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1. Introduction

We look for solutions (u, \) € H*(RY) x R of the quasilinear problem
—Au— A(u?)u + M= (I, * |[uP)[ulP"2u  in RN (1.1)

satisfying the additional condition

/ u?dr = ¢ > 0. (1.2)
RN

Such solutions are commonly referred to as normalized solutions since ([[L2) imposes
a normalization on the L?-mass of the solution u. Therefore, A € R in () cannot
be prescribed a priori but rather emerges as part of the unknown. Here and through-

out the subsequent discussion, we consistently assume that the spatial dimension
N > 3 and the exponent p satisfies % <p< 2(]1\\,[—1”2&) unless otherwise specified. In

addition, I, represents the Riesz potential of order a € (0, N), which is defined as

_ T
Ia(x) - N )
202 T(§)|w|VN -

for z € RV\{0}.

1.1. Motivation

Clearly, problem (IT]) is a special case of the quasilinear elliptic equation
—Au— A(w)u+ = f(z,u) in RY, (1.3)
which originates from the study of solitary waves of nonlinear Schrédinger equation
i) + A% + AP0 + g(z, W)Y =0 in Rt x RV, (1.4)

It is known that (L4]) appears in many different physical contexts, including
condensed matter theory, dissipative quantum mechanics, fluid mechanics and
plasma physics, and the theory of Heisenberg ferromagnets and magnons (see, e.g.
3, 22 23, 28, (37, 1)),

The study of (L3) admits two different approaches. One can either consider
the chemical potential A € R to be given, or regard it as part of the unknown. In the
former case, (L3)) has been widely investigated over the past two decades, and the
situation is now well understood. We do not even attempt to review the available
results here, instead we refer the interested reader to [2] [7, 9], T9H2T], [30H36], [40], [42]
51]. See also the references therein. In the latter case, the L?-mass normalization of
the solution u becomes essential. This constraint naturally introduces A € R in (L3))
as a Lagrange multiplier. The classical variational approach to finding normalized
solutions of (3] is to seek critical points of the energy functional

1
J(u) = E/RN |Vu|2dx—|—/RN u2|Vu|2dx—/RN F(x,u)dx
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constrained on the L2-sphere

SC:{uEHl(RN)‘/ uQ\Vu\de<oo,/ uzdx:c},
RN RN

where F'(z,u) fo (x,t)dt. A first strategy is to find minimizers of J restricted to
S.. It is known that the number 44 4 « Plays a pivotal role and serves as a watershed
for the minimization method. To elucidate this, we consider the prototypical non-
linearity f(z,u) = |u[P~2u, where 2 < p < 2. Utilizing the Gagliardo-Nirenberg
inequality together with L?-invariant rescaling argument, we see that J is bounded
from below on S, if p < 4+ %, whereas it becomes unbounded from below on S,
ifp>4+ %. Consequently, the threshold number 4 + % is designated as the mass
critical exponent for (L3)).

We summarize some known results on normalized solutions of (I3]), which pri-
marily focus on the power nonlinearity f(z,u) = |u[P~2u. In the mass subcritical
and critical case 2 < p < 4+ %, existence and nonexistence of global minimizers
for J on S, were established in [8] (15, 49]. When 2 + + < p < 4+ &+, Jeanjean
et al., [16] obtained both local minimizer and mountain pass normalized solution by
the perturbation method from [36]. When p =4 + %, existence and concentration
behavior of normalized solutions were studied in [24], 49, 52] [53] provided that the
mass c¢ is suitably large. Later, Zhang et al., [54] adopted the dual approach from
[7, B3] to find infinitely many normalized solutions when 2 < p < 2 + % and as
many normalized solutions as prescribed when 2 + % <p<4+ % and the mass c
is suitably large. See [48] for analogous results of ([L3]) with general nonlinearities
in the mass subcritical regime.

The mass supercritical case 4 + % <p< ](‘;N2 has been less studied due to
inherent technical difficulties. Li and Zou [24] employed the perturbation method
to establish the existence of a positive ground state normalized solution and applied
the index theory to obtain infinitely many normalized solutions for ([L3]). They
required that the spatial dimension N < 3 and the exponent p is also less than H'-
critical exponent when N = 3, stemming from delicate control on the sign property
of the Lagrange multiplier. Zhang et al., [53] also established the existence of a
positive ground state normalized solution via the Pohozaev manifold technique,
successfully handling the case of H!-critical exponent. Recently, inspired by [4I,
Jeanjean et al., [17] studied a relaxed minimization problem

Me,D —ulengcJ( u),

where
D, = {u e HY(RM)\{0} ’/ w?|Vul? dr < oo, / u?dr < ¢, P(u) = O}
RN RN
with

N(p—2
P(u):/ |Vu|2dx+(N+2)/ u2|Vu|2dx—L/ lulP da.
RN RN 2p RN
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They proved that m.p has a minimizer if either N < 4 or N > 5 and ¢ > 0 is
suitably small. Such a minimizer is indeed a solution of (L3]) for some A € R and
belongs to S.. Asymptotic behavior of the minimizers was further analyzed in [17]
as the mass ¢ tends to some limit. Gao and Zhang [I3] combined the perturbation
method with the PohoZaev manifold technique to obtain infinitely many normalized
solutions for (3]) in the dimensions N = 3, 4.

1.2. Main results

It should be noted that quasilinear problems involving potentials or general non-
linearities remain largely unexplored in the literature. Some partial results can be
found in [TOHI2] 14 [I8], 25| 29] [38], 43 [44], [48] 50]. In particular, we refer to Chen
and Tang [0] for a comprehensive review on the existence of normalized solutions
for several classes of nonlinear elliptic equations.

In this paper, we are interested in solutions of ([LII) satisfying the mass con-
straint (L2)). The corresponding energy functional is defined by

D(u) = l/ |Vul|? dx —|—/ w?|Vul? do — i/ (Lo [ul?)|ul? dz,
2 RN 2p RN

RN

which is not of class C! in H'(RY) due to the second integral term. To avoid
this difficulty, we shall adopt a direct approach inspired by [8] and investigate the
following minimization problem

c = inf @ )
m ulélsc (U)

where again

SC:{ueHl(RN)’/ uQ\Vu\Qd:c<oo,/ u2dx:c}.
RN RN

In order to present our main results, we introduce the function

g

¥
_ for z € RN
02+z—z|2) ’ ’

Qo) =G (
where ¢ > 0 and z € RN are parameters, and Cy > 0 is a fixed constant such that
e e
/RN (o [@uge | ™) @uge| ¥ dw = 1.

Theorem 1.1. If p = N]J\;a, then

N+«

New~

<0 (1.5)

Me = — 2(Nta)

2(N + O‘)HQ% HLz(IEIRN)

and m, s not achieved for any c¢ > 0.
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Theorem 1.2. Let % <p< 2]\[‘}'\,7““'2 We have the following conclusions:
(1) If % <p< W, then me < 0 and m. is achieved for any ¢ > 0.
(2) If p= S52E2 then there exists a threshold mass ¢ > 0 such that

(2.1) me =0 and m, is not achieved for any 0 < ¢ < cj.
(2.2) m. <0 and m, is achieved for any ¢ > c7.

(3) If Motz < < 2NHet2 gnd in addition,

N +1)(N —2)
3N +2

max{N—4,2( } <a< N when N > 4, (1.6)

then there exists a threshold mass c5 > 0 such that

(3.1) m¢e =0 and m, is not achieved for any 0 < ¢ < c3.
(3.2) m. =0 and m, is achieved for any ¢ = c3.
(3.3) m¢e <0 and m, is achieved for any ¢ > c;.

