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Abstract. We are interested in the existence of positive bound solutions for the following
([ @) 2,2
fractional Choquard equation: (A)utV(z)u= (fQ [z—y[H dy)|u|"w ULTEQ, yhere C
u=0,2 € RV\Q,
RY is an unbounded exterior domain, dQ # @, RV\Q is bounded, s € (0,1), N > 25, 0 < p <

min{N, 4s}, 25,s= ?\,N:le‘ is the fractional upper Hardy—Littlewood—Sobolev critical exponent, and

Ve L3 (2) is a nonnegative function. By combining variational methods and the Brouwer degree
theory, we investigate the existence of positive bound solutions to this equation when V(z) and the
hole RN\Q are suitably small in some sense. The results obtained in this paper extend and improve
on some recent works. Our result also holds true in the case Q@ = R¥; hence, this paper can be viewed
as an extension of recent contributions on the Benci-Cerami problem for the fractional Choquard
equation.
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1. Introduction and main results. In this article, we are interested in the
following fractional Choquard equation:

|U(y)|2Z 2% -2
AP ut V)u=( [ P ) 220,z €
(1.1) (=A)Tu+ Viz) (/Q iz — gl y)'“' e
u=0,z € RV\Q,

where Q@ C RY is an unbounded exterior domain, 9Q # , RV¥\Q is bounded,
s € (0,1), N > 2s, 0 < p < min{N,4s}, 2% = ifN__” is the fractional upper

n,s 2s
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Hardy-Littlewood—Sobolev critical exponent, and (—A)?® is the fractional Laplace op-
erator. The fractional Laplace operator was first introduced in the pioneering work of
Laskin [26, 27]; for more details about the fractional Laplacian and fractional Sobolev
spaces, we refer the interested reader to the monograph [39].

On the one hand, (1.1) stems from the following Choquard equation or nonlinear
Schrédinger—-Newton equation:

1
(1.2) —Au+u= (*|u2>u,x€R3.

||

In the framework of quantum mechanics, (1.2) was elaborated by Pekar [46] in 1954.
In the approximation to the Hartree—Fock theory of one-component plasma, Choquard
used (1.2) to describe an electron trapped in its own hole. As an approximation of
the Hartree-Fock theory, Bongers also investigated (1.2) in [6]. It is remarked that as
a model of self-gravitating matter known in that context as the Schrédinger-Newton
equation, this equation was studied by Penrose [47, 48]. To the best of our knowledge,
Lieb [33] and Lions [36] first studied the existence and symmetry of positive solutions
o (1.2). Since then, many authors have paid much attention to studying the existence,
multiplicity, and properties of the solutions of the nonlinear Choquard equations, and
indeed, many interesting results were obtained in the past decades. By using the
rearrangements technique, the existence and uniqueness, up to translations, were
investigated by Lieb and Loss in [35] and Lions in [37]. Furthermore, they proved the
existence of a sequence of radially symmetric solutions by variational methods. In [52],
Wei and Winter first proved the nondegeneracy and uniqueness of the ground state,
and then they succeeded to obtain the multibump solutions for (1.2). Classification
of solutions of (1.2) was first studied by Ma and Zhao [38]. More recently, Moroz and
Van Schaftingen [42] completely studied the qualitative properties of solutions for the
following Choquard equation:

(1.3) —Au+u=(Kq* [ulP)|ulP~?u,z € RN,
where p>1, N €{1,2,...}, and K, is a Riesz potential defined by

N—«
Kolw)= gtz ) G
F(%)’]TN/22O‘|1'|N70‘ |‘T|N7a

Subsequently, Moroz and Van Schaftingen [43] gave a broad survey about Choquard
equations. Especially, Gao et al. [15] and Guo et al. [17] independently studied posi-
tive high-energy solutions for the Benci—-Cerami problem of the Choquard equation

(1.4) —Au+V(x)u=(Kq * |[u|?)|u|?2u,ue DH?(RN)
when |V|% is suitably small, where 0 < uy < Nif N=3or N=4, N—-4<u<N
if N >5, and 2}, = 2]]\,V:2" is the upper Hardy-Littlewood—Sobolev critical exponent.

Recently, Alves, Figueiredo, and Molle [2] considered the Choquard equation (1.4)
with V(z) = A + Vo(z) and A >0,Vo € L= (RN), 0 < pu < min{N,4}, and N >3 when
Vo and A are suitably small; they obtained the existence of two positive solutions to
(1.4). In fact, the results obtained in [2, 15, 17] extended the classical results due to
Benci and Cerami [5] for the Schrédinger equation to the Choquard equation.
Compared with classical Choquard equations, studying the existence and multi-
plicity of solutions for fractional Choquard equations has not been addressed much in
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the literature. Especially, in the following, some articles related to our topic must be
cited here. In [44], Mukherjee and Sreenadh studied the existence of weak solutions
of the following doubly nonlocal fractional elliptic problem:

2% )
(=A)Yu= ful™ dy) || %= 720 + Au in €,

(1.5)

alr—y*
u=0inRM\Q,

where Q C RY is a bounded domain with Lipschitz boundary, X is a real parameter,
0<p<N,and N >2s. They obtained some existence, nonexistence, and regularity
results for the weak solution of the above problem using variational methods. In [19],
He and Radulescu were concerned with the qualitative analysis of positive solutions
to the fractional Choquard equation

(1.6) (=AY u+V(z)u= (I, * |u|?)
. UGDS’2(RN)7u(x)>O,x€RN,

ul?os "2y, € RY,

where s € (0,1), 2s < N, 0 < o < min{N,4s}, 2, , = 2N=a I, is a Riesz potential
defined by

I'(3) Ao

1.7 I(z) = i Ao
(1.7) () T(A52)rN/2gN—a|gla " [zfe

and V(x) satisfies the following conditions:

(i) The function V is positive on a set of positive measure.

(ii) V € LY(RYN) for all q € [p1,ps], where 1 < p; < %g:o‘j‘ < p2 with py < ﬁ if
2s < N </4s.

P (25— N)[(N=a)(1=5)+25]+(2N —a)2s

(ifi) [V]x < (27272 —1)8, el matse) , where S is the best Sobolev
constant for the embedding D*2?(RY) < L2:(RN). By proving a version of
the global compactness result of Struwe [50] for the case of fractional oper-
ators in RY, they showed that (1.6) has at least one bound state solution.
Subsequently, He, Zhao, and Zou [20] also studied positive solutions to the
fractional Choquard equation (1.6) under the following conditions:

(iv) V >0,#0, and V eLﬁ (RM).

(v) V] < @Ev=eittim=m — 1)s,.
It is noticed that the results obtained in [19, 20] are strongly dependent on
the condition V € L2s (RN), which means that V(z) may vanish at infinity.
In [16], Guan, Radulescu, and Wang obtained multiple bound state solutions
for the fractional Choquard equation (1.6) when V(z) is a positive poten-
tial bounded from below. In fact, the results obtained in [16] extended and
improved on some works in [19, 20] in the case where the coefficient V(z)
vanishes at infinity.

On the other hand, (1.1) is closely related to the following classic local problems

in the exterior domain:

_ — |ulP—2
(1.8) { Au+ du = |u|P~*u,z € D,

u=0,x€0D,

where D C RV (N > 3) is an unbounded domain, 9D # () is bounded, and 2 < p < 2.
In a classical paper by Benci and Cerami [4], the authors showed that (1.8) does not
have any ground state solution. So they only find a bound state solution. For their
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purpose, the authors first analyzed the behavior of Palais—Smale sequences and proved
a precise estimate of the energy levels where the Palais—-Smale condition fails and
then, using the variational method and the Brouwer degree theory, succeeded to obtain
that the problem (1.8) has at least one positive solution for A sufficiently small or for
RN\ D small enough. After this pioneering work, many local problems involving exte-
rior domains were considered; we refer the reader to [3, 7, 8,9, 11, 21, 25, 31, 32, 40, 41]
and the references therein.

