F (un − u) − F (u)
∣∣ 2N

N+α dx ≤ C · ε.

Since ε is arbitrary, we arrive at the conclusion of (A.1). The proof is finished.

Proof of Lemma 2.3. We observe that∫
RN

[
(Iα ∗ F (un))F (un) − (Iα ∗ F (un − u))F (un − u) − (Iα ∗ F (u))F (u)

]
dx

=
∫

RN

(Iα ∗ F (un))
[
F (un) − F (un − u) − F (u)

]
dx

+
∫

RN

(Iα ∗ F (un − u))
[
F (un) − F (un − u) − F (u)

]
dx

+
∫

RN

(Iα ∗ F (u))
[
F (un) − F (un − u) − F (u)

]
dx

+ 2
∫

RN

(Iα ∗ F (u))F (un − u)dx

� (I) + (II) + (III) + (IV).

It suffices to show that each term on the right hand side is an infinitesimal as
n → ∞.

Step 1. (I) = on(1), (II) = on(1) and (III) = on(1) as n → ∞. Since {un}
is bounded in X , we see from (A.2) that {F (un)} is bounded in L

2N
N+α (RN ). Then,

using Lemmas 2.2 and A.2, we have

|(I)| =
∣∣∣∣
∫

RN

(Iα ∗ F (un))
[
F (un) − F (un − u) − F (u)

]
dx

∣∣∣∣
≤ C‖F (un)‖

L
2N

N+α (RN )
‖F (un) − F (un − u) − F (u)‖

L
2N

N+α (RN )

= on(1)

and, similarly, (II) = on(1) and (III) = on(1) as n → ∞.

Step 2. (IV) = on(1) as n → ∞. Clearly, {F (un−u)} is bounded in L
2N

N+α (RN )
and F (un − u) → 0 a.e. in R

N . Then by Lemma A.1 it holds F (un − u) ⇀ 0 in
L

2N
N+α (RN ). Since Iα ∗ F (u) ∈ L

2N
N−α (RN ), we have

(IV) = 2
∫

RN

(Iα ∗ F (u))F (un − u)dx = on(1)

as n → ∞, completing the proof.

Similar to Lemma 2.3, we also have
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Lemma A.3. Assume that F ∈ C1(R, R) satisfies F (0) = 0 and there exists C > 0
such that |F ′(t)| ≤ C

(
|t| α

N + |t|
α+2
N−2

)
for t ∈ R. If {un} is a bounded sequence in

H1(RN ) and un → u a.e. in R
N for some u ∈ H1(RN ), then

lim
n→∞

∫
RN

[(Iα ∗ F (un))F (un) − (Iα ∗ F (un − u))F (un − u)

− (Iα ∗ F (u))F (u)]dx = 0.

A.2. Proof of (4.6)

We prove the result by using the Moser iteration.

Proof of (4.6). We divide the proof into two steps.

Step 1. There exists a constant C > 0 such that

‖Iα ∗ |un|p‖L∞(RN ) ≤ C, for n ∈ N. (A.3)

Indeed, the assumption (1.6) indicates that

2 ≤ N + α

N − 2
< p <

2N + α + 2
N

≤ 4α

N − 2
.

Let r ∈ R such that 1 < N
α < r < 4N

(N−2)p . Then

2 < p < pr <
4N

N − 2
and 0 <

(N − α)r
r − 1

< N.

Set Aα = Γ(N−α
2 )/

(
2απ

N
2 Γ(α

2 )
)
. Using the Hölder inequality yields that

(Iα ∗ |un|p)(x)

= Aα

∫
B1(x)

|un(y)|p
|x − y|N−α

dy + Aα

∫
RN\B1(x)

|un(y)|p
|x − y|N−α

dy

≤ Aα

(∫
B1(x)

|un|pr dy

) 1
r
(∫

B1(0)

|y|−
(N−α)r

r−1 dy

) r−1
r

+ Aα

∫
RN\B1(x)

|un|p dy

≤ C
(
‖un‖p

Lpr(RN )
+ ‖un‖p

Lp(RN )

)
.