Theorem 1.3. Let % <p< 2(]1\\,[—31) We have the following conclusions:

(1) Ifp= WT’I“, then there exists a threshold mass c3 > 0 such that

0, for any 0 < c < cj,
me =
—o0, for any c > cj.
(2) If BHet2 < p < 2(11\,Vj2°‘), then m. = —oo for any ¢ > 0.

(3) The infimum m. fails to be attained for any ¢ > 0.

In Theorems [[LTHI.3l we require that % <p< 2N+9) which is equivalent

N—2
to 2 < 1%[1_\(_1(; < %. Indeed, using the Hardy—Littlewood—Sobolev inequality (see
Lemma [22]), the Holder inequality and the Sobolev inequality, we have
N+ao
2Np N
/ (L + [ufP)|ul? dz < C (/ | 5 d:s)
RN RN
2(N+a)—p(N-2) (N-2)(Np—N-—a)
5 N+2 AN N(N+2)
SC(/ udx) (/ u|N2dx)
RN RN
2(N+a)—p(N=2) Np—N-—a
N+2

pN+2
<C (/ u? dI) </ u2|Vu|2da:>
RN RN

for any v € X := {u € H'(RY)| [on v?|Vu[?dz < oo}, where C is a positive
constant. This inequality ensures that the energy functional ® is well defined in

X under the condition £ < p < 2NTY) - Consequently, the bounds e ¢ and

N—2
% are termed lower and upper critical exponents for (II]), respectively.

(1.7)
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Let &2 < p < T2 and @, be a ground state solution of

_Np—(N+a)Au+N+a—(N—2)p
2 2

Then any u € H!(R") satisfies

/ (L * uf?)]uf? dz
RN

u= (I * |ul”)|[ulP%u in RY.

Np—N—« N+a—(N—-2)p
2

p 2
< W </]RN Vqu:c) (/]RN u? da:) , (1.8)
plizz@n)

with equality attained when v = @,,. Theorems[[2land [[3]reveal that the threshold
mass emerges when the exponent p lies within the interval [W, WTQH] The
constants ¢, ¢3 and cj will be rigorously constructed in Secs. 4 and 5, defined as
follows:

¢t = Qs [3agvy,

¢; = inf{c > 0|m, < 0},

N

at2 =
AN +2a+4 (Jan w2 dz) ™ [on u?|Vu|? da -

2N+ a+2 2N+ a+2

in
N weX\{0} oy (Tax*ul= % )u|= & do

Remark 1.4. Theorem states that ® has no global minimizer on S, for
p = 21\”5\,7’“'2 and 0 < ¢ < c§. In this special case, we can further establish the

nonexistence of normalized solutions of (II]) subject to the mass constraint (I2)).
Assume by contradiction that (u,\) € H'(R") x R solves ([I)) and (I2). Then

/ |Vu|2da:—|—4/ u2|Vu|2d3:—|—)\/ u? dx
RN RN RN

—/ (T # Ju) 5 ) u 5 da = 0. (1.9)
RN

In addition, using standard arguments, we see that u also satisfies

N —2 N
—/ |Vu|? dz + (N — 2)/ u?|Vul|? de + —= u® dx
2 RN RN 2 Jpn~
N(N—l—a) 2N fa+2 2N +fat2
- 1, dr = 0. 1.10
4N+2a+4/RN( Nl de (1.10)

Multiplying (CJ) by & and subtracting (CI0) yields

/ \Vu\2dx+(N+2)/ u?|Vul|? d
RN RN

N(N + 2) 2N +a+2 2N +at2
= —— 1, N N d.
e [ e 55 .
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It then follows that

N

a+2

at2
AN + 20 +4 (fpnu?dz) ¥ [on v?|Vul? do </ 2y
uw”dr = c,
N Jan (Za * |ul 2N%ﬂ+2)\u| =R A RN

c5 <

thus contradicting the initial assumption 0 < ¢ < ¢3.

The global minimizer of ® on S, if it exists, is necessarily a normalized solution
of (L) for some A € R. While Theorem establishes the nonexistence of global
minimizers for 2]\["]’\,7“"’2 <p< %, this does not preclude the existence of
normalized solutions for (1) altogether. Indeed, Remark [[L4] demonstrates the
absence of normalized solutions specifically when p = W and 0 < ¢ < ¢§. For
other parameter regimes, normalized solutions may still exist. To address this, we
introduce the Pohozaev set P. = {u € S.|P(u) = 0} as in [53] and analyze the
minimization problem

= inf @
Me,p = Inf (u),

where
P(u):/ \Vu\2dx+(N+2)/ 2|Vl dz
RN RN

Np— N —«a
— pi/ (Io * [ulP)|u|? dz.
2p RN
In the forthcoming result, we prove that the local minimizer of ® on P, does exist
under certain conditions. Moreover, Lemma [A4] in the appendix shows that the
local minimizer is indeed a normalized solution of () for some X € R.

Theorem 1.5. Suppose that N = 3,4, 2N —6 < o < N and 285042 < < Bta
Set

_ 2N+a+2
c3, when p = ===

)

2N+a+2 N+
0, when 5 <p< §55-

If ¢ > ¢, then we have P, # (), mep > 0 and mep has a minimizer.

Notations. Throughout this paper, C' denotes a positive constant whose value
may change from line to line, and o, (1) signifies a generic infinitesimal as n — oo.
We shall work in the metric space

X = {ue HY(RM) ’/ u?|Vul? de < oo}
RN

equipped with the distance dx (u,v) = ||u — 0| g1y + [[V(4?) = V(0?)|| L2y
While X is complete under this metric, it is not a vector space since it fails to be
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closed under the sum. We define (sxu)(z) = sZ u(sz) for s > 0. Then |sxullL2@myy =
H’U,HLQ(RN) and

/ \V(s*u)\deZSQ/ \Vu|? dz, (1.11)
RN

RN
/ (s xu)?|V(sxu)]?dz = sN+2/ u?|Vu|? d, (1.12)
RN RN
/ (Iy *|s*ulP)|s xulP de = sz_N_a/ (I * |u|?)|u|P da. (1.13)
RN RN

The scaling properties (LII)-([LI3) play a crucial role in our analysis.

2. Preliminaries

In this section, we state some useful lemmas. We first recall the Gagliardo—Nirenberg
inequality (see [45], Theorem B]) and the Hardy—Littlewood—Sobolev inequality (see
[26) Theorem 4.3]).

Lemma 2.1 (Gagliardo-Nirenberg inequality). Assume that 2 < p < 13—1_\'2

and denote by W, € H'(RYN) the unique positive radial solution of the following
semilinear elliptic equation
N(p—2 —2)(N -2
—LAu—F 1-— p=2)(V=-2) u=|uP~%u in RV,
4 4
Then any v € HY(RN) satisfies

2p—N(p—2) N(p—2)

2p=N(p=2)
/ |u|P dox < # (/ u? dx) (/ Vqux)
RN 2||W ||L2 RN) RN RN

Lemma 2.2 (Hardy—Littlewood—Sobolev inequality). Let¢ > 1, r > 1 and
0 < p < N be such that %—i— & —i—% = 2. Then there is a sharp constant C(N, p,t,r)
such that, for f € Lt(RN) and h € L"(RY), it holds

[ [ e, dy] < O(N, 1, )|l ey el ooy
RN JRN |x—y|

The next result is a nonlocal version of Brézis-Lieb lemma, which was essentially
proved in [I] (see also [5l 39]). We shall briefly sketch the proof in the appendix for
the reader’s convenience.