In recent years, some scholars have begun to extend the classic results obtained in
[4] to some nonlocal problems. Specifically, Alves et al. [1] and Correia and Figueiredo
[12] independently extended results obtained in [4] to the following fractional elliptic
problems in the exterior domain:

{ (—A)*u+u=|ulP~?u,z €D,

(1.9) u=0,z € RV\D,

where D C RY is an exterior domain with a smooth boundary such that RN\ D is
bounded, s € (0,1), N > 2s, p € (2,2%), and 2} = Nzivzs is the fractional critical
Sobolev exponent. In [1, 12], the authors first proved a version of the fractional op-
erator in the unbounded domain of the global compactness result due to Struwe (see
[50, 53]), then, combining with the Brouwer degree theory, barycentric functions, and
the minimax argument, they obtained the existence of positive solutions for (1.9) pro-
vided that RV \ D is contained in a small ball. Subsequently, Correia and Oliveira [13]
investigated a positive solution for a class of fractional elliptic problems in exterior
domains with small critical perturbations. In [10], Chen and Liu extended the classic
results of [4] to the Kirchhoff-type nonlocal problem with N = 3. Soon afterward,
Wang, Yuan, and Zhang [51] generalized the Kirchhoff-type nonlocal problem with
subcritical nonlinearity, discussed in [10], to the Kirchhoff-type nonlocal problem with
small critical perturbations. In [23], Jia, Li, and Ma studied the existence of posi-
tive solutions for a class of Kirchhoff-type problems in exterior domains with general
nonlinear terms. Very recently, by establishing global compact lemmas, combining
the variational method with the Brouwer degree theory, Jia, Li, and Ma [24] obtained
a positive solution for a class of Kirchhoff-type nonlocal problems with critical ex-
ponents and nonconstant potential functions in exterior domains when the hole is
suitably small. In [29], Ledesma and Miyagaki were concerned with the existence of
positive solutions for the following fractional Choquard equation:

s _ |u(y)l” p—2
u=0,z € RV\D,

where N >2s, s € (0,1), 0 <a <N, DCRY is an unbounded exterior domain with
smooth boundary 0D # (), and p € (2,2%). First, to overcome the loss of uniqueness,
as in [49], the authors investigated limit profiles of ground states of the limit problem
of (1.10) as « sufficiently close to 0. Then, combined with the splitting lemma due to
Struwe (see [50, 53]) and arguments used by Benci and Cerami [4], they succeeded to
obtain a positive solution for (1.10) when R¥\D small enough. In [30], Ledesma
studied the existence of a positive solution for the fractional Choquard equation

(—AYu+u=|ulT?u+e /Mdy |u|P~%u,z € D,
(1.11) plr—

yl*
u=0,z €RN\D,
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where € > 0 is a parameter, s € (0,1), N >2s,0<a <N, DC R¥ is an unbounded
exterior domain with smooth boundary 0D # 0, g € (2,2%), and p € (2N = 3VN ).
In fact, (1.11) could be viewed as an extension of fractional elliptic problems (1.9)
with small Choquard-type nonlocal perturbations. Recently, Ye, Yu, and Tang [55]
investigated the existence of positive solutions to the following fractional Choquard

equation:

(1.12)

2(15
(-A U+U_</ |z — |N ady>|up 2u—|—5(/||Nady>|u2ab ’LL,.”L'ED,

u=0,z € RN\D,

where € > 0 is a parameter, s € (0,1), N >2s, 0 <a < N, D C R is an unbounded
exterior domain with smooth boundary 9D # 0, p € (272;; o), and 2% . = AEX
The authors first obtained the limit profiles and uniqueness of positive radial ground
states for the limit equation of problems (1.12) without small critical perturbations
as @ — N. Then, using the variational method and the Brouwer degree theory, they
obtained the existence of positive bound state solutions for (1.12) in case € > 0 is
sufficiently small.

Motivated by the above works, especially by [1, 4, 5, 12, 16, 19, 20, 24], in this
paper, we are interested in the existence of positive bound state solutions to the
Choquard equation (1.1) with nonconstant potential functions in an exterior domain.

The main result in the case of small perturbations from infinity of the indefinite

potential establishes the following existence property of bound states.

THEOREMNl.l. Suppose that V' satisfies the following conditions:
(Vi) Ve Lz (), V( )>OandV(x)¢0,x€Q.
(V) 0< |V|N < (22N W 1)S;.
Then there is a small X > 0 such that if RN\Q C B(0), then (1.1) has at least
one positive bound state solution.

Remark 1.1. If V is a constant, then it is obvious that V ¢ L2s (RY). However,
the results about the fractional Choquard equation in exterior domains obtained in
[29, 30] are strongly dependent on V being a constant potential function. So the
methods used in [29, 30] seem to be not valid for our case.

Remark 1.2. To the best of our knowledge, when discussing critical problems
(local problems or nonlocal problems) in exterior domains, the critical term is basi-
cally used as a small critical perturbation, except in [24]. Inspired by [4, 5, 24], in
the case of small perturbations from infinity of the indefinite potential and nonsmall
critical perturbations, we obtain the existence of positive bound states of the frac-
tional Choquard equation (1.1) in exterior domains. Since there are double nonlocal
characteristics in our equation which come from the nonlocal operator (—A)* and the
fractional Choquard nonlinear term, some refined estimates for our problem are very
necessary and delicate.

Remark 1.3. It is particularly worth noting that our result also holds true in
the case 2 = RY and hence can be viewed as an extension of recent results for the
Benci-Cerami problem for the fractional Choquard equation with critical exponent
(for specific details, see [19, 20]). Furthermore, since it is known but not completely
trivial that (—A)® reduces to the standard Laplacian —A as s — 17, our results also
extend the results obtained in [15, 17].
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2. Preliminary results. Without any loss of generality, we may assume that
0 € RV\Q. As usual, for any s € (0,1), let
)2
HY2(RN e L2(RM): // Jul@) = wWI” 4 4, 3
®)= u RN JRN |$— |N+2S yar=oe

where the inner product and norm are defined by

Y)(v(z) = v(y)) 2>
(U,U)Hs—/ dx+AN /RN Ix—y\N+2s dydm’”“HHS*( ) )H

The norms of u in L"(Q2) and L"(R") are denoted by |u|, and |u|,g~, 1 <r < oo,
For any s € (0,1), define

Ds2(RN :{ 2 RN / /
&) e RN JRN \x— |N+2

with the Gagliardo seminorm

()2
|ulZn = uuszf/RN/RN T |N+23 —— " dydzx.

According to Propositions 3.4 and 3.6 of [45], by omitting the normalization
constant, we have

|2
Jullo = 1-8buan = [ [ D=L by

(y)|?
dydx<oo}

Then set
DS’Q(Q) = {u € D¥*(RY):u=0a.e. in ]RN\Q}
with the norm

|u(@) —u(y)?
HU”2 (u,u) = o Wdyd%

where Q := (RN x RV)\(Q¢x Q°), Q¢ =RN\Q. According to the definition of D§*(9),
it is obvious that D§*(Q) € D*2(RN).

PROPOSITION 2.1 (see [34, 35]). Lett,r>1 and0<p <N with 1/t+p/N+1/r=
2, f € LYRY), and h € L"(RN). Then there exists a sharp constant C(t,N,u,r)
independent of f,h such that

(2.1)

f(x)g(y)
dedy| < C(t, N, gl
/]RN RN |:c—y|# Ly (t, N, ,m)[ fle - gl

then

[ftzr—zN T

w T2 <F(§) )*”%_

C(t,N,u,r)=C(N,u) == -
(t,N,p,7)=C(N, ) D(Z=k) \T(V)

In this case, the equality in (2.1) is achieved if and only if f = (const.)g and

N—p

g(@) = A + |z —al?)” 72
for some AcC, 0#~€R, and a € RV,
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LEMMA 2.1 (see [53]). If N >2s and a € L2 (RN), then ¢ : D¥2(RN) = R, u
f]RN Yu?dx is weakly continuous.

Let f = g =|ul9. Then, according to Proposition 2.1, we conclude that

=

is well defined if |u[? € L*(R) for some ¢ > 1 with 2 + & = 2. Therefore, for u €
D*2(RY), thanks to Sobolev embedding theorems, we have
2N—M§q§2N—M.

N N —2s

(2.2)

Hence, for any u € DS’Q(RN), we get,

<égu*m%ﬂu

where C(N, p) := A, C(N, ).
From the above arguments, the energy functional associated with (1.1) is defined
by

2,L,de> <(C(N,p))>2s |u|§;s,

J(u) = L Mdydx + % /Q V(z)u?dz

2 Jo o=y
>

1 / Ju(@) 2o [u(y) [
— d dx
2-2% s JaJa \ﬂf—y|“ Y

8
;l/ s

leuHZJrl/V(x)quz // Jule uly)’r- dydz, u e D5 (Q)
2 T2 g |w—y|ﬂ SRR

Furthermore, 7 (u) € C'(D§*(Q),R) and

u(y Zius 2 u(x)v(x
<J/(u)7v>Z(u7v)+/QV(x)uvdx // Ju x)—y|# (z)v( )dydx

for u,v € D§*(Q).
Define the Nehari manifold as

N = {ue Dy*(0))\{0} : G(u) =0}, where G(u) := (T’ (u),u).

