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ABSTRACT. We explore a Dirichlet problem driven by a multi-phase operator
with three variable exponents. Here, under very general assumptions on the
exponents and the nonlinearity, using variational tools and the Nehari method,
we are able to produce a sign-changing solution for such problem.

1. Introduction. Let Q C Riv with N > 2 be a bounded domaLn whose boundary
is Lipschitz. Also, let m € C(£2) such that m(z) > 1 for all x € Q. Then, we take

m~ =minm(z) and m' = maxm(z).
z€Q z€QN

Next, we denote by p, g, and 1, uo functions satisfying the following assumptions:
(H1) p,q,7 € C(Q) are such that

1<p” <p(z) <N,

*)— * Np(z)
p(x) < q(z) <r(z) <rt < ()" <p*(z) = ——F—
(z) <q(z) <r(z) (P") (z) N = p(a)
for all x € Q;
w1(+), pa(v) € L*(Q)\ {0} are such that
pua (), p2(-) = 0
for all x € Q.
Thus, we focus on the Dirichlet problem
—divA() = —|ulf®2u+ f(z,u) inQ, (1)
u =20 on 09, ’

driven by the operator div.A that is the multi-phase operator with variable expo-
nents defined by

div A(u) := div [(|Vu|p(a”)_2 + 1 (2)|Vu|1®) =2 4 ug(x)|Vu|T(x)_2)Vu] (1.2)

for any function u belonging to an appropriate Musielak-Orlicz Sobolev space
VVO1 ’T(Q), which will be introduced in Section 2. We point out that such an opera-
tor is a proper generalization of the double-phase operator with variable exponents.
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Further, differently from the double-phase case, we have to consider two potential
changes of phase rather than only one. For this reason, the operator introduced in
(1.2) is of relevant interest in mathematical models of physics phenomena. Also, we
recall that functionals of type

“ H/ (IVulP@ + gy (2)| V1) + pa(2)|Va|"@) da,
Q

where p, ¢ are constant and s = 0, were considered by Marcellini [13] and Zhikov
[22] in the context of homogenization and elasticity, by Zhikov [23, 24] and Papageor-
giou-Radulescu-Repovs [15] in the study of duality theory and of the Lavrentiev gap
phenomenon, and by Marcellini [12, 13] in the study of problems of the calculus of
variations.

Now, the aim of our paper is in showing that, under very general assumptions on
the exponents and the nonlinearity f (see hypotheses (H1), (H2), and (H3)), prob-
lem (1.1) admits at least one sign-changing solution in W7 (Q) (see Theorem 4.6).
In order to establish our existence result, we make use of variational tools and of
the Nehari method which permits us to produce sign-changing solutions via critical
point theory. Precisely, here we consider the Nehari manifold A/ corresponding to
the functional ¢ associated to problem (1.1) (see (4.2) and Section 4). We stress
that A contains all the nontrivial weak solutions of problem (1.1), and it is much
smaller than WO1 T(Q) For this reason, ¢| can have nice properties which fail to be
true globally. Thus, following the basic idea used in [11] and then in [3, 9], we first
derive several properties which characterize ¢|x (see Propositions 4.2 - 4.5). Next,
starting from such properties and using the quantitative deformation lemma (see
Lemma 2.4), we are able to produce a sign-changing solution for problem (1.1) in
W, "T(€2). We point out that when s = 0, problem (1.1) reduces to a double-phase
problem. Consequently, our main result establishes the existence of a sign-changing
solution for the double-phase case as well.

As we already said, the Nehari method is a very handy and powerful tool which
permits to determine solutions via critical point theory. For this reason, there
are several works concerning existence results obtained applying such method. We
cite for example the papers of Alves-Hamidi [1] for quasilinear problems, Crespo-
Blanco-Winkert [3] for superlinear double phase problems with variable exponents,
Gasinski-Winkert [9] for a double phase problem with nonlinear boundary condition
and constant exponents, Liu-Dai [11] for double phase problem with constant ex-
ponents, Papageorgiou-Repovs-Vetro [16] for singular double phase problems, and
Wu [21] for concave-convex elliptic problems in RY. Now, problems driven by a
multi-phase operator as defined in (1.2) were studied in [2, 4, 6, 17, 18, 19]. In par-
ticular, a multi-phase obstacle problem with a multivalued reaction term depending
on the gradient of the solution was considered in [2]. Existence and uniqueness re-
sults for Dirichlet problems with a nonlinearity which has gradient dependence were
established in [4]. The existence of positive and negative weak solutions for multi-
phase problems with a parametric concave term in the reaction was studied in [6].
A multi-phase problem with nonlinearity that satisfies general structure conditions
was analyzed in [17], where the existence of extremal constant sign solutions was
proved. A Kirchhoff-type multi-phase problem with a reaction term which is de-
fined only locally was considered in [18]. Instead, a whole sequence of nontrivial
weak solutions to a multi-phase problem which diverges in VVO1 T(Q) was produced
in [19]. We emphasize that the mentioned results above concerning multi-phase
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problems do not establish the existence of sign-changing solutions. This is the first
work which moves in such direction.