Lemma 2.3. Assume that F € Cl (R R) satisfies F(0) = 0 and there exists C' > 0

such that |F'(t)] < C’(\t|N + \t| N2 2) fort € R. If {uy,} is a bounded sequence in
X and u, — u a.e. in RN for some u € X, then

lim [(Iy * F(un))F (un)

n—oo JpN
— (In * Fup — w))F(up —u) — (Iy * F(u))F(u)]dx = 0.

2650006-8
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3. Proof of Theorem [1.1]

This section addresses the case p = N]'V"a. Recall that

Q%(I) =y (+> , forz e RV,

o2+ |z —z|?

where o > 0 and z € RV are parameters, and Cy > 0 is a fixed constant such that

N+4ao
[ (ol

Nia
Y Quga| ¥ dz=1.
Then any u € H(RY) satisfies

N+a
/ (Fa %l % ) 5 dx<+(+(/ u2dx> T B
RN Qg [ oy ~F

with equality attained if and only if u = Q nia.
N

Proof of Theorem [I.11 Let ¢ > 0. Setting
Ve

h—— V=
HQ% HL?(RN)

b

we have sx (k Q%) € S, for all s > 0. Then, since QW optimizes (1)), it holds

NcN]«\]l»a
me < hr(r)l @(s*(nQN;a)):— SN Ty (3.2)
- 2(N +0)||Qage | ooy
By BI)) again, we have
Nta N+ta
N N Ne ™~
P(u) = - 3V ta) (/Nqux) - PTG
2N + )| Quge || 2wy 2N + )| Quge [ 2 oy
for any u € S, which implies
N+4ao
N
me > — < (3.3)

2(N + o ||QN+‘x ||L2(]RN)

Then (A follows directly by combining (32]) and B3]).
If there exists u € S. achieving m.., then we see from (m) and ([BJ) that

1 9 N Nta
— <o —_ 1,
2/RN\VU\ dx < (U)+2(N+Oé)/RN( * )|u\ dx

N N+a
<m¢+ Ty (/ u? dx)
2V + )| Qg oy P

=0.

This forces u = 0 in RY, contradicting u € S.. The proof is finished. |

2650006-9
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4. Proof of Theorem

Throughout this section, we always assume that % <p< %

4.1. Some useful lemmas

Lemma 4.1. The functional ® is coercive and bounded from below on S,.
Proof. By (1), we have

1
D(u) > —/ |Vu|2d3:—|—/ w?|Vu|? do
2 RN RN

2(N+a)—p(N—-2) Np—
NTF2

N—«
N+2
. (/ u2|Vu|2dx>
2p RN

Np—N—«
N+2

_C’~c

for any u € S.. The desired conclusion follows easily because 0 < < 1.

O

As an immediate consequence of Lemma [£.1] one has m. > —oo for any ¢ > 0.

Lemma 4.2. It holds that m. <0 for any ¢ > 0.

Proof. Fix an arbitrary u € S.. Observe that s xu € S, for all s > 0. Therefore,

me < lim $(sxu) = 0.
s—0+t

This completes the proof. O

In the subsequent lemma, we establish the existence of a global minimizer under
additional condition m, < 0. Interestingly, as will be discussed later, the critical
threshold case m, = 0 exhibits a dichotomy: minimizers may or may not exist,
depending on the specific values of ¢ and p.

Lemma 4.3. Let ¢ > 0 be such that
me < 0.

Then there exists a Schwartz symmetric function u € S, achieving me.

Proof. Let {u,} C S be a minimizing sequence of my, i.e.

lim ®(u,) =m, <0.

n—oo
By [8, Lemma 4.3] and [26, Theorem 3.7], we may assume without loss of generality
that {u,} C S, is a minimizing sequence of Schwartz symmetric functions. It follows
from Lemma [LT] that {u,} is bounded in X and, by the Sobolev inequality, is also
bounded in L%(RN ). Assume by extracting a subsequence that uw, — u in X,

2650006-10
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up, — uin LY(RY) with 2 < ¢ < §%5, and u, — u a.e. in RY. Using (7)) and
Lemma 23] yields that
i [ (L % unP)unl? do :/ (L, * [ul?)|u|? dz.

RN RN

n—oo

Then by [8, Lemma 4.3] again,
O (u) < liminf ®(u,) = m,. < 0. (4.1)

To conclude that w is the desired minimizer of m., it suffices to prove u € S..
Clearly, u # 0 by ([@I]) and HuHQLQ(RN) < liminf,, 00 ||un||2LQ(RN) = ¢. Suppose, for
contradiction, that 7 := HuH%z(RN) € (0,¢). We define the scaled function u(x) =
u((%)_%x) for x € RY. Then @ € S, and, since ®(u) < 0,

me < ®(a)

= (E)T (1/ |Vu|2dx—|—/ uQVqux>
T 2 RN RN

Nt
c <1

_ (& ¥ P\|s,|P
(7_) on RN(IQ*M )| ulP da

N+a

<(5) 7 o

T

< O(u),
which contradicts (£I]). The proof is finished. O

N+ N+a+2
4.2. The case =% < p < ~5T=

Lemma 4.4. If % <p< W, then me < 0 for any ¢ > 0.

. . N+ao N+a+2
Proof. The assumption ~* < p < ==

can be equivalently expressed as
0<Np—N-«a<2.
Fix an arbitrary function u € S.. Then sxu € S, for all s > 0 and thereby

me < P(sxu)

82 SNp—N—a
== |Vu|2dx—|—sN+2/ u?|Vul|? do — 7/ (Iy * |u|?)|u|P da
2 RN RN 2p RN
<0,
provided that s > 0 is sufficiently small. The proof is finished. O

Proof of Theorem [I.2)(1). The result is a conjunction of Lemmas [£3] and 4l
O

2650006-11
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4.3. The case p = %
We first set ¢ = ||Q Niat2 HQLQ(RN) > 0, which is the threshold mass as shown below.

Lemma 4.5. If p = Y2 then m, = 0 and me is not achieved for any
0<c<].

Proof. Let p = Y£2+2 We see from (L) that, for any u € S,

a+2

N [e3 (3 N
7/ (I * |ul N+N+2)|u\ B g / \Vu|? da
N+a+2 RN C’lk RN

and thus

a+2
1 e
P(u) > 5 (1 - <£*) ) / |Vu|2d3:—|—/ u?|Vul*dz > 0 (4.2)
2 (&) RN RN

when 0 < ¢ < ¢f. It follows m. > 0. Combining this with Lemma yields
m. =0 for any 0 < ¢ < ¢f. The strict inequality in ([@2]) precludes the existence of
minimizers for m.. O

Lemma 4.6. If p = W, then me < 0 and m. admits a minimizer for any
c>cy.

Proof. Let p = 2£2+2 and recall the constant

Cik :/ ‘QN+()¢+2|2dx:/ ‘VQN+&+2|2dfl;
RN N RN N

N+4a+2

N o
/RN (Ia * ‘QN+1\C;+2|N+N+2)|QN+1\(;+2‘ N

_ dx.
N+oa+2 *

Write = , /< for simplicity. Then s * (kQ N+ﬁ+z) € S, for all s > 0 and so
1

me < Sig%@ (s* (KQW))

= inf < (Iﬁ2af\7r4 — 1) 52+ k1 |Q N tats |2‘VQ Ntot2 ‘2 dx - sN+2
2 RN N N

2
N

N D (ci)?
T 2(N+2) (N +2) [on |Quios2 [P [VQuios: > dx
<0

when ¢ > ¢f. With this, Lemma F.3] ensures the existence of a minimizer for m..
O

Proof of Theorem [[.2l(2). The result is a conjunction of Lemmas .5 and 6]
O
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N+ta+2 2N+4a+2
4.4. The case ~—= < p < ===

Lemma 4.7. If 8242 < p < 2Ndet2 gpq ([T holds, then me is not achieved
for small ¢ > 0.