Moreover, we have the following results about N.

LEMMA 2.2. Suppose that (V1) holds. Then we have that

(a) N is a C* regular manifold diffeomorphic to the unit sphere of DS’Q(Q);

(b) J has a positive bound from below on N';

(¢) u is a critical point of J if and only if u is a critical point of J constrained

on N.
Proof. Choose u € D5?(Q) with ||uf =1, and define f,(t) by
P ) ()| 2s [u(y)| 2s
fult) = EHUH + g/ﬂ‘/(ac)u dz — / / |x — |u dydz,t > 0.
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Obviously, f,,(0) and f,(0) =0. Thanks to V(z) >0, we have that
fu(t) > 0fort > 0small enough and f,(¢) <0 for ¢t > 0large enough.

Hence, there exists t, > 0 such that f,(f,) = max;>o fu(t) with f}(t,) = 0 and
tyu € N. Tt is easy to see that ¢, is unique. Furthermore, we have f/(t) > 0 for
0<t<t, and f/(t) <0 for t > t,.

Since J € C?(Dy*(Q),R), G is a C' functional. For any u € N, we have

2u
<g/(u)7v>=2||UHQ+2/V(:Jc)uzdx—Z-Q* //'“ |zy|“)' dydz

—(2-2-20,) //'“ |x—y“) " dyde <0,

which implies that (a) holds.
For any u € N, since V(z) > 0, using the Sobolev inequality, there is Cy > 0 such
that

(2.3)

u(y)l®

o=+ [ viontar- [ [ 1 g Iy > ul? = Colful %+
Q

Then there is C7 > 0 such that

(2.4) |lul| > C4 for any u € N.

Consequently, by (2.4), we conclude that
Lyl 2 Ju(@) e [uly) e
T =3+ g [ Vemtar - g [ [ O gy

1 1 1
=|=-- ” |u||2>< ” )leoranyue./\/'7
(2 2-2M> 2.25

which shows that (b) is satisfied.

If w is a critical point of J with u % 0, then J'(u) =0, and thus G(u) =0. So u
is a critical point of 7 constrained on N. If u is a critical point of [J constrained on
N, then there is ¢ € R satisfying J'(u) = <G’ (u). By u € N, we have

(<G’ (u),u) = (T (u),u) = 0.

Hence, due to (2.3), we get ¢ =0. That is, J'(u) =0. 0
Let S, s be the best constant

2
U
Spu,s = inf I HRN —,

) s,2(RN * * s
u€D*2(RN)\{0} (fRN(Iu * Ju|%e) u|2u,sdx) s

where I, is defined as in (1.7), and let S, be the best Sobolev constant for the
embedding D*2(RV) < L% (RY), that is,

IIuIID%N
ueD*2(®N)\{0} |ul3

Ss=

2% ]RN
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It is well known that S, s and Sy are both achieved at u if and only if

N—2s

u(m)—C<€> ©ZeRY,

g2 4 |z — x|

for some xp € RN, C' >0, and & >0 (see Theorem 2.15 of [14]). Furthermore,

S}t,& = Ss 1
(C(N, ) *e
Let
26
V= LM, where vy = (W) .
(Lt [2?) 5 ~FT(N)

Then, from [45], we have that
(2.5) Sall W12 v = 1Pl

and

2% X
s — st
25 RN TS

19 fr = 1T

Set

- (N=p) (25— N) e N
\I/(.r) _ S§4.§(N—u+25) (C(N’ /‘L)) I(N—p+2s) \I/(x)
Then ¥(z) is the unique minimizer for S,.,s and satisfies

ar12* NZN?M
N — —p+2s
Ulwede = Sp,s 7.

(2.6) 1320 = / (L% [T P%50)
RN

Let

) =670 (152

(2.7) N_2s
_ ap,s0 2 N
— (52+|x—z|2)N523V6>0’ zeRY,

(M) Geo i) 2N
where a,, s = ST (C(N, p)) T —5+29) 1.

Now we introduce the equation

(2.8) (=A)u = (I, * [u| %) |u?«"2uin RN

and its energy functional 7., : D*2(R™) — R defined by

1 1 v e

= - _—_— I Hs H>s .

Too) = gl gz [ e i fufrda
It follows from [28] that the positive solutions of (2.8) are unique. Furthermore,
by the invariance of the scaling, the function s, defined as (2.7) solves (2.8) and

satisfies (2.6).
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Let

N :={u€ D**(RY)\{0} : (T, (u), u) = 0}.

Then we have that

o — i N—p+2s s
joo(‘ﬂé,z)—moo —uglj{};joo( ) W 10,8

Then a ground state solution of (2.8) is a nontrivial solution u € D%?(R") satisfying
Joo (1) = meo and J. (u) = 0.

Furthermore, from [19, 20], we have the following result about a nodal solution of
(2.8).

LEMMA 2.3. If u€ D*2(R") is a nodal solution of (2.8), then

j ( )>2N “+2 N M+2SSN u+2€ 2%’”’1/00

2(2N — p)
The following proposition indicates that there is no ground state solution to (1.1).

PROPOSITION 2.2. Suppose that (V1) holds. Then m :=min,cpn J(u) = moo, and
m is not achieved.

Proof. Step 1: To prove m = my,. For any u € N, there is t, > 0 satisfying
tut € No. So we conclude that

tyul?esda

1 1 .
Mo < Tooltut) = g Itwtllly = 55— [ (L el
18

1 1 ty Zis |ty u(y)] s
2 2'2u,s QJQ |‘T—y|'u
tuuly)]®

1 1 |tuu(z)|?es
< ltwul* + = | V(z)(tyu)?dz — “ dyd
< gl + 5 [ Vet - o [ ] e e g
=J(tyu) < J(u),

which shows that m > m..

In the following, we prove that m < my,. Let u, C DS’Q(Q) be defined by
Uy = ((2)Pn. Here $,(-) = (- — 2,,) and ¢ = @19 € D>2(RY) defined in (2.7) is a
positive solution of (2.8), {z,} C Q with |2,| = +00 as n — 400, ( : RY —[0,1] is
defined by

]

) =¢ () ximintr:mM\0 c B0

where B, (z9) :={z € RY : [z — 29| < 7}, and £(¢) : RT U{0} — [0, 1] is a nondecreasing
function satisfying

£(t)=0,t<land{(t)=1,t>2.
First, we claim that

(2.9) T () = meo and (J' (), Upn) — 0 asn — +oo.
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Obviously, ||@nllgy = [|¢|lzy and @, — 0 in D*2(RY) as n — +oo. Hence, it follows
from Lemma 2.1 that

/ V() (tin)*dz — 0 asn — +o00.
Q

Set
o i |2 [2rins
/ An(x,y)dydx::/ M’—unlldydx
RN Y |z =yl
[ e,
RN |z — y|#
where

*
2[4.,5

2

*
s

[P (4 20) (P (y + 20) — Ul
|z =yl

Ap(z,y) = d

Since |zy,| = +00 as n — +00 and
|+ 2n| > |20| — [z and |y + 20| > |2n] = [y]
for each x,y € RV, there is Ny € N satisfying
|z + zp| >2Xand |y + z,| > 2A,n > Np.
Hence, ((x + z,) =1={((y + z,) for all n > Ny, and we have that
Ap(z,2) = 0ae. inRY x RN asn — 4o0.
Furthermore,

o*

1,

2*.5

lp(z)
A, (x,y)| <C
[An(ey)] T

Therefore, by the Lebesgue theorem, we conclude that

(2.10) / ] Y T B G il O [
RN |z — y| - z— y|r

| 2

dydz asn — 4o0.

Similar to the proof as in [1], we can show that
(2.11) [n = (- = 2n) |7 — 0 as 1 — +o0.

Thus, combining with (2.10) and (2.11), the claim (2.9) holds.

For u,, C DS’Q(Q)7 arguing as in Lemma 2.2, there exists unique t,, > 0 such that
tntn €N, and then (J'(tntn), tntin) =0.