Then the conclusion of (A.3) follows easily, since {un} is bounded in X .

Step 2. un ∈ Lq(RN) and {un} is bounded in Lq(RN) for any q ≥ 4N
N−2

.
Since un ∈ Scn is a minimizer of mcn , there exists λn ∈ R such that un weakly
solves the equation Φ′(u) + λnu = 0, i.e.∫

RN

[
(1 + 2u2

n)∇un · ∇φ + 2|∇un|2unφ + λnunφ − (Iα ∗ |un|p)|un|p−2unφ
]
dx = 0

for any φ ∈ C∞
0 (RN ). Using an approximation argument, one can take any φ ∈ X

satisfying
∫

RN u2
n|∇φ|2 dx < ∞ and

∫
RN |∇un|2φ2 dx < ∞ as test functions. A
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standard argument shows that the following Pohožaev-type identity holds:
N − 2

2

∫
RN

|∇un|2 dx + (N − 2)
∫

RN

u2
n|∇un|2 dx

+
λnN

2

∫
RN

u2
n dx − N + α

2p

∫
RN

(
Iα ∗ |un|p)|un|p dx = 0.

Then

0 ≥ mcn = Φ(un)

=
2 + α

2(N + α)

∫
RN

|∇un|2 dx +
2 + α

N + α

∫
RN

u2
n|∇un|2 dx − λnNcn

2(N + α)
,

from which it follows that λn > 0.
For M > 0, let uM

n be the truncation of un defined by uM
n =

max{−M, min{un, M}}. Choosing φ = |uM
n |γuM

n with γ > 1 as a test function
and using the facts |uM

n | ≤ |un|, ∇un∇uM
n = |∇uM

n |2 and λn > 0, we deduce that

(γ + 1)
∫

RN

(1 + 2|uM
n |2)|uM

n |γ |∇uM
n |2 dx ≤

∫
RN

(Iα ∗ |un|p)|un|p+γ dx.

Since ‖Iα ∗ |un|p‖L∞(RN ) ≤ C by (A.3), we have

2(γ + 1)
∫

RN

|uM
n |γ+2|∇uM

n |2 dx ≤ C

∫
RN

|un|p+γ dx.

Then by the Sobolev inequality,(∫
RN

|uM
n |

N(γ+4)
N−2 dx

)N−2
N

≤ Cγ

∫
RN

|un|p+γ dx.

Letting M → +∞, we obtain(∫
RN

|un|
N(γ+4)

N−2 dx

)N−2
N

≤ Cγ

∫
RN

|un|p+γ dx. (A.4)

Now we carry out an iteration process by setting γ0 = 4N
N−2 − p > 1 and

γj =
N − 2

2

((
N

N − 2

)j+1

− 1

)
γ0 > 1, for j = 1, 2, . . . ,

Clearly, p + γj = N(γj−1+4)
N−2 for j = 1, 2, . . .. Then it follows from (A.4) that

‖un‖Lp+γj (RN ) ≤ (Cγj−1)
1

γj−1+4 ‖un‖
γj−1+p

γj−1+4

Lp+γj−1(RN )
.

Doing iteration yields that

‖un‖Lp+γj (RN ) ≤
j−1∏
k=0

(Cγk)
1

γj−1+4 ·( N
N−2 )

j−1−k

‖un‖
γ0+p

γj−1+4 ·( N
N−2 )

j−1

Lp+γ0(RN )

Note that γj → +∞ as j → ∞, p+γ0 = 4N
N−2 and {un} is bounded in X . Using the

Hölder inequality, we conclude that un ∈ Lq(RN ) and {un} ⊂ Lq(RN ) is bounded
for any q ≥ 4N

N−2 . The proof is finished.
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A.3. From local minimizer to solution of (1.1)

Lemma A.4. If u ∈ Pc is minimizer of mc,P , then u is a normalized solution of
(1.1), i.e. 〈Φ′(u), φ〉 + λ

∫
RN uφdx = 0 for all φ ∈ C∞

0 (RN ), where the Lagrange
multiplier λ is given by λ = − 〈Φ′(u),u〉

c .