Proof. Assume by contradiction that there exists a sequence of positive numbers
{¢n} such that lim, . c, = 0 and m,, is achieved by some u, € S.,. Since
D(up) = me., <0 by Lemma 2] we have

1 1
—/ |Vu,|? de +/ u?|Vu,|* dr < —/ (I * |un|P)|un|P da. (4.3)
2 RN RN 2p RN

It follows from (L) that

Np—N—«

2(N+a)—p(N—2) NT2
/ (Lo # [un|) funl do < C e cn ¥ ( / ugwun?dx) L)
RN RN

Combining {3)) and [{A]), we obtain

2(Nta)—p(N-2)

/ |V, |? dz —|—/ u? |V, | de +/ (I, * [un|P)|un P do < C - ¢, 2N Hot2-0r
RN RN RN

2(N+a)—p(N=2)

Since SNToT2-Np

> 0 and lim,, . ¢, = 0, there must be

lim |Vu,|? de = lim/ u?|Vu,|? dr
n—oo JpN

n—oo [pN

= lim (Io * |un|P)|un|P dz = 0. (4.5)
N

n—oo
We shall divide into two cases and get a contradiction to (L) in each case.

Case 1. p < E2 . 1f p < 222 then ®(u,) = me, <0 and (LJ) imply

1
/ |Vu,|? de < —/ (I * |un|?)|un|P dx
RN P Jr~

Np—N-—a Nt+a—(N—2)p
2
<C (/ |Vun2dx)
RN

( / u? dx)
RN
We remark that the above inequality also holds when p = by using Lemma

N+a
232 and the Sobolev inequality. Since w > 1 and W > 0, there

exists a constant § > 0 such that

/ |Vu,|? de > 4,
RN

directly contradicting (£3]).
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Case 2. p > ]1\\]{1——; This case occurs only when N > 50or N =4 and 0 < a < 2.

In the following arguments, we will always keep this in mind and assume that (L6
holds true. We claim that

u, € LY(RYN) (4.6)

and {u,} is bounded in LY(RY) for any g > 2. The proof relies on the Moser
iteration and is given in the appendix. Then we deduce from ®(u,) = m., < 0,
Lemma and the Holder inequality that

1
/ |V, |? do < —/ (I * [tun|P)|un|? dz
RN P Jr~

N+4a
N

2Np
<C |t | FFe da
RN
(N-—2)(Nta-2)p 2[(N -2)p—N—a]
N NI(N=2)p-2] N N[N -2p-3]
<C |t | V=2 da |tn | VP da
RN RN
(Nta—2)p 2[(N-2)p—N—a]
9 (N—2)p—2 N N[(N—-2)p—2]
<C [Vuy,|® dx [tn| P da .
RN RN
. N+a—2 AN 2[(N—2)p—N— .
Since W > 1, Np > 5=5 and W > 0, there also exists § > 0
such that
/ |Vu,|? dz > 6,
RN
which contradicts ([@H]) again. m|

Remark 4.8. Combining Lemmas 2] and 7] we conclude that
me =20
when ¢ > 0 is sufficiently small.

Lemma 4.9. If W <p< QNJFTM'Q, then me < 0 for large ¢ > 0.

Proof. Let w € X be such that
/ (I * |w]P)|w|? dz > 0.

RN

Define the scaled function
2
Ue(z) = w (c_% Hw||£’2(RN) x), for z € RY.
A simple calculation shows that u. € S, and
cl}r—{loo D (u.) = —o0.

Then the desired conclusion follows easily. O
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Next we study the monotonicity and continuity of m. with respect to ¢ > 0.

Lemma 4.10. Ifc¢ >0 and 0 > 1, then mg. < Om..

Proof. Given € > 0, there is a function u € S, such that
D(u) <me+e.
Define a(x) = Gﬁu(e_ﬁr?x) for z € RY. Then @ € Sp. and so
mge < O(a) < 0P(u) < O(me + €).

Since € > 0 is arbitrary, we have mg. < 6m., concluding the proof. O

We remark that, if the infimum m, is attained, then one can take ¢ = 0 and
choose u € S, being a minimizer of m, in the above arguments. Therefore, the
strict inequality mg. < #m. holds true in this special case.

As a direct consequence of Lemmas and [£10] we have

Lemma 4.11. The function ¢ — m,. is non-increasing on (0, +00).

Lemma 4.12. The function ¢ — m,. is continuous on (0, +00).

Proof. According to Heine Theorem, it suffices to prove that, for any given number
¢ > 0 and any sequence {c¢,} of positive numbers satisfying ¢, — ¢ as n — oo, one
has lim, oo Me, = Me.
Let uy, € S;, be such that
1 1

P(u,) < me - < —. 4.7
(un) < e, +~ < = (47)

In view of Lemmald] {u,} is bounded in X. Setting @, = ,/ o= Uy, we have 1, € S,
and so m. < ®(uy,). A direct computation shows that ®(a,) = ®(u,) + 0,(1) as
n — oo. Combining this with (1) leads to

me < liminf ®(a,,) = liminf ®(u,) < liminfm,, . (4.8)

n—oo n—oo n—oo

Conversely, one can choose a minimizing sequence {v,} C S. of m. and set o, =
€2 9y,. Similar to above, we have o, € S, , mc, < ®(0,) and ®(0,) = ®(v,) +
on(1) as n — oo. Then

lim sup m,,, < limsup ®(0,,) = limsup ®(v,,) = m,. (4.9)

n—oo n—o0 n—oo

The desired result is a conjunction of (A8]) and (L9). The proof is finished. O

We introduce the critical mass threshold, defined as
¢; = 1inf{c > 0|m, < 0}.

It follows from Remark .8 and Lemma [l that 0 < ¢§ < co. Moreover, combining
Lemmas [£2] TT and EE12] we can conclude that m,. = 0 for all 0 < ¢ < ¢}, whereas
m. < 0 for all ¢ > c5.
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Lemma 4.13. If W < p < 2]\["]’\,7“”, then m. is not achieved for any
0<c<ds.

Proof. Assume that m. has a minimizer for some 0 < ¢ < ¢3. Then

C*

0= Mes < —2mC =0

c
by the strict inequality in Lemma 10, which is absurd. The proof is finished. O
Lemma 4.14. If W <p< %7““, then m. is achieved for any ¢ > c3.
Proof. Since m, < 0 for any ¢ > ¢, the conclusion follows from Lemma[f3l DO
Lemma 4.15. If W <p< 21\!-}-\’7(14-2’ then Me; admits a minimizer.

Proof. The idea in the proof of Lemma [£3] does not work any more, because we
cannot show that the weak limit of the minimizing sequence is nontrivial due to
me; = 0. To surmount this obstacle, we adopt the dual approach introduced in
I7, B3] Let u = ¢(v) be the inverse function of v = fuv/1+ 2u? + % In (v2u +
V1+ 2u2). Consider the dual minimization problem

m. = inf ®(v),
vES,
where
S. = {1} e HY(RY) ’/ o (v)dr = c}
RN
and

Bo) =5 [ V0P de= o [ (Taxo@P)lee)p da.
RN D JrN

Since S, = {u = ¢(v)|v € S;} by [54, Lemma 2.2], one can conclude that m, = ..