We claim that ¢, — 1 asn — +o00. Indeed, according to definition of w,, it is easy
to see that
mn‘Q‘*"slﬁnl?L’s

a§||ﬁn|\§b7a§/ dydz < b,
oJo

|z —y|#
where a,b > 0 are constants. Hence, we can get that there is C' > 0 such that |t,| > C.
Suppose that t,, — +o0o. Thanks to t,%, € N, we have that

_ ~ 2% s 25
||ﬂn||2 thz“’s & [t ()] Un(y)] dydz + 0, (1) asn — 400,
QJo |z — y|~
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which is a contradiction. Thus, {¢,} is bounded from above. So, according to the fact
that (J' (), w,) — 0asn — +o0, it is easy to get ¢, — 1 asn — +00. Then it follows
from (2.9) that J (¢,un) = Meo. Due to t,u, € N, we deduce that m < me.
Consequently, from the above arguments, we conclude that m = m..
Step 2: To prove that m is not achieved. Suppose that, by contradiction, there
exists u* € N such that J(u*) =m = ms and J'(u*) =0. Let t,+ > 0 be such that
turt* € Noo. Then we have

1

1 * x
Moo < Joo(tusu™) = *Htu*U*HnQeN - W/ (Lo # [turw* [P ) [t Pes dae
1 |tuu* tuu* (y)[*
= —||tusu*|? dyd
2Huull // T yda
1 tou* 2% ¢ tou* 2% &
=3 2-2, s JaJa |z —y|~

*j(u*u)<\7( =Moo

Hence, we deduce that

tur = 1,/ V(z)(u*)?dz =0,
Q

which implies that «* is a minimizer of m.,. Without loss of generality, we can assume
that u* > 0. Therefore, by the maximum principle, we get that u* >0 in R", which
is impossible since u* =0 in RV\Q. a

In the following, we cite some useful lemmas for proving our main results.

LEMMA 2.4 (see [19, 42]). Let N > 2s and p € (0,N). If {u,} is a bounded
sequence in L? (RN) such that u, — u almost everywhere in RN as n — oo, then

[Pl do = [ (g, = i)

o+ [ o)
RN

LEMMA 2.5 (see [19]). Let {u,} be a bounded sequence in D*?(R™) such that
u, — 0 almost everywhere in RY as n — co. Denote g(u) = (I, * [u|*+=)|ul*"2u.
Then, for each v € D*2(RY), we have

/ 19(tn + ) — g(un) — g(v)
RN

Uy, — u|?is da

u|ns de.

23
2-Tdr = 0,(1).

By arguing as Lemma 3.4 of [20], we can obtain the following result.

LEMMA 2.6. Suppose that {u,} C DS2(RY) is a sequence of a (P.S.)c sequence
for T such that u, — 0 in D>2(RYN) and u, » 0 in DS2(RN). Then there exist a
sequence of points {z,} CRY and a sequence of positive numbers {a,} such that

N-—2s

(2.12) () =0n 2 up(onx + 25)

converges weakly in D*2(RN) to a nontrivial solution v of (2.8).

It follows from Proposition 2.2 that (1.1) does not have any ground state solution.
So we only need to find a bound state solution. For this purpose, we need to obtain
the global compactness result.
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THEOREM 2.1. Suppose that (V1) holds. Let {u,} C Dy*() be a sequence of a
(P.S.)c sequence for J, that is,
(2.13) J(up) = cand J' (u,) — 0 asn — +oo.

Then there exist a number | € N := {0,1,2,...}; | sequences of numbers {an} C
R*; points {2} € RN, 1 < i <1, I +1; and sequences of functions {u% } C
D%2(RN),0 < j <1, such that for some subsequence still denoted by {u,},

(a) (&) = @z +Z (0> |

b) ul® —u(® in D 2(Q) asn — 400,

(¢)ul® = u® £0in D¥?(RY) asn — +o00,1<i<I,

(2.14)

—~

where w9 u® (1 <i<1) satisfy

(2.15)
0) (4/)|20. .
(_A)SU(O) + V(m)u(o) — ( Mdy) |u(0) 27 2u(0),$ eEQu=0,z€ RN\Q,
o lz—yl#
2.16 AP U = (I, % [uD 2 |u@ 2200 2 e RV 1 < <.
£
Moreover, we have
! . N—2 . . — Zi
(2.17) [r— —Z;(Ufl)f ERN) (J;LTL) > = 0asn — +oo
and
(2.18) T (un) = T (u +ZJOO ) asn — +o0.

Proof. First, we prove that {u,} is bounded in D§*(Q). It follows from (2.13)
that

¢+ 0n(1) +on(D)unll = T (un) = 55— (T (un), tn)

1 1 1 1
< ( - *> l|n||? + < — *> / V(z)u?de,
2 2.2 222, ) Jo

which, combined with V (z) >0, shows that {u,} is bounded in D(€). So there is
u9) e DS’Q(Q) such that, up to a subsequence, still denoted by {u,},

(2.19) wy, = u® in DF*(Q), up —u® ae. inQ.
For any ¢ € C§°(RY), by Lemmas 2.1 and 2.5, we have that

[JS‘

() ) = )+ [ Vit [ [ Rl I 4y,
u(® ) /V u@yda
//|u0) |2w u® (y) 22,5—2u(0)(y)¢(y)dydz+o W
|z — yl[~ "
= (7" (u9), ) + 0, (1),
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which shows that (J'(u(9),1) = 0. That is, u(?) satisfies (2.15).
Let

(2.20) o (z) = { (()uxglggsl)g() ),z €Q,

Then it follows from (2.19) that vV = 0in D?(2) as n — +o0o. Thanks to Lemma 2.1,
we have

(2.21) V(z)(vV)2dz — 0 asn — +oc.
RN

Furthermore, by Lemmas 2.1 and 2.4, we have that

(2.22)
[CSUENE Hv(”H2 = lunl? = [l + 0n(1),

(o) = | o2 + /V (D)2
1 / )
- (T o 2)
225 Jon |

1 1
=—||un|\2+f/v<a:> 2
| @2 — /V ON:

[0 () P [ )5
dyd (1
2 2 // |x—y\“ ydx + 0, (1)

=T (un) — T () +0,(1).

If v ) 0 in D* 2(RY), then the theorem is proved with [ = 0.
If vgl) —+ 0 in D*2(RY) then, for any ¢ € Cg°(RY), thanks to Lemma 2.1 and
(2.13), we have that

(T (i), 0) = (0, ¢)gw + /QV(mMde + 0 (1)]|¢) ||

_ « [V
- / (o

— (T (05,8} + 0n (1) [z

— (T (), ) — T (@), ) + 00 (1)

—0,(1),

which shows that 7. ( ) — 0 as n — 4o00. Hence, {vn } is a Palais-Smale sequence
for J and satisfies

oV 2isda + 0,(1)

[t () [P [ () P2

2;’5)|’U’n

2% S_Qvg)z/}dx

v —~0in D*2(RY), v - 0in D*2(RN).

Then, by Lemma 2.6, there exist {z}} C RN, {g1} c R*, and «(V) € D*2(R") such
that

W= (00) 7 oD (o +2h),

n

ull) — u(l) in D% 2(]RN)

n
!

Ty =0, ul?) £0.

IS
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Thus, u!) is a nontrivial solution of (2.16). Moreover, we have

lof IR = [lul lzx = lu[[Ex + [ul) — MRy +o0a(1),
‘_700(1)7(11)) = jm(ugl)) = jOO(U(l)) + Joo(ufql) - “(1)) + on(1).
Combining with above equality and (2.22), we conclude that
a1 = 050 [ + 1@ > + 04 (1)
= [N + D [fr + Jul = uM|En + 0n(1),

T (un) = T (@) + Too (v + 0(1)
=T (u) + Too (W) + Too (u) — uM)) + 0,,(1).

(2.24)

Let 1)22) = u%l) —uM . If v,(f) — 0 in D*2(RY), then the theorem is proved with
l=1.

If o2 - 0 in D%2(RY), then, similarly, we can conclude that {U7(L2)} is a Palais—
Smale sequence for J,, and satisfies

0@ = 0in D*2(RY), v - 0in D>2(RY).
Then it follows from Lemma 2.6 that there are {22} C RY, {62} C R*, and u(? €

D*2(RY) so that

u@ = (02)"2 0P (02 - +22),

u® —~u® in DH2(RY),

T (@) =0, u® 20,
which implies that u(?) is a nontrivial solution of (2.16). Moreover, one has

o2 lFr = P B = 1@ [En + a2 = u®|gx + o0a (1),

‘,700(11,(12)) = jm(ugz)) = joO(U(2)) + Joo(ug) - U(Q)) + on(1).
Together with (2.24), we conclude that

|2 = 112 + B+l = ut |Fo + 0n(1)

= ([ + u[Fr + o [Rr +o0n(1)

= ([ + aD[Er + B + 0 = u®[|gx +o0n (1),
T () =T () + Too (M) + Too (ulD) — uM) + 0,(1)

=T () + Too (uM) 4+ Too (02 + 0, (1)

=T (ul?) + Too (M) + T (1) + Toe (0P = u®) + 0,,(1).

(2.25)

Iterating the above procedures, we can obtain sequences {uﬁ’“*”} in this way. Let
v,gk) = FY =) 1% L0 in D#%2(RY), then the theorem is proved with [ = k.