2. Preliminaries. In the analysis of problem (1.1), we will make use of the variable
exponent Sobolev spaces and of the Musielak-Orlicz Sobolev spaces. For this reason,
we here collect some basic facts about them. For a more detailed overview on these
topics we refer to the books of Harjulehto-Héasto [10] and Musielak [14].

Let © C RY with N > 2 be a bounded domain whose boundary is Lipschitz.
Given m € C(Q) such that m(x) > 1 for all z € Q, we here write L™()(Q) to denote
the variable exponent Lebesgue space, that is,

Lm0 (Q) = {ue M) : pp)(u) < +oo}

where M(Q) stands for the set of all measurable functions u: Q@ — R and the
modular p,, (. is defined by

Py (w) = / Ju|™*) d.
Q
As usual, on Lm(')(Q), we consider the Luxemburg norm, that is, we put

Hu||m() = inf {Oz >0 : Pm() (%) < 1}

for all w € L™)(Q). With this norm, L™)(Q) becomes a separable, uniformly
convex, and hence reflexive Banach space, whose dual space is given by Lm,(')(Q),
with m/(-) the conjugate variable exponent to m(-), that is,

R
m(x)  m'(z)

=1 forallzeq.

We recall that given my,my € C(Q), with 1 < my(z) < ma(z) for all z € Q, we
have the continuous embedding
Lm20)(Q) — L™O(Q).
Also, we point out that the norm || - [[,,.y and the modular p,,.) are related by the
following relations.
Proposition 2.1. Let m € C(Q) be such that m(z) > 1 for all x € Q. Then, the
following hold:
() lullmey <1 (resp. > 1,=1) if and only if pp(y(u) <1 (resp. > 1,=1);
A mt me
() if llullmey <1 then [lull ) < pmcy(u) < lulln ey
sy m mt
() ol > 1 then [ul™c) < pmgy () < lullml;
(v) ||u||m(~) — 0 if and only if pm(-)(u) —0;
(v) N|tllm(y = oo if and only if pp,c.y(u) — +oo.
Next, we denote by Wm() (Q) the variable exponent Sobolev space correspond-
ing to L™()(Q). Such space is defined by

WmO(@) = {ue L") : [Vul € L"O@)}
We equip it with the natural norm
lullimey = Nwllme) + 1VUllme,

for all u € WHm0O(Q), where ||Vull.y) = |||Vl ;). Then, we use Wol’m(')(Q)
in order to denote the completion of C§°(2) in Wh™()(Q). We underline that
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witm)(Q) and T/VO1 ’m(')(Q) are uniformly convex, separable, and reflexive Banach
spaces.
Now, let T: Q x [0,4+00) — [0, +00) be the nonlinear function defined by

T, 1) = 79 &y (@)1 4 a7 ™)
for all z € Q and for all ¢ > 0, where the exponents and the functions pu; are as
given in hypothesis (H1). We point out that 7 is a locally integrable, generalized
N-function satisfying the As-condition (see Section 3 of [4]). Hence, we know that
the Musielak-Orlicz space L7 (Q) is given by

LT(Q) ={ue M) : pr(u) < +oo}

furnished with the Luxemburg norm

fullr = nt {5> 0 pr () <1}

for all u € L7 (), where the modular p(-) is defined by

/ T, ul) do = / (1”@ + g (@) 0] ") + pa (@)l ) .
Q

From Proposition 3.2 of [4], we see that the modular p7 and the norm || - || are
related as follows.
Proposition 2.2. Let hypothesis (H1) be satisfied. Then, the following hold:

() llullr <1 (resp. >1,=1) if and only if pr(u) <1 (resp. >1,=1);

sy ot -

() i llullr <1 then Jlullr < pr(u) < llullF ;

J

Gij) if llully > 1 then |[ulllr < pr(u) < ||ully ;
(v) [lull7 = 0 if and only if pr(u) = 0;
(v) JlullF = 400 if and only if p7(u) = +oo.