Let ¢, = ¢5 + % > ¢5. Then Lemma T4 ensures the existence of u, € S,
satisfying ®(u,) = me, < 0.The proof of Lemma Tlindicates that {u,,} is bounded
in X and, by the Sobolev inequality, is also bounded in L¢(RY) for 2 < ¢ < %.
Write v,, = ¢~ (uy,). Then v, € S, and {v,} is bounded in H'(R"). By Lemma
[A12] we have

lim ®(v,) = lim ®(u,) = lim me, =me; = 0. (4.10)

n—0o0 n—0o0 n—oo

Assume up to a subsequence that

1
lim |Vu,|?de = = lim (Lo * [p(vn)|P) | (vn) [P da > 0.
N

n—oo R p n—oo RN
Claim. There exists a constant § > 0 such that

limsup sup / v2 dx > 0. (4.11)
Bui(y)

n— 00 yERN

If this holds true, then up to a subsequence there exist {y,} C RN and v €
HYRM)\{0} such that 9, = v,(- + yn) — v in HY(RY), ¥, — v in L] (RY)
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for 2 < g < 2% and ¥, — v a.e. in RY. Writing u = ¢(v) € X, we have
0 < [[ullZ2@ny = o) 72
< lim @)l Z2@ny = im unll72@ry = Jim ¢, = ¢
By ([@I0Q), the definition of m,., Lemma 12l and Lemma [A3]in the appendix,
0= lim ®(@,) = ®(v) + Jim (B, — v)

n—0o0
Z MYo@)I2 5 o, T Tes=le®) 122 g,
= Mul2y g, T M= llul2s on, = 00
from which it follows
<I>(u) = (I)(’U) = mHuH2L2(B:N).
By Lemma T3] there must be ||u||2LZ(RN) = ¢4 and henceforth u is a minimizer

of mex.
2
Now we prove the claim by contradiction. If [@II]) were false, then v,, — 0 in
L9(RN) for 2 < ¢ < 225 by P.-L. Lions’ lemma (see [27, Lemma I.1] or [46, Lemma
1.21]). Since |p(t)| < min {|¢, 21,/ |t} for t € R, one can easily verify that

lim |V, |* de = ! lim (Io * |o(vn)|P)|p(vp) [P dze = 0. (4.12)

n—0o0 JpN p n—o RN

Since N+13+2 <p< 2N41'VO“+2, for any € > 0 there exists C. > 0 such that
2N
lp(t)| Ve < elt]t Ve 4 CLJt|¥2, for t € R.

Then, by Lemmas 2.1l and 2.2]

N+o

N

/RN(IQ * |@(vn) )| (o) P dz < C (/RN o ()| FF5 d:s)

§C<s/ \vn|2+N%a dx+05/ \vn\% dx)
RN RN

Nta
< C’e/ |V, |2 dz 4 C. (/ |V11n2d:ﬁ) .
RN RN

In the last inequality we have used the boundedness of {v, } in H'(RY). Therefore,

a+2
1 N -2
——Ce—C; </ VUnQdI) ] / |V, |? d.
2 RN RN

Taking (£12) into account, we conclude that

N+«
N

D(v,) >

®(v,) >0, for sufficiently large n,
contradicting ®(v,) = ®(u,) = m,, < 0. The proof is finished. m|
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Proof of Theorem [I.2i(3). It is a combination of Lemmas T3] 214l and

O
5. Proof of Theorems and
. . 2(N
This section concerns the case 2¥Ee+2 < p < % Set
N
2 of2 2 2 af2
. AN + 20+ 4 - (fan v?dz) ™ [on v?[Vul? dx
Co — _— 11 o« o
° N o weX\0 [ (Lo * Ju ") o P de
As a particular case of (L), one has
at2
N
/ (I * [u “F2) " F= dz < © (/ u? da:) / u?|Vul? dz
RN RN RN
for any u € X, thereby establishing that cj is indeed a positive constant.
Lemma 5.1. If p = 21\["]’\,7’“'2, then m. = 0 and m. is not achieved for any

0<c<cs.

Proof. Let 0 < ¢ < c3. By the definition of ¢3, we have

a+2
1 N
D(u) > —/ |Vul? de + (1 - (%) ) / u?|Vul*dz > 0 (5.1)
2 RN C3 RN

for all u € S, which implies that m. > 0. On the other hand, we also have m. <0
as in Lemma 2] Then it must be m. = 0. The strict inequality in (5.1 precludes
the existence of minimizers for m.. O

Lemma 5.2. Ifp= WT“J’Q and ¢ > c3, then

1
{u €5, / 2|Vl dz < —/ (I + u|p)u|pdx} £,
RN 2p RN

Proof. By the definition of ¢}, there exists w € X\{0} such that

a+2

-~
(/ w? dx) / w? | Vw|? dz
RN RN
a+t2
Nc ™~ 2N+tat2 2N+a+2
s 1, N N dx.
<4N+2a+4/RN( # )l v
Define u(z) = % w(z) for € RY. Then u € S, and
WllL2®rN)
/ u2|vu|2 dr < L/ (I % ‘u|2NTva+2)|u‘2Nerva+2 de
RN 4N +2a+4 Jgn V° '
The proof is finished. O
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Lemma 5.3. Ifp = W, then m, = —oo for any c > c3.
Proof. Let ¢ > ¢} and, by Lemma[5.2] fix some u € S such that

1
/ u?|Vul|? de < —/ (Io * JulP)|ul? dz.
RN 2p Jrw

By (CII)—(LI3), we have

2
D(sxu) = Gl |Vu|? de — sV T2
2 Jan

1
X { / (Ia * [ul?) |ul? da:—/ u2|Vu|2dx] — —00
RN RN

2p
as s — +00. The desired conclusion follows easily. O
Lemma 5.4. If WT“J’Q <p< 2(11\,Vj2°‘), then m. = —oo for any ¢ > 0.

Proof. Let u € S, be fixed. By (LII)-(TI3]), we have
82 SNp—N—a

D(s*u) = —/ |Vul|? dz + 8N+2/ u?|Vul|? do — 7/ (I * |u|?)|u|P dx.
2 RN RN 2p RN

Given that Np — N —a > N 42 > 2, it follows

liril D(s*xu) = —o0,
which implies that m. = —oo. The proof is finished. O

Proof of Theorem It follows immediately from Lemmas [B.1] and [£.4]
O

In the remainder of this section, we always assume that N = 3,4, 2N — 6 <
a<Nand2N4]'\,7a+2§p§ %fg.Wealsoseth:cg ifp:mTa“anch:01f
21\'*]'\,7““ <p< % Now we introduce the Pohozaev set

P.={ueS.|Plu) =0}

for ¢ > cj, where P is defined by

Np— N —
P(u) = / Vul2da + (N +2) / PuPde - NP~ N
RN RN 2p

></ (Lo * [uf?)ul? da.
RN

In order to show that P, # (), we need the following two elementary lemmas.

Lemma 5.5. Let p = % Then, for each fixed u € S, satisfying

1
/ u?|Vul* dr < —/ (Io  [ul?)|ul? da, (5.2)
RN 2p Jrw

there is a unique constant s, > 0 such that s, x u € P. and P(s, x u) =
maxgso P(s*u).
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Proof. Let u € S, satisfy (0.2)) and define ¢ : (0,+00) — R by

p(s) = O(s x u)

2 1
:S—/ \Vu|? do — sV T2 —/ (Ia*|u\p)|u\pdaj—/ u?|Vul? dz|.
2 RN 2p RN RN

Clearly, ¢ has a unique maximum point s, > 0, i.e.
D5y, xu) = p(sy) = r§1>aécap(s) = max D(s*u).