If vl - 0 in D52 (RN), then, arguing as before, {’USLk)} is a Palais—Smale sequence
for J. such that

%) 0in D*2(RY), v®) - 0in D*2(RY).
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Then, according to Lemma 2.6, there exist {z¥} ¢ RV, {¢¥} c R*, and u® ¢
D%2(RY) satisfying

G R G
ug“) — ) in D*2(RY),
T (u®y =0, u®) #£0.

Thus, «*) is a nontrivial solution of (2.16). Furthermore,

[l | =[ul )% + S5 uO[Bn + [ulf) — ul ”]RN + 0n(1),
T (un) =T (ul?) + 55, oo (u) + Toe (ul —u®) + 0,,(1).
Thanks to

0= (T (u?),ul?) = u®|Gx - / (L ) 20)

(2.26)

u®Pisde,ie {1,2...,k}

) 2N —pu
and the definition of S,, 5, we obtain that ||u”|g~y > S, """, i=1,2,...,k. Then we
conclude that the iteration must terminate at a finite index [ > 1, that is, vgﬂ) =

ul) —u® 0 in D2(RN). Then we have

sl = @ + 2} 1||u(i)||§w +on(1),
T (un) = T () + i, Toe (u?) + 04 (1)

Moreover, it is easy to obtain from the above discussion that

1

N-—2s Tr—z
un = (U +0,(1) + (02)" "7 (u +0,(1))( = =)
—2s x—2zt —ol2?
+(0h02) 7 (W + 0, (1) (—2n)
0' U
1 1,2 3
1 9 3y_N-2s (3) rT— 2, — 0,2, —O' 0' Zn
+(0'n0'n0'n) > (u +0n(1))( 0%‘77210?1 )
_|_..
+ (0p020h ozr”é <u<l>+o (1))
v~ obah ~ ohodal — o~ hotod ok 12,
U%U%U?L oh
So it follows from rewriting the notations that (2.14)—(2.16) are satisfied. O

COROLLARY 2.1. Suppose that (Vi) holds. Let {u,} C D*(2) be a nonnegative
sequence such that

(2.27) T (upn) = m, (T (un),un) =0 asn — +oo.
Then we have
(2.28) Un = Wn + 5,2,

where {w,} C D*>2(RY) such that w, — 0 in D*>*(RY) and ps
the positive function realizing My .

defined in (2.7) is

ny®n
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Proof. Tt follows from (2.27) that {u,} is a minimizing sequence for J|x. Then
it follows from the variational principle (see [53]) that there is a sequence {v,} C N
satisfying

(2.29) T (V) = my T (vn) = $nG (v) = 0, ||y, — vy || = 0asn — +o0,

where ¢, € R. We may assume that v,, > 0.
Next, we prove that J'(v,) — 0 asn — +oo. From (2.29), one has that

(T (n);0n) = $nlG (Vn),vn) = 0n(1)[[0n]].

It follows from (2.4), (2.5), and the fact that {v,} C N that (G'(v,),v,) < C < 0.
Therefore, thanks to {v,,} CN and J(v,) — m, it is easy to see that {v,} is bounded.
So ¢, — 0asn — +o0. For any ¢ € D*(),

(G'(vn), 9) =2(vn, ) +2/QV(x)vn¢dx
oo [on () %5 [ (1) 22 "2 0n (1) S(y) .
2-2 /Q/Q | dydz.

pos x —ylr

Thus, according to the boundedness of |V|2g, using the Holder inequality, we deduce
that )

3N+2s—2pu

(G (), &) < (Cllwnll + Callvnl ™ == ) 141,

which, combined with the boundedness of {v,}, shows that G’(v,) is bounded. Then
it is easy to obtain that J'(v,) = 0 asn — +oc.
Now, for any ¢ € DS’Q(Q), it is easy to get that

(T (upn) — T (vn), ) — 0asn — +o0,

from which we conclude that J'(u,) — 0asn — +oo.

By Theorem 2.1, there exist a number [ € N and a subsequence of {u,}, still
denoted by {u,}, such that (2.15)—(2.18) hold.

If u(®) #0 and [ > 1, then, thanks to (2.15)-(2.16), we have

('), u) =0,(T (u?), ) =0,1<i <1,

which shows that u(®) € A, u(® € N,1 <i <. Hence, we have that J(u(®) >m =
Mooy Too (UM) > Mg, 1< i< 1. We deduce that

l .
m=Jw) + ¥ T (@) > (I + 1)mo > 2me,
=1

which contradicts with the fact that m = mq.

If u(®) =0 and [ > 2, then, similar to the above discussion, we obtain a contradic-
tion:

! .
m=Y joo(u(l)) > Moo > 2Moo.
i=1

If u(® 2 0 and I = 0, then u(?) is a ground state solution of (1.1), which contradicts

with Proposition 2.2.
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If u© =0 and [ = 0, then we also get a contradiction due to the fact that
T (u®) =m.

According to above arguments, we must have that v(°) =0 and [ = 1. That is, u(!)
satisfies (2.8), and then J..(u")) = m = my,. This fact shows that u(!) is a ground
state solution of (2.8). Then it follows from Lemma 2.3 and the nonnegativity of {u,}
that «(!) > 0. Arguing as in Corollary 4.2 of [18], we can get u(!) > 0. Consequently,
it follows from the above discussion and the uniqueness of the positive solution of
(2.8) that (2.28) holds. |

COROLLARY 2.2. Suppose that (Vi) holds. Let {u,} C D*() be a nonnegative
sequence of a (P.S.)c sequence for J, that is,

(2.30) J(up) = cand J' (u,) — 0 asn — +oo.

Ifce (moo,QNzl—S;f% Moo ), then the functional J satisfies the (P.S.)c condition.

Proof. According to Theorem 2.1, there are [ € N and a subsequence of {u,},
still denoted by {u,}, such that (2.15)—(2.18) hold. Thanks to 0 < N45 5o <1 and

c € (moo,2N4—sfx2s Moo ), similar to the arguments of Corollary 2.1, we can conclude
that u(®) £0 and [ =0. So it follows from (2.17) that u, — u(?) in D§?(Q). 0

3. Main technique and some basic estimates. Let ¢s , defined by (2.7) be
the ground state solution of (2.8). Without any loss of generality, we assume that
0€ RM\Q. Then A =inf{r: RVM\Q C B,(0)} > 0. Let

x
ux = ((2)ps,2 = 5(‘7')%,27
where (, ¢ are defined as in Proposition 2.2. Define Ky : RY x Rt — D*2(RY) by
Kx(z,0) =ty,va,

where t,, > 0 satisfies (J'(ty,v2),ts,vx) = 0. According to the definitions, vy and
K(2,8) can be seen as elements in D3*(€) and L (€2). Moreover, we have that

1A (2, 9)[| = A (2, 0) [l [loall = loallr
‘IC)\(Z,(S) 2% = |]C)\(Z7(5)

2+ RN 5 |[UA|2x = |[ux 2% RN -

LEMMA 3.1. Suppose that (V1) holds with |V |~ ~ #0. Then KA(z,0) satisfies that

(a) Kx(z,9) is continuous in (z,0) for every b

(b) J(Kx(z,0)) = ms and (J’(IC,\(z,(S)),ICA(z,(S» — 0 as |z] = o0, uniformly
for every bounded \, and bounded § away from O;

(c) as A = 0, T(Kx(2,9)) = Mmoo and (T'(Kx(2,9)),Kx(2,0)) = 0 as 6 — 0 or
§ — +o0,uniformly in z € RV,

Proof. (a) obviously holds. By similar arguments as in the proof of Proposi-

tion 2.2, we easily obtain (b). In the following, we prove (c):
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lox — @5,z |7

:// ‘(5(il)_f(g))%Du_zH(g(%_l)(‘Pé,o(x—z)—w,o(y—z))‘Qdydx

|z — y| N2

2
e - e8] Jsote 2
<92 dzd
<2 f [
2
) % —1‘ ‘5050 r—2z)—@so(y —Z)‘ dd
* // [ — [V yew

2(L + I),

where
e(lshy 2
o f [ el
ydz,
RN ]RN |33—y\N+2§
2
, (e —1’ ‘%o (x—2)— %o(y—Z)’ o
? _/RN/]RN |z —y[N+2s e

First, we claim I, — 0 as A — 0. In fact,

2
@5,0(@/)‘ o
/]RN /RN yIN“é e

By the definition of £, we have that

2 2
‘f(lyizl)—l‘ ’905,0(33)—%,0(9‘ “ ’9050 @50(9)‘

1 N N
|I—y|N+25 - |ZE— |N+2s €L (R xR )’

ety — 1 [so@) — eiolw)|

s N N ..
g —0a.e. iInRY xRY as\— 0.