Proof. Suppose by contradiction that there exists φ ∈ C∞
0 (RN ) such that

〈Φ′(u), φ〉 + λ

∫
RN

uφdx = −3. (A.5)

Let ζ ∈ C∞
0 (R, [0, 1]) be a cut-off function satisfying ζ(s) = 1 if |s − 1| ≤ 1

4 and
ζ(s) = 0 if |s−1| ≥ 1

2 . Let ε1 > 0 be sufficiently small and define a continuous map
g(s, t) :

[
1
4 , 7

4

]
× [0, ε1] → Sc by

g(s, t) =
√

c (s � (u + tζ(s)φ))
‖s � (u + tζ(s)φ)‖L2(RN )

.

Then g(s, 0) = s � u for s ∈
[

1
4 , 7

4

]
.

By relation (A.5), there exist ε0 ∈
(
0, 1

4

)
and ε2 ∈ (0, ε1) such that

∂

∂t
Φ(g(s, t)) =

〈
Φ′(g(s, t)),

∂

∂t
g(s, t)

〉
≤ −2

for (s, t) ∈ [1 − ε0, 1 + ε0] × [0, ε2]. Choose a new cut-off function η ∈ C∞
0 (R, [0, 1])

such that η(s) = 1 if |s − 1| ≤ ε0 and η(s) = 0 if |s − 1| ≥ 2ε0. Define a new
continuous map h(s, t) : [1 − 2ε0, 1 + 2ε0] × [0, ε2] → Sc by

h(s, t) =
√

c (s � (u + tη(s)φ))
‖s � (u + tη(s)φ)‖L2(RN )

.

Clearly, h(s, 0) = s � u for s ∈ [1 − 2ε0, 1 + 2ε0] and

∂

∂t
Φ(h(s, t)) =

〈
Φ′(h(s, t)),

∂

∂t
h(s, t)

〉
=
〈
Φ′(g(s, t)),

∂

∂t
g(s, t)

〉
≤ −2 (A.6)

for (s, t) ∈ [1 − ε0, 1 + ε0] × [0, ε2].

Claim. There exists ε3 ∈ (0, ε2) such that

Φ(h(s, ε3)) < mc,P , for s ∈ [1 − 2ε0, 1 + 2ε0]. (A.7)

Indeed, combining Lemmas 5.5 and 5.6 with (A.6) yields

Φ(h(s, t)) = Φ(h(s, 0)) +
∫ t

0

〈
Φ′(h(s, τ)),

∂

∂τ
h(s, τ)

〉
dτ ≤ Φ(u) − 2t < mc,P

for (s, t) ∈ [1 − ε0, 1 + ε0] × (0, ε2]. By Lemmas 5.5 and 5.6 again, there exists a
constant δ > 0 independent of s such that Φ(h(s, 0)) = Φ(s � u) ≤ mc,P − 2δ if
ε0 ≤ |s − 1| ≤ 2ε0. Using the continuity of Φ ◦ h, we conclude that there exists
ε3 ∈ (0, ε2) such that

Φ(h(s, t)) ≤ mc,P − δ < mc,P

for (s, t) ∈ ([1−2ε0, 1−ε0]∪ [1+ε0, 1+2ε0])× [0, ε3]. Therefore, the claim is proved.
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We define the homotopy H : [1 − 2ε0, 1 + 2ε0] × [0, 1] → R by

H(s, τ) = P (h(s, τε3)).

It follows from the definition of h and Lemmas 5.5 and 5.6 that

H(1 − 2ε0, τ) = P ((1 − 2ε0) � u) > 0, H(1 + 2ε0, τ) = P ((1 + 2ε0) � u) < 0

for all τ ∈ [0, 1]. The homotopy invariance gives

deg(H(·, 1), (1 − 2ε0, 1 + 2ε0), 0) = deg(H(·, 0), (1 − 2ε0, 1 + 2ε0), 0) = −1.