Then P(s,*u) = s,¢'(8y) = 0, which means that s, xu € P.. The proof is finished.
Oa

Lemma 5.6. Assume that WFT&“ <p< %Jj’; Then, for each fized u € S., there
exists a unique constant s, > 0 such that syxu € Pe and ®(s,*u) = maxgsg P(sxu).

Proof. The proof is similar to that of Lemma B35l and is thus dropped. |

As a direct consequence of Lemmas [5.2], and .6 we have

Lemma 5.7. The PohoZaev set P, # 0 for any ¢ > cj.

Next we investigate the properties of ® on the Pohozaev set P..

Lemma 5.8. Let p = 2]\["]’\,7“"’2

. We have the following conclusions:

(1) @ is coercive and bounded from below on Pe.
(2) There ezists a constant § > 0 such that

/ |Vul? dx > 0, / (Io * [ul?)|ul? dz > 6, ®(u) =6, forueP..
RN RN

Proof. (1) It holds that

— N;HP(u) = ﬁ /]RN \Vul|?dz, foruecP. (5.3)
Note that, when N = 3,4 and 2N — 6 < o < N, one has
_ 2N +a+2 - N—l-oz.
N N -2
Then, for u € P., we deduce from P(u) = 0 and (L) that

/ |Vu|2da:+/ uQ\VU\QdISC/ (Lo [ul?)|ul? da
RN RN RN

N+2

gc(/RN |Vu|2da:> - (5.4)

Combining this with (5.3)), we see that ® is coercive and bounded from below on P..

O(u) = D(u)
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(2) As a consequence of ([B.4]), one has

/ |Vul*drz < C </ |Vu|2da:> , forueP,.
RN RN

Since % > 1, there exists a constant § > 0 such that
/ |Vu|?dz > 6, for u € P,. (5.5)
RN
The other two inequalities follow directly from (&.3])—([GEH). O

Lemma 5.9. Let W <p< % We have the following conclusions:

(1) @ is coercive and bounded from below on P..
(2) There exists a constant § > 0 such that

/ u?|Vul? de > 4, / (Io * [ulP)|ulP dz > 6, ®(u) =6, forueP,.
RN RN

Proof. Observe that

1
Np—N—-—a—2 9 Np—ZN—a—Z/ 9 9
= Vul|“d Vul|“d
2(Np— N — ) /RN‘ ul* de + Np—N—a RNU/‘ ul” do
(5.6)
for u € P, and, by (1),
Np];i\/z—a
/ u?|Vul? dr < C’/ (Ia * [ul?)|ul? dz < C (/ u?|Vul? da:)
RN RN RN
(5.7)
for u € P.. The conclusion follows easily from (56) and (B7)). O

Define the infimum

cp = inf ®(u).
e, P uIEn'PC (U)

Clearly, Lemmas and imply that m.p > 0.

Lemma 5.10. m p is strictly decreasing with respect to ¢ € (¢}, +00).

Proof of Lemma [5.10] for the Case p = % We assume that d > ¢ > c5.
By the definition of m. p and Lemmal5.5] for each n € N there is a function u,, € P,
such that

1
D(up) < mep+ — (5.8)
n

and @ (uy,) = maxgso P(s*uy). By Lemmab8and (58], {u,} is bounded in X. We
N—-2

set k = y/c/d < 1 and define the scaled function w, (z) = k™= u,(kz) for z € RY.
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Then ||wn||2L2(RN) =d and

/ \an|2dx:/ \Vu,|? d, (5.9)
RN RN
/ wi\anFda::mN_Q/ u?|Vu,|? dz, (5.10)
RN RN
/ (Ia*|wn|p)\wn\Png:K(N_2)P_N_a/ (T % lunl)funlP do. (5.1
RN RN

Therefore, by (B.10) and (G.IT]), we see that w,, € Sy satisfies
/ w2 |Vwy, |* de </ u?|Vu,|? dr
RN RN
1 1
< — (Ia [t [P)|un|P doe < — (Ia * |wp|P) |wn|P da.
2p Jryv 2p Jry

Here we have used the fact p = WT“J’Q < % when N =3,4and 2N -6 < oo < N.
By Lemma [53] there is a unique constant s, := s,,, > 0 such that s, x w, € Py
and D (s, xwy,) = maxssg P(s*wy,). Since {w, } is bounded in X and P(s, xw,) >
mgqp > 0, there exists 6 > 0 such that s, > ¢ for all n € N. Then, since u,, € P,
we see from Lemma [5.8] that

N+2
STL

B (s ) [ sl de 2 8
2p RN

for some ¢’ > 0. By ([E.8)—(GII) and u, € P., we have

map < P(sp * wy)

SN+2
< B(sp ) —

(N=2)p—N—-a _q I, AP P d
Ik [ ot s

1
< q)(un) - 5/ < Me,p + - — 6l < Me,p,
n

for n sufficiently large. The proof is finished. |

Proof of Lemma [5.10] for the Case % <p< %tg Let d > ¢ > 0 and

1
denote kK = (%) ¥ > 1. We first claim that, for each fixed function u € P,, there
exists s, € R such that

a—+ 2 a+ 2

u d
32N tat2-Np) ~ " “3Ntar2-Np ™

w = k(257 € Py
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Indeed, Hw||2LQ(RN) = f<;N||u||2LQ(RN) = d. Define the function ¢, : R — R by
pu(s) = P(kN*u(r* 7))

_ K4S+N_2/ |vu|2 d$+(N+2)I€QS(N+2)+N_2/
RN

u?|Vul|® d
RN

_ Np — N — aH2s(Np—N—a)+N+a/ (Ia % |u‘p)|u‘p dx
2p RN ’

a+2

m < 0. Since

which is clearly continuous with respect to s. Let s, =
254(N+2)+ N—-2=2s,(Np— N —a)+ N +a,

we see from P(u) = 0 that
ulsy) = kASTN=2(1 KQNS*)/ |Vul?dz > 0.
RN

* a+2 .
Let s* = m < 0. Since

48"+ N —2=2s"(Np— N —a)+ N + q,

we use P(u) = 0 again to obtain
Ou(s*) = (N + 2)rHN=2(x2Ns" _ 1)/ u?|Vul|? dz < 0.
RN

Then there exists s, € (s«,s") such that ¢,(s,) = 0, which implies w :=
kNsuy(g2a~1) € Py.
By the definition of m. p, for each n € N there exists u,, € P. such that
1

<I>(un) <Mep+ —.
n

Let s,, := sy, be the constant such that

a—+2 a+2

Ns 2s,—1
< sp < . W= KV, (k25T € Py
N Tat2-Np) " S WNiasz_np UnTH uaETT) EPa

Then
map < ®(wy) = P(up) — (P(uy) — P(wy)) < mep + % — (D(up) — @(wy)).