Hence, the Lebesgue theorem ensures that
(3.1) I, — 0as A — 0 for every z € RV,

Next, arguing as in Lemma 4.1 of [1] (see also Lemma 2.3 of [54]), we prove that
I; 5 0as A= 0forz e RY. Let RY x RN =11, UHQUH3. It is easy to see that

|$+Z| (\y-;\-Zl)

I = dyd
e /]RN -/RN |z —y|N+2s ver

2
e(=) — ()| s (@)
_Z/ |z — y| N+ dude

where
= (R™M\Bax(—2)) x (RV\Bax(—2)), Iy := Bax(—2) x RV,
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For any (z,y) € I11, |z + 2| > 2\, |y + 2| > 2; hence, f(@) :f(@) =1. Then

we have that
’2

(3.2)

/ ‘5(%)—5(@“‘ ‘ ‘9050 Qe —0.
I,

|.T _ y|N+25

Denote

2
/ / |JL+Z\ §(|y+2\ ‘ ‘@60 ‘ o
s yaz
Bax(—z) J Bx(z) |z — y| N2

2
/ / \x+z\) £ |y+\ ) ‘%0 ‘ o
A ydx.
Bax(—z) JRN\Bj (z) lz—y |NJr2

On the one hand, using the mean value theorem, we conclude that

2
/ / |m+z\ v |y+z| ‘ ’%O ) .
ydax
Box(—2) BA |z —y |N+2g

|805,0($)|2d5”~

(3.3) m /]32,\(2)

On the other hand, we obtain that

2
/ / ‘Hz‘) g(ltely ‘ ’@50 ’ i

y T
Bax(—z) JRN\Bj (z) |z — y|N+2s

(3.4) 74/ | 2/ 1
= ps,0(2)] ~dydz
Bax(—2) RN\ B (z) |z —y|N+2
Cy / 9
< lps,0(@)]"da.
SAZS Bax(—2)

Combining with (3.3) and (3. 4) we have that

2
(L) — () o o
II> Bax(—z

|z — y|N 2 —)\2
Define
AZ:{yEBQ,\( \m—y|<)\} .AC_{yEBg)\ ) |.’1?—y‘>)\}
Then
2
lectzt2l) — () o)
/m |z — y|NF2s e
’5 (letaly _ g(lutaly ’ ‘%0 ‘2
dydx
/RN\B2A z)/ |$—y\N+28

jo2] ‘2

2
+/ / ety — gl o@f
ydx.

RN\ By (—z) J Ac |z — y|NF2s

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/02/26 to 86.120.52.238 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

112 VICENTIU D. RADULESCU, DA-BIN WANG, AND HUAFEI XIE

Arguing as before, we can obtain that

2 2
‘g |w+ZI (M)‘ ’906,0(@’ -
AN\B2A( z)/ y|N+25 yer
04/ 2
<< lps,0(x)|"da.
)\2 Bs)\(fz)

Choose v > 4. It is easy to see that

(3.6)

(RV\Bax(~2)) x Baa(~2) C [(Bya(~2) x Baa(=2)) U (RM\B,a(~2) x Baa(~

Therefore,

|x — gV v

() o) o
[

o of g R el
Byx(—2) J Ac

|z — y|N+2s
2
e () (57 [ Jonote)
—|—/ / N1 dydzx.
RN\ B, »(—2) J Ac lz =yl

By direct computation, one gets
2 2
‘g \a:-i—Z\ g(@) ‘ ‘805,0($)‘
/ Boa(— z) / e |z —y|N+2s dydr

. |05,0(2)|*da.
8)‘2 /BA(Z)

If (z,y) € RN\ B,\(—2)) x Bax(—2), then we have

(3.8)

e 2l |

|z + 2|
2 2 2

e —y|>|z+z2|—|z4+yl>— —2a> ==

So we have that

e (52) - e (o) [ Josotol]
/RN\BW(—Q /,4 dydz

|£L‘ _y|N+25

¢ &
6 2%

<% ps.0()["da | .
N </]RN\BA,,\(2)

Hence, it follows from (3.7)—(3.9) that

e (=) & (1) [owote]|
/neN\Bm(z)/c dydz

|z —y[ N2

(3.9)

(3.10)
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Therefore, combining with (3.2), (3.5), (3.6), and (3.10), we conclude that

Cs/ 2 Cy 2
d (s 0la)|2dz + / (05 0(a) Pde
A2 Bax(—2) A2 Baa(—2)
07/ 2 06 2%
vy [ lesoPdes S (Ps0(a)[* da
A% B2 TN \Jrm\B,s (—2)

2
Cs/ 9 Cs /
< ws,0(x)|"dr + — wso(x
Y2s BN_Z)I ()] oy RN\BM(_Z)\ (z)

2.
23d$>
. C
B’Y)\ —Zz

Given € > 0, we can fix v large enough such that C—N < 3. So

I, < Covy* (/ |s.0(x)) dx) +
B'y)\(fz)

Now let us fix A small enough such that

2
o* eyzr 1
ws,0(T)|[*=dr < (7) -
/BM(—Z)| (@)l 2/ Coy*s

From the above arguments, we get that I; <e uniformly in z for A small enough,
which shows that

I, <

N}
Wi

@ ¥

W)
n*‘“

)|
Mo

N ™

I, 5 0asA—0forz e RV,
Then, together with (3.2), we deduce that
(3.11) Jonl2 = lloallZy = 93,22y as A — 0¥(z,8) € RN x R

It follows from simple calculation that

//Iw |%hoe [ox ()] s dyds — //\%Z “Slsosz(y)lmdydm
RN JRN |$*y|N H RN JRN |z —y|N =+

[o (@) P [0 () [so@ = =)l psoly = 2P
_ | N—p _ | N—p ydzx
RN JRN | | RN JRN lz -yl

[le (=521) 5("”?") " = 1) pso(@) sl oly) e
/ / — dydzx
RN JRW |z — y[ N~
:/ / I\ (2, y)dydz.
RN JRN
Since
|<P60( |“<P5o(y)|2:’5 1/mN N
Iy (z,y) <C oy e L' (RY xRY)
and

I\ (z,y) — Oa.e. inRY x RV as A — 0,
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using the Lebesgue dominated convergence theorem, we conclude that
frs

(3.12) / / [oa (@) s [or () [ ddx_>/ / 238 ] e IO
RN JRN \I*y|N H RN JRN lv —y|N—r

uniformly in z € RY as A — 0.
Thanks to

; Y
ool = [ J(e(%) <1) et
: B2 (0)

< C |306,z(x) 2:d$
B2 (0)

— 0for (6,2) eRY x RT,

2;
dx

we obtain that

(3.13) 2l v 85X = 0V(2,8) €RY x RT

= vl iy 05,222

and, together with V € L2: (Q), conclude that

(3.14) / |v>\\2dx%/ (z)|ps.-|*dzas A = 0V(z,0) e RN x RY.

Thanks to V € L2 (), arguing as in the proof of Lemma 4.3 of [20], for any
€ >0, there exist d; = 01(¢) and d2 = () such that

/ V(x)|ps..|Pde < e
RN

for z € RN and § € (0,8;] U [02,+00). And then, combined with (3.14), we obtain
that, as A — 0,

(3.15) V(x)|val?dz —0asd — 0ord — +ooVz € RV,
RN
So it follows from (3.11), (3.12), (3.15), Joo(¢s.2) = Moo, and (T (¥s.2), vs,2) =0
that, as A — 0,

J(vx) = Mmoo and (J’(v,\,v,\>—>0as5—>00r5—>+oof0rze]RN.

Then, similar to the proof as in Proposition 2.2, we can conclude that, as A — 0,
to, = 1,a8 d = 0or§ — +oo for z € RY. Consequently, (c) follows directly from the
definition of ICx(z, ). ad
LEMMA 3.2. Let (Vi) — (V) hold. Then there is \* € (0,%) such that for any
A<,
sup  J(Ka(z,9)) < 2%t Moo
(2,6)ERN xR+

Proof. Tt follows from (3.11), (3.12), (3.14), and (J'(K(2,6)). Ka(2,6)) = (I
(t'U)\’U)\)7 tv)\/U)\> =0 that

220 mlP+ fpVpdde ol VI
” fQ o #Jox[Pne)
”‘PéanN + V| e |905 Z|2* RN

fRN I *|(p§z| “S) ©35,z

v,\|2u sdz = [ (I, * loa]?is ) [oa]?6s da

as A —0V(z,8) e RY x RT.