Then, by the existence property, there exists s0 ∈ (1 − 2ε0, 1 + 2ε0) such that

P (h(s0, ε3)) = H(s0, 1) = 0,

i.e. h(s0, ε3) ∈ Pc.
Consequently, Φ(h(s0, ε3)) ≥ mc,P , which contradicts (A.7).

ORCID

Haidong Liu https://orcid.org/0000-0001-6453-2872
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[29] H. Liu, V. Rădulescu, J. Zhang and X. Zhong, Local and global minimizers for a
mass constrained quasilinear problem, preprint.

[30] H. Liu and L. Zhao, Existence results for quasilinear Schrödinger equations with a
general nonlinearity, Commun. Pure Appl. Anal. 19 (2020) 3429–3444.

[31] J. Liu and Z.-Q. Wang, Soliton solutions for quasilinear Schrödinger equations, I,
Proc. Am. Math. Soc. 131 (2003) 441–448.

[32] J. Liu and Z.-Q. Wang, Multiple solutions for quasilinear elliptic equations with a
finite potential well, J. Differ. Equ. 257 (2014) 2874–2899.

[33] J. Liu, Y. Wang and Z.-Q. Wang, Soliton solutions for quasilinear Schrödinger equa-
tions, II, J. Differ. Equ. 187 (2003) 473–493.

2650006-32

B
ul

l. 
M

at
h.

 S
ci

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 V
ic

en
tiu

 R
ad

ul
es

cu
 o

n 
03

/1
2/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



2nd Reading

February 20, 2026 18:41 WSPC/1664-3607 319-BMS 2650006

Normalized solutions for quasilinear nonlocal problems

[34] J. Liu, Y. Wang and Z.-Q. Wang, Solutions for quasilinear Schrödinger equations via
the Nehari method, Commun. Partial Differ. Equ. 29 (2004) 879–901.

[35] J. Liu, Z.-Q. Wang and Y. Guo, Multibump solutions for quasilinear elliptic equa-
tions, J. Funct. Anal. 262 (2012) 4040–4102.

[36] X. Liu, J. Liu and Z.-Q. Wang, Quasilinear elliptic equations via perturbation
method, Proc. Am. Math. Soc. 141 (2013) 253–263.

[37] V. Makhankov and V. Fedyanin, Nonlinear effects in quasi-one-dimensional models
of condensed matter theory, Phys. Rep. 104 (1984) 1–86.

[38] A. Mao and S. Lu, Normalized solutions to the quasilinear Schrödinger equations
with combined nonlinearities, Proc. Edinb. Math. Soc. 67 (2024) 349–387.

[39] V. Moroz and J. Van Schaftingen, Groundstates of nonlinear Choquard equations:
Existence, qualitative properties and decay asymptotics, J. Funct. Anal. 265 (2013)
153–184.

[40] M. Poppenberg, K. Schmitt and Z.-Q. Wang, On the existence of soliton solutions to
quasilinear Schrödinger equations, Calc. Var. Partial Differ. Equ. 14 (2002) 329–344.

[41] G. Quispel and H. Capel, Equation of motion for the Heisenberg spin chain, Phys.
A 110 (1982) 41–80.

[42] D. Ruiz and G. Siciliano, Existence of ground states for a modified nonlinear
Schrödinger equation, Nonlinearity 23 (2010) 1221–1233.

[43] M. Shu, L. Wen and H. Yang, Normalized solutions for planar Schrödinger–Poisson
equation with mixed nonlinearities, Bull. Math. Sci. 15 (2025) 2550008.

[44] L. Wei and Y. Song, Normalized solutions for critical Schrödinger equations involving
(2,q)-Laplacian, Opusc. Math. 45 (2025) 685–716.

[45] M. Weinstein, Nonlinear Schrödinger equations and sharp interpolation estimates,
Commun. Math. Phys. 87 (1983) 567–576.

[46] M. Willem, Minimax Theorems (Birkhäuser, Boston, 1996).
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