The Musielak-Orlicz Sobolev space corresponding to L7 () is
WET( Q) ={ue LT(Q) : [Vul € LT(Q)}
equipped with the norm
lulle7 = llullr + 1 Vull7,

for all u € W47 (Q), where |Vu|r = |||Vul|l7- We use Wol’T(Q) in order to
denote the completion of C§°(Q) in W7 (Q). Now, according to Proposition 3.1 of
[4], we have that the spaces LT (), W17 (Q), and Wy'7 () are reflexive Banach
spaces. In addition, from Proposition 3.3 of [4], we see that the classical Sobolev
embedding results extend to them in the following way.

Proposition 2.3. Let hypothesis (H1) be satisfied. Then, the following hold:
() LT(Q) = LmO(Q), WLT(Q) < WhmO(Q), W7 (Q) < Wy ™ (Q) are
continuous for all m € C(Q) with 1 < m(x) < p(z) for all z € Q;
(Gj) WbtT(Q) — L™O(Q) and W&’T(Q) — L™O(Q) are compact for all m €
C(Q) with 1 < m(z) < p*(z) for all z € Q.
Also, we point out that it is possible to endow the space WOI’T(Q) with the
equivalent norm given by

ul| := |Vull; for all u e Wi (Q),
see Proposition 3.4 (ii) of [4].



SIGN-CHANGING SOLUTION FOR MULTI-PHASE PROBLEMS 5

Finally, we remark that the nonlinear operator which sends
uweWyT(Q) into /A(u)-V(.)dx e Wy T(Q),
Q

where A(u) is as given in (1.2), has several notable properties. In particular, Propo-
sition 4.5 of [4] guarantees that it is bounded (that is, it maps bounded sets into
bounded sets), continuous, strictly monotone, and in addition satisfies the (S, )-
property, that is,

U, = u in WyT(Q) and limsup / A(u) - V(uy, —u)dz <0
Q

n—-+oo
imply u, — u in Wol’T(Q).
We conclude this section recalling the quantitative deformation lemma which

will be a fundamental tool in order to produce the main result of this paper. The
following version of lemma may be found in Willem, see [20, Lemma 2.3].

Lemma 2.4 (Quantitative deformation lemma). Let X be a Banach space and
¢ € CYHX,R). Also, let S be a nonempty subset of X, ag € R, and d,¢ > 0 such
that
8
for all u € ¢~ ([ag — 2¢, a0 + 2€]) N Sas it results ||¢' (u)|« > FE

where
Sas ={ue X :d(u,S) := 1r€1£ lu — || < 26}.

Then, there exists n € C([0,1] x X, X) satisfying the following conditions:

(G) n(t,u) =w ift =0 oru ¢ ¢~ ([ao — 2¢, ag + 2¢]) N Sas;
(i) o(n(1,u)) < ag—e€ for allu € ¢p~((—o0,ag + €)) N S;

(Gij) n(t,-) is a homeomorphism of X for all t € [0,1];
(Gv) lIn(t,u) —ul|| <6 for allu e X and t € [0,1];
(v) ¢(n(-,u)) is decreasing for allu € X;

(n(t,u)) < ag for allu € p~((—00,ap]) NS5 and t € (0,1], being S5 = {u €
X :infyes ||u — | < 4}

Lastly, we fix some notation. For any s € R, we set s = max{=+s,0}, which
means s = s — s~. Thus, for any function u: Q — R, we write us(-) = [u(-)]+.
Also, given a Banach space X with dual space X*, we use (-,-) in order to denote
the duality pairing between X and X*. With the goal to streamline the notation, in
the next sections we will use C' and C in order to denote positive constants, which
may change from line to line, but do not depend on the crucial quantities.

3. Hypotheses. In this section, we formulate our assumptions on the reaction
term f. Also, we give an additional monotonicity condition on p € C(Q) which is
needed in order to establish the main result of the paper. We start by the hypotheses
on the nonlinearity f.

(H2) f: QxR — Ris a Carathéodory function satisfying the following conditions:
(i) there exist [ € C(Q), with r* < I(z) < 1T < (p*)~, and by > 0 such
that

[f(,5)] < bo (1+[s]'™7H)
for a.a. z € Q and for all s € R;
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lim 7f(1:, )

= +o0o0 uniformly for a.a. x € Q;
s—+oo |s|T+728 * Y ’

lim Iz 5)

lim W =0 uniformly for a.a. z € §;
flz,ts)s < tr+_1f(x,s) s
for a.a. z € Q, for all t € (0,1) and for all s € R\ {0}.