2isde
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Hence, by (V1) and (V2), we derive that
li Kx(z,0
lim (65 (2.0))

2 2 £ e . .
= )1\13%) %Hv}\Hz + %/QV(QC)Uidx - 21TA2* /Q(I# * |up |2 )|y |2 da

8

1 1 2% x «
= tim (5~ gz ) 5 [ (oo

I

2.2%

w,

Vs [ sl @IV +D T

=~ * > P55,z
2(2N - M) fRN (Iu * “Pé,z 2“’3) 90t5,z|2“’5daj RN .

2N —p

N — 2s (1 N-pt2s  2N-y_

< N_optis (VN + 1) Sﬁvs—;wzs
S, 2s )

i) .o e

T 22N —p)
4s—p N — u _|_ 28 _2N—p
< 9Nt SN;[L+25
2N —p)

= 27 T meo V(2,0) € RN x RY
Consequently, we conclude that there exists a constant A* € (0, 1) such that for

'8
any A < \*,

sup  J(Ka(z,9)) < 9Ntz Moo 0
(2,0)ERN xR+

In subsequent discussions, we always assume (2 fixed with diam (RY \ Q) :=
sup{|z —y| : m,y € RV \ Q} < \*, where \* € (0,1/8) is the constant obtained in
Lemma 3.2. Hence, for any zg € RV\Q, R¥\Q C By- (o). Thus, we have that

— 1
A=inf{r:RM\QC B,(0)} <\* < 3 RM\Q C By (0).
Define y; : RT* - R,i=1,2, by

t< -,

0,t<1,
andXZ(t):{ 1,i>1.

e

>

)

4,
t

o~ =

Define a barycenter-type map « : D*2(RY) — R¥ and a functional 8 : D$2(RY) —
R as

1 s
() = —o / xallz)zl(~A)ful’de,
S,i\js—u,+2s RN
1 _s
8= —ir [ xalloDl(-8) Fupds.
SN -nt2s RN

1,8

Let
M= {u €N : (au), Blu)) = <o, ;)} D32(Q).
LEMMA 3.3. If || > %, then we have

alps.) = é +o0(1) asd — 0.
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Proof. Fix |z| > 1. We have B1(0) N B:(2) = ) for any € > 0 small enough.
Then, by the definition of @5, and thanks to Proposition 2.2 of [45], we have that

(3.16)

1 _ 5 2 1 —s 2
—aN—a 4z|(=A) 25 |"de| < —55—5— dz|[(=A) "2 ps .| "dx
S’i\:S—IH-QS Bi(o) S;,]L\{‘S_M+25 B% (0)

<C Vs |*da
B1(0)
4
N—2s 2
<0657 |2P—=0asd—0
and
1 T s 1 _s
T—u/ T|(—A) 2<P§,z|2d$ ST—H/ |(=A) 2@572|2dx
SN A x| SNz JRN\B L (0)
(3.17)

SC’l/ |V<p5,z|2dx
RN\B%(O)

SCQJN_25—>OaS5—>O,

where A =RN\(B.(z)U B1(0)).
For any x € Be(z), considering |z| > 3 and & > 0 small enough, we have

i — i < Cse.
lz| |z
Therefore, we deduce that
1 s
Z - Tw/ = (—=A) 2 ;.2
|2| SHJ\T—M% B.(2) |z|
1 z €T _s 2
= 3N -1 I |(_A) 26,2 dz
Slivs—w‘zs B.(z) lz| ||
(318) 1 z _s
+Tw/ =[(—A) "2 5.7 dx
SN LR JRN\BL(2) ||
C g _s
<o [ ) Fespds
S/W RN
1 s
+ °N -4 / |(_A)_§<P57Z‘2d$—>035(5—)0.
SW RN\B.(z)

Hence, combining with (3.16), (3.17), and (3.18), we obtain that

alps.) = ﬁ +o(1)asd — 0.
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LEMMA 3.4. Suppose that (V1) holds with [V|x #0. Then we have

(3.19) Co ::uelf\rifmpj(u) > Moo,

where P is the cone of nonnegative functions of DS’Q(Q). Furthermore, as A — 0, there
exist T > %,0 <o < %,52 > % such that

1 1
(a)ﬁ(ICA(z,é))<§,|z\<§and5§51,
z 1 1
—Zl<Z 2> = <
(b) |a(fcr(z,8)) |Z|‘<4,\z|_2 and 6 < 6y,

(c) B(KA(z,0)) > %,z eRY andd > 6,

CO'i_WLoo
2

(&) T(Ka(z.0)) € <mm,

(3.20)

(d) T (Lx(z,0)) < ,2€RYN andd =6y ord =0,

Co + Moo
2

(f) (a(ICA(z,é)),z)RN >0,|2| =T ands € [81,05).

) 2| > T andd € [61,62],

Proof. First, we prove (3.19). Obviously, ¢o > mq, S0 to obtain (3.19), we suppose
that co =ms, by contradiction. Hence, there is {u,} C M NP such that

(321) m ) =, (T (un) e} =0, 0(un) =0, Sun) = 5.

Thanks to Proposition 2.2, {u,} is not relatively compact. Then it follows from
Corollary 2.1 that

un(z) = @5, 2, (2) + wp(z), 2 € RNa

where {z,} € RN {6,} € RT, {w,} C D*}(RY) with w,, — 0 in D*>3(RY), and ¢s,, ..,
is a positive ground state solution of (2.8) realizing m,. In a subsequence sense, for
(0n,2n), one of the following conditions holds:

(1) 6, = +oocasn — +o0, (2) 6, = 0 #0asn — 400,
1
(3.22) (3) 0p, — 0 and z, — z with |z| < iasn—%i—oo,
1
(4) 6, = 0 asn — 4ooand |z,| > 3 for n large.

By definitions of a(u) and S(u), thanks to (3.21), we have that

1
(3:23) a($s,,2,) =0, B(s,,,2,) = gasn — +o0.
If §,, = 400 asn — +oo, then we obtain that
1 _s
B(es,) =~ | aleDl(-8) s, o, s
S, JRY
1 _s
— e [ 1A) s, P
S, JRN\B1(0)
1 s
1o [ -8 Eps Pl
Sé\fs—u-ﬂs B1(0)

=14 o0,(1)asn — +oo,
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which is a contradiction.
If §,, — d # 0 as n — +o0, then, by Proposition 2.2, we can obtain that z, —
400 asn — +oo. Then we have

B(¢s,,.2,) = B(6,2,) + on(1)
1 _s
=4zsz7/ Xa(|2 + 20 )[(=A) " 25,02 dz + 0, (1)
S}/st—;tﬁ—% RN

1 s
= 2N & / |(_A) 2@6,0|2dx+0n(1)
ST JRN\Bi(=z0)
1 S
:1*Tﬂt/ [(—=A) "2 502 dz + 0 (1)
Bi(—zn)

FSERCEEE
w,8

=1+o0,(1)asn — +oo.

Thanks to (3.23), we get a contradiction.
If 6, — 0 and 2, — z with |z| < 1 asn — +o0, then

ﬂ(‘pﬁn,zﬂ) = 6(‘)06,,”2) + On(l)

1 s
= Tﬂt/ xz(|z + 2])[(—A) "2 s, 0 dz + 0, (1)
SN, RN
1
2dx + 0,(1)

= Tﬂt/ [(=A) 25, 0
S/ﬁ;uﬁs RN\B;(—=2)

=on(1) asn — +oo,

which contradicts with (3.23).
If 6, = 0asn — +oo and |z, | > % for n large, then, according to Lemma 3.3, we
get

Zn

O‘(@ﬁn,zn) = + 0, (1) asn — +oo0.

|2n]

Obviously, it is impossible due to (3.23).
Consequently, it follows from the above discussions that cg > mee.
In the following, we give the proof of (3.20).
By (c) of Lemma 3.1, as A — 0, one has

T (Kx(2,0)) = T (ty,v2)) = Moo as § — 0 uniformly in z € RV,
Then it follows from K (z,d) € N and Lemma 3.3 that, as A — 0,
(3.24) B(Kx(z,8)) = B(ps..) as § — 0 uniformly in z € RV,

Hence, we conclude that

1 _s
Bles,2) = —x=i— / [(—A) 25| da
Sﬁf;““s RN\B;(0)

1 S
S / (~A) % g5 da
ST JRN\Bi (<)

1
=o(l)asd — Ofor |z| < 3
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which shows that, as A — 0, there is 0 < §; < 3 such that (a) holds.
Similarly, it follows from (c) of Lemma 3.1 and Corollary 2.1 that, as A — 0,

a(Kx(z,68)) = a(ps,.) as § — 0 uniformly in z € RY.