Since P(u,) =0 and P(w,) = 0, one has

(1- K4sn+N—2)/

RN
_Np—N-—a
= 2p

[V ? d 4 (N +2) (1 = 2 (VH2#8=2) / | Vual* da
RN
(1 wmtrmersvie) [ (1 ) da
RN
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Then ®(u,) — ®(wy,) can be expressed as

1
S (uy) — ®(w,) = 5 (1 — ghentN=2) /]RN |V, |? do

4 (1 _ nzsn(N+2)+N—2) / W2 |V |? di
RN

1
— g (1w (1 )l do
2p RN
_ Np—N—-a-2 (1_H4sn+N—2)/
2(Np— N —«) R

Np—2N—a -2 e (N _
1— 571( +2)+N 2)/ 2 v n2d )
i Np—N —« ( " RN“”‘ unl” du

|V, |? do
N

: 2 2N+a+2 N
Since s, < 2(1\7%3712—1\@ < 0 and % <p< Nfg, there hold

N[N 4+ a — (N —2)p] <0
N+a+2—-Np —

4s, + N —2 <

and

N[N +2a+2— (N — 2)p]

0.
Ntat2—Np

25, (N +2)+ N —2<
Then we see from Lemmal[5.9that ®(u,) — ®(w,,) has a positive lower bound and so

1
mq,p < me,p + g - (q>(un) - (P(wn)) < Me,p

for n sufficiently large. The proof is finished. O

Proof of Theorem Let ¢ > ¢}. We have already proved that P. # ) in
Lemma 5.7 and, as a corollary of Lemmas B8 and 59, m.p» > 0. Let {u,} C P, be
a minimizing sequence for m. p, i.e.

lim ®(uy,) = mep.

n—0o0

According to Lemmas 5.8 and B9, {u,,} is bounded in X. Denote by u} the sym-
metric decreasing rearrangement of u,. Clearly, u} satisfies (see, for example, [26]
Secs. 3.3, 3.7 and 7.17])

/RN |Vui|? de < /RN |Vuy,|? d, /RN lul 2|V |? de < /RN ut|Vu,|* dr

and
/ |u:§|2 do = / ui dz, / (Ia s |uk |P) |ur |P de > / (Ia * [t [P)|wn|P de.
RN RN RN RN
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Then {u}} is also bounded in X, P(u?) < P(u,) =0 and ®(u}) < ®(u,). Assume

up to a subsequence that uj, — u* in X, v} — u* in LY(RY) with 2 < ¢ < 5,
and uf — u* a.e. in RY. Using (7)) and Lemma 23] yields that
i [ (Ll )l P de :/ (L * [u*P) || da. (5.12)
n—oo RN RN
Combining this with the weak lower semi-continuity, we have
P(u*) < liminf P(u)) < liminf P(u,) =0
and
O (vw*) < liminf ®(u)) < liminf ®(u,) = mep. (5.13)

n—oo n—oo
In order to conclude that u* is indeed a minimizer of m. p, it suffices to show
u* € P..
By Lemmas 5.8 and 5.9 there exists ¢ > 0 such that

/ (Ia * |uly |P) | up |P da > / (Io * Jun|P)|un|P dz > 6, for n € N.
RN RN

Then (.12) implies u* # 0 and thus
0 < " oy < lminf [[uf[3agan) = limint un 32 n) = e

Suppose that 3 := ||u*\|2LQ(RN) < c. If P(u*) =0, then by (G.I3) and Lemma [E10]
mgp < ®(u*) < mep < mgp, which is absurd. If P(u*) < 0, then by Lemmas [.5]
and [0.0] there exists a unique constant s* := s,« € (0,1) such that s* xu* € Pg.
Using Lemma and the weak lower semi-continuity yields that

1
Np— N —«a

Np—N—-a—-2 9 Np—2N—a—2/ 9 9
<—2(Np—N—a) /RN|Vu| x + No N _a RN|uHVu\ x

1
S lim inf ((I)(’U,n) - mp(un)> = Me, P < mgp,

n—oo

map < P(s* xu") — P(s* % u")

which is also absurd. Here we remark that P(u*) < 0 implies Pg # (), regardless
of whether 3 > cj}. Then, as seen from the proof, the conclusion of Lemma
remains valid and thus m.p < mgp provided that 0 < 8 < c. Therefore, it must
be Hu*H%z(RN) = c. Repeating the above arguments, one can also conclude that
P(u*) = 0 and henceforth u* € P.. Therefore, v* is indeed a minimizer of m. p.

O

Appendix A.
A.1. Proof of Lemma
The following result is taken from [47, Proposition 5.4.7].
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Lemma A.1. Let ¢ > 1 and Q be a domain in RN . If {u,} is bounded in L7(£2)
and
Up — U a.e in
for some u € L1(QY), then we have u, — u in LI(Q).

Lemma A.2. Under the assumptions of Lemma2.3] there holds

lim [ | F(un) — F(un —u) — F(u)| ¥ dz =0, (A.1)

n—oo [pN

Proof. Since F(0) =0 and |F'(t)| < C(|t|¥ + \t| ) for t € R, we have

Fw)] < € (Jul ¥ + Jul (N*é’”) (A.2)

1
/ F'(up, — Tu)udr
0

<C’/ [un — Tu|N + U, — Tu| TN

and

|F(un) — Fun — u)| =

N+2a+2

) |u| dr

o)
< C (Junl ¥l + ) F ).

By the Young inequality, we see that for any € > 0 there exists C. > 0 such that
[P (un) = F(un —w) = F(u)| 55

—_ n

< O (Jun| 745 uf F55  0? o | TN [ 5 4 Ju 7 )

<e (u% F |un| ¥ —u? — |u\%) + C. (u2 + \u|%)

Define
9o = mavs {|F(un) — Fun — w) — ()|

ot \u|%) ,O}.

0<gen <Cs (u2 + Mﬁ%) € LY(RY).

—€ (u% + |un| ¥

Then g, — 0 a.e. in RN and

By the Lebesgue dominated convergence theorem, we have g., — 0 in L*(RY).
Since

[F(un) = Flun =) = F@)| 5% < gon + 2 (02 + fun| ¥

AN )
-2
b
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and {u,} is bounded in X, we have

limsup/ |F(un) — Fun —u) — F(u)’ﬁ—fa de < C-e.
RN

n—oo

Since ¢ is arbitrary, we arrive at the conclusion of (A). The proof is finished. O

Proof of Lemma We observe that

/RN (T * F(n))F(tn) — (I % Fttn — 0))F(tn — ) — (In % F(w))F(w)] da
= /RN (Io * F(up)) [F(un) — F(un —u) — F(u)] do
—|—/ (Io * F(up — w)[F(un) — F(uyp — u) — F(u)] d
RN
+ / (I * F(u)[F(un) — F(uy — u) — F(u)] dz
RN

+2 /RN (I * F(u))F(up — u)dz

2 (1) + (IT) + (I11) + (IV).

It suffices to show that each term on the right hand side is an infinitesimal as
n — oQ.

Step 1. (I) = o, (1), (IT) = 0,(1) and (III) = 0,(1) as n — oo. Since {u,}

is bounded in X, we see from (A2) that {F(u,)} is bounded in L¥% (RY). Then,
using Lemmas and [A2] we have

(D) = /RN (T F () [F(un) — Flun — ) — F(u)] do

S CF(un)ll an [ F(un) = Fup —u) — F(u)]|

| v

LNFa (RN) LN+a (RN)
=on(1)

and, similarly, (II) = 0, (1) and (III) = 0, (1) as n — occ.

Step 2. (IV) = 0,(1) as n — oo. Clearly, { F/(u, —u)} is bounded in LV (RN)
and F(u, —u) — 0 a.e. in RN. Then by Lemma [A1] it holds F(u, —u) — 0 in
2N 2N
L~ (RY). Since I, * F(u) € L™= (RY), we have
(Iv) = 2/ (Io * F(u))F(uy —u)dz = 0,(1)
RN
as n — 00, completing the proof. O

Similar to Lemma [2.3] we also have
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Lemma A.3. Assume that F € C'(R,R) satisfies F'(0) = 0 and there exists C > 0
such that |F'(t)] < C(|t|~ + |t\%) for t € R. If {un} is a bounded sequence in
HY(RN) and u,, — u a.e. in RN for some u € H'(RY), then

lim [(Io * F(un))F(un) — (o * F(up —u))F(u, —u)

n—oo [pN

— (In * F(u))F(u)]dz = 0.