Then, according to Lemma 3.3, as A — 0, there is 0 < d; < § such that (b) holds.
By (c) of Lemma 3.1 and Corollary 2.1, as A — 0, we also obtain that

(3.25) B(Kx(2,6)) = B(ps..) as § — 0 uniformly in z € RY.
Thanks to

/ |(—A)_%<p5,z\2dx§05_%_1+‘9—>Oasé—>+oo,
B1(0)

we have that
1 _s
Bles) =1 = —= [ 1(-A) e
S/ivs—u+25 B1(0)
=1+o0(1)asd — +oo.

Hence, as A — 0, it follows from (3.25) that there is 65 > 1 such that (c) holds.
According to (c) of Lemma 3.1, as A — 0, we have

T(Kx(2,0)) = T (ty,vx)) = Moo as § — 0 or § — 400 uniformly in z € RV,

Thanks to (3.19), as A — 0, there exist 0 < 01 < % < 09 such that (d) holds.
By Ka(z,6) € N, we have J (K (z,8)) > m. Hence, thanks to Proposition 2.2, we
obtain that

T(Kx(2,0)) >m=mVz e RN §>0.
By (b) of Lemma 3.1, one has
T (Ka(2,0)) =T (ty,vx)) = Mmoo as |z| = +00

uniformly for every bounded A and bounded ¢ away from 0. Thanks to (3.19), there

is Th > % satisfying

<CO+moo

j(]CA(Z,(S)) ,|Z|2T1361 §5§§27/\<1-
That is, (e) holds.

According to (b) of Lemma 3.1, Corollary 2.1, and the fact that K,(z,5) € N, we
have that

(3.26) (a(IC,\(z,é)),z)]RN — (04(4P5,z),Z)RN as |z| = +oo
uniformly in 61 <§ <d, A< 1.
Let

RN = {2z eRY : (z,2)gy >0} and (RY)] :={z € RV : (z, 2)g~ < 0}.
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Since 6 € [01,02], there exist a large 75 > 0 and r € (0,1/4) such that if |z| > T3, then
the ball B, (2) C (RY)} with Z satisfying |z — 2| = 3, and by the definition of ¢s ., one
has

[(=A) 35,2 > Cy > 0,2 € B,(2).

Hence, for any |z| > T, 6 € [61,02], one has

1 _s
(ate002) =z [ 1A FpnPrallel) o s ds
B e

1

¥ J o 1A B )

2N—p
N—p+2s
Sii,s
= .[1 + Ig.
Moreover, we have

1 _s
2N —p / N |(_A) 25,2
S‘LIL\’/;;&% (RN)Z

> 2| / Co(z, 2)pn d
B, (%)

I = 2X1(|$|)($7Z)RNd$

o ]
1
B,.(3) |z
:C’2|z\.

Arguing as Lemma 4.7 of [20], choose T3 > 0 large enough such that z € RV with
|z| > T5. We have

1 s C!
/ |(_A)_§<P5>Z|2dx<72-
(RN)Z 2

ON—p
S N—p+2s
HsS

Then we have

1 _s
B2 [ I8 FonaPr (o) ands
Sli\:;u+25 (RN)Z
S Gl —A) s, |2d
= 5N & |( ) (p5»2| T
S T B
02‘Z|
> — 5
Therefore,
Cs
(a(gpg,z),z)RN =L+1> 7|z| >0
for all z € RY with |z| > T = max{T1,T», T3} > 0 and for all §; < § < Js. O
Let

;.. = {(z,a) RN xR*:|2|<T,6 ¢ [51,51]},
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where 91,02, and T are constants defined as in Lemma 3.4. Denote

8H57z = Hl UH2 U Hg U H4,

where
N _ p+ 1
II; =< (2,0) eRY xR :|z\<§76:51 ,
ng{(z,é)eRNxR+:;§|z<T,5_51},
HgZ{(Z,5)ERNXR+:|z§T75:52}7
H4:{(275)6RNXR+I|Z:T75€[51,51]}.

Define © D% (Q) by
0:= {/CA(Z,(s) (2,0) € H&Z}.
It is easy to see that © C PNN. Set

&= {’Y:WEC’(’Pﬂ/\/,?’ﬂ/\/)ﬁ(u):ufor any u with 7 (u) < CO"”’noo}’

2

f::{DC'PﬂJ\/:D:’y(@),'}/Ef}.
LEMMA 3.5. Let (V1) hold and D € F. Then, as A — 0, we have
DNM=#0.

Proof. To prove this lemma, we just prove that for any v € &, as A — 0, there is
(2*,0%) €15 . so that

(3.27) ((,B) oyo Ky)(2",6") = (O, ;) .

Define £ :RY x RT 5 RN x RT and £:1I5, — RY x Rt by
AC-Y:(O[,B)O’YOIC)\, ,C:(Cl,ﬁ)O]CA.

First, we prove that, as A =0,

1 1
(3.28) deg (EW,H@Z, (0, 2)) =deg (L’,H(s,z, (0, 2)) .

It follows from (d) and (e) of (3.20) that, as A — 0,

o+ Mo

T(Ka(2:8)) < 5

,(2,5) S 81'15,2.
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Thus, as A — 0, we have
Y(Ka(z,6)) = Ka(z,6), (2,0) € Olls .
So we obtain that
L(2,0) = (o, B) 0 Kx)(2,0) = L(2,0), (2,0) € 01z,

which concludes that (3.28) holds.
Second, we need to prove that, as A — 0,

(3.29) deg <E,H§,Z7 (O, ;)) =1.

Let
Y(z,0,t) =tL(z,0) + (1 —t)(z,9),t €]0,1].

It follows from the homotopy invariance property of the topological degree and the

fact that
1
deg (Idné,z,ﬂg,z, (0, 2)) =1

that to get (3.29), we just prove that, as A — 0,

(3.30) Y(z,0,t) # (0, ;) V(z,0) € 9115 , and t € [0, 1].

If (z,6) € II;, then, thanks to §; < 3 and (a) of (3.20), we have
(3.31) 1B oK) (2,61) + (1 — )51 < % te[0,1).

If (z,8) € I, then, since &, < 1, it follows from (b) of (3.20) that

[a(Ka(z,0)) - é( < %
which concludes that
(1= )2+ t(aoKy)(2,81)| > '(1 - t)z+té ‘t(aolC)\)(z,él) tl’%
(3.32) > (1= t)|2| +t— i
2%+ >0,tel0,1]

If (z,60) € II3, then, by d3 > % and (c) of (3.20), we deduce that

1 ¢t 1
(3.33) t(B oK) (z,02) + (1 —t)d2 > (1 — t)§ t5=5 teo,1].
If (z,60) € Iy, then, according to (f) of (3.20), we have
(3.34)

(t(ao;g)(z,a) (1 t)z,z)RN —(1—1)|2[? +t((aol€>\)(z,5),z)RN >0,t€[0,1].

Consequently, by (3.31)—(3.34), we get (3.30), and then (3.29) holds. Therefore,
combining (3.28) with (3.29), we obtain that D N .M # . O
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4. The proof of main results.
Proof. Let

c¢* = inf su u),
De]—‘uegj( )

Ko ={uePnN:Ju)=c", J'(u)=0},
T ={ueN:TJ(u)<r}, reRr.
Let A* be small enough such that Lemmas 3.2 and 3.5 hold for any A < A*. Fix

A with A < A*. To prove Theorem 1.1, we only prove that K. # (). Suppose by
contradiction that K. = (. It follows from Lemmas 3.4 and 3.5 that

N .
> inf Ju)=cy>meo-
~ueMNP (u)=co o

By Lemma 3.2, we obtain that ¢* < Zﬁmoo due to © C F. Therefore, we have
Moo < € < oNTitE Moo
According to Corollary 2.2, J satisfies Palais—Smale condition in
PANN{ue D) : Mmoo < T (u) < Q%mm}.

So it follows from a variant due to Hofer [22] of the classical deformation lemma
(see [50, 53]) that there is a continuous map

P:[0,1]xPNN=PNN
and g > 0 satisfying

4s—p

(@) 70\ g o0 cC gy g

(b) (0,u) =u;

(c) (tu)—quJC _5°U{PHN\7°+E°} te0,1];
(d) v(1,J+F) cge—F

By definition of ¢*, there ex1sts D* € F such that

c* < sup J(u)<c*+f
ueD* 2

Hence, (1, D*) € F, and it follows from (d) that

€
< sup J(u)<c* ——0,
u€eP(1,D*) 2
which is a contradiction. Thus, K- # @, and Theorem 1.1 is proved. 0
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