A.2. Proof of (4.6

We prove the result by using the Moser iteration.

Proof of ([@6]). We divide the proof into two steps.
Step 1. There exists a constant C' > 0 such that

1o * [un|?|| oo mry < O, forn € N. (A.3)
Indeed, the assumption (L) indicates that

N+« 2N +a+ 2 li%eY
2 < < .
SN 2PN SN2

N 4N
Let » € R such that 1 < o <r< W.Then

(N —a)r
N _3 and 0< —

Set Ay = F(NQ_&)/(2Q7T% I'(%)). Using the Holder inequality yields that
(Lo * [un[?)(2)

2<p<pr< < N.

|un(y)[”
Bl(r) "r - y‘N—OL
r—1

SAa/ fun " dy / [y~ dy +Aa/ fun? dy
B](Z) B](O) RN\Bl(a:)

< C (unll gy + lnl e ) -
Then the conclusion of [A.3]) follows easily, since {u,} is bounded in X.

Step 2. u,, € LY(RY) and {u,} is bounded in LI(RY) for any q > 131:]2.

Since u,, € S, is a minimizer of m.,, there exists A\, € R such that u,, weakly
solves the equation ®'(u) + A,u =0, i.e.

[un (y)[”

RN\ By (z) |7 — Y|V

dy + Aq dy

3=

/ (1 +2u2)Vup, - Vé + 2|V, Pund + Aptnd — (In * [un|P)|un [P~ *un] dz =0
RN

for any ¢ € C5°(RY). Using an approximation argument, one can take any ¢ € X
satisfying [y up|Vo[?dr < oo and [,y [Vu,|?¢? dz < oo as test functions. A
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standard argument shows that the following Pohozaev-type identity holds:

N -2
—/ \Vun|2dx+(N—2)/ u? |V, | dr
2 RN RN
AN N
+ u? dr — +a/ (Ia * |un|P) |un|P dz = 0.
RN 2p RN

Then
0>me, = P(uy)

2+« 9 24+« 9 9 AnNcy,
2(N+O[)/RN| tn| x+N+a/RNu"| unl” de 2(N + «)

from which it follows that \,, > 0.

For M > 0, let u be the truncation of wu, defined by uM =
max{—M, min{u,, M}}. Choosing ¢ = [uM|"uM with v > 1 as a test function
and using the facts [u| < |u,|, Vu,VuM = |[Vu?|? and )\, > 0, we deduce that

(1) [ 2l P PVl P de < [ (o)l
RN RN

Since || 1o * [tn|P|| L@y < C by ([(AF), we have
2(7+1)/ M P2 M P2 de gc/ P d
RN RN
Then by the Sobolev inequality,

N
7 N(y+4) N
(o)
N n
R

Letting M — 400, we obtain

N
. N
(/]RN [, \N( =y dx) < Cy /]RN [t [P da. (A.4)

Now we carry out an iteration process by setting vo = 13—1_\'2 —p>1and

N-2 N O\t .
/Y]:T (m) —]. ’yo>1, for]:1,27...7

Clearly, p +v; = W for 5 =1,2,.... Then it follows from (A4]) that

< C’y/ [y [P da.
RN

N ’Yj—lj:i
0 Vi—1
||un||LP+’Yj (RN) < (C’Yj—l) Yim1td ||un||L]P+’Yj71(RN)'

Doing iteration yields that

Jj—1 N N \i-1l-k _vot+p ( N )J*l
. : — +4 N=—2
tall s ey < T (C) 5= (852 e
k=0

Note that v; — 400 as j — 00, p+vy0 = % and {u,} is bounded in X. Using the

Holder inequality, we conclude that u,, € LY(RY) and {u,} C LY(RY) is bounded
for any ¢ > ]3—]_\'2. The proof is finished. |
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A.3. From local minimizer to solution of (I.1))

Lemma A.4. If u € P. is minimizer of m.p, then u is a normalized solution of

@), ie (P'(u),d) + A [zw updz = 0 for all ¢ € C5°(RYN), where the Lagrange

multiplier X is given by \ = —M.

Proof. Suppose by contradiction that there exists ¢ € C$°(RY) such that
(@ (u), ¢) + A updr = —3. (A.5)
RN
Let ¢ € C§°(R,[0,1]) be a cut-off function satisfying ((s) = 1 if [s — 1| < 1 and
((s) =0if [s—1] > 1. Let &1 > 0 be sufficiently small and define a continuous map
g(s,t): [+, %] x [0,e1] = Se by
Ve (s x (u+t¢(s)9))
[ % (u+tC(s)P)|| L2(mn)
Then g(s,0) = s*u for s € [%,Z].
By relation (), there exist g9 € (0, 1) and €3 € (0,&1) such that
0 0
=P = (P =—g(s,t)) < =2
S 0(g(s,0)) = (@'(g(s,1), 559(5.1)) <
for (s,t) € [1 — €0, 1+ &) x [0,2]. Choose a new cut-off function n € C§°(R, [0, 1])
such that n(s) = 1if |s — 1| < gp and n(s) = 0 if |s — 1] > 2g¢. Define a new
continuous map h(s,t) : [1 — 2e9, 1 + 2¢¢0] x [0,e2] — S, by
oty = Vet t1()9)
C s (u A tn(s)@)l L2 rn)
Clearly, h(s,0) = sxu for s € [1 — 29,1 + 2¢¢] and

9 B, 1)) = {2/ (his, ), (s, 1)) = (¥ (gls, 1), gl ) <2 (A6)
for (s,t) € [1 — €0, 1 4 o] x [0, e2].

g(s,t) =

Claim. There exists 3 € (0,e2) such that
D(h(s,e3)) <mep, forsel[l—2e0,14 2e). (A.7)
Indeed, combining Lemmas [5.5] and B.6] with (ALG) yields

®(h(s, 1)) = ®(h(s,0)) +/0 <¢’(h(s,7)), %h(s,7)> dr < d(u) — 2t < mep

for (s,t) € [1 —e0,1+ go] x (0,e2]. By Lemmas and again, there exists a
constant 0 > 0 independent of s such that ®(h(s,0)) = ®(sxu) < mep — 20 if
g0 < |s — 1| < 2e9. Using the continuity of ® o h, we conclude that there exists
€3 € (0,e2) such that

O(h(s,t)) <mep —0 <mep

for (s,t) € ([1 —2e9,1—e0]U[1+eg, 14 2¢0]) % [0, e3]. Therefore, the claim is proved.
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We define the homotopy H : [1 — 29,1 + 2¢¢] x [0,1] — R by
H(s,7) = P(h(s,Te3)).
It follows from the definition of h and Lemmas and that
H(1—2e9,7) = P((1 —2¢g¢) *u) >0, H(1+2e,7)=P((1+42c0)*u) <0

for all 7 € [0,1]. The homotopy invariance gives

deg(H(-,1), (1 — 2e9,1 4 2¢9),0) = deg(H(-,0), (1 — 20,1 + 2¢¢),0) = —1.
Then, by the existence property, there exists sg € (1 — 29,1 + 22¢) such that

P(h(so,€3)) = H(s0,1) =0,

i.e. h(50,€3) € P..
Consequently, ®(h(so,e3)) > m. p, which contradicts (AT). O
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