Remark 3.1. We point out that from the continuity of f(x, -) along with hypothesis
(H2)(iii), it follows that

f(z,0)=0 for a.a. x€ Q.
Example 3.2. Let § € (r*,17). Then, the function f:Q x R — R defined by
f(x,5) =35/ %s fora.a zcQandallscR\{0}
satisfies all the assumptions in (H2).

Next, we claim that the following additional monotonicity condition on p € C(£2)
holds.

(H3) There exists (o € RY \ {0} such that for all z € Q, the function p,: 2, — R
defined by

p(2) = p(z + 2 (o)
is monotone, where we put
Qi ={zeR: z+2( €N}
We give an example of a function which verifies such condition.
Example 3.3. Let
Rf ={(z1,22, - ,xn) ERYN :2; >0foralli=1,---,n}

and © be a bounded domain of RY contained in Rf. Also, let ¢ = (0,1,0,---,0).
Then, the function p € C(Q) defined by

p((z1, 29, ,2,)) =5 +xo forall (z1,29, - ,2,) €Q
satisfies hypothesis (H3).

We underline that from Theorem 3.3 of [7], we know that hypothesis (H3) guar-
antees that

Jo IVuP@ dz
wew O @ oy Jg [ulP) dz

According to this, we have that there exists ¢ > 0 such that
/ [uP@ dz < co/ |Vu[P@ dz (3.1)
Q Q

for all u € Wol’p(')(Q).



SIGN-CHANGING SOLUTION FOR MULTI-PHASE PROBLEMS 7

4. Existence result. In this section, we present and prove our main result. Pre-
cisely, we show that, under very general assumptions on the exponents and the
nonlinearity, problem (1.1) admits at least one sign-changing solution in VVO1 7ﬁ(Q)
We underline that when we speak about a solution, we mean a weak solution. Thus,
we say that u € Wol’T(Q) is a solution of problem (1.1) if

/QA(U)-dem—i—/ﬂ|u\p(x)_2uwdx:/Qf(x,u)wdx (4.1)

is satisfied for all w € Wol’T(Q). Now, let ¢: W(}’T(Q) — R be the functional
defined by

u) = L p(z) Ml(x) q(x) M2< ) r(x) T
o(u) /[ vupt) + B8 gy 4 1285 ]d

p(z)

1
Jr/—up(m)dxf/Fz,u dz 4.2
[l [ P (42)
for all u € WOI’T(Q), where F(z,s) := [; f(z,t)dt. We note that ¢ is a C'-

functional with derivative given by
(¢ (u),w) = / A(u) - Vwdz —l—/ [u|P@) =2y dz: — / fz,v)wde (4.3)
Q Q Q

for all u,w € I/VO1 T(Q) Consequently, according to (4.1), we have that the critical
points of ¢ are solutions of problem (1.1).

In order to establish the existence of a sign-changing solution for problem (1.1),
here we make use of variational tools and of so-called Nehari manifolds. We recall
that the Nehari manifold corresponding to the functional qb is given by

N = {u e Wy (Q)\ {0} such that =0}.

From here, we see that if u # 0 is a critical point of (b, then u € N. As the critical
points of ¢ are the solutions of problem (1.1) due to (4.1) and (4.3), we can affirm
that N contains all the nontrivial solutions of problem (1.1). Now, we stress that
N is much smaller than VVO1 ’T(Q), and for this reason ¢|x can have nice properties
which fail to be true globally.

Next, we derive some such properties. Later, we will use them in order to produce
our existence result.

Proposition 4.1. Let hypotheses (H1) and (H2) be satisfied. Then, for any u €
Wol’T(Q) \ {0}, there exists a unique t, > 0 such that t,u € N.

Proof. Letu € W&T(Q)\{O} be fixed. In order to establish the claim, as a first step
we show that there exists ¢, > 0 such that (¢'(¢,u),t,u) = 0. Clearly, according to
the definition of Nehari manifold, this assures that t,u € N.

Now, for t > 0 we have that

(' (tu), u) = /Q [ TP @ 4y ()90 [Tult) 4 gy ()Tl ) da

—|—/ @) =1 |P(@) g — / f(z, tu)ude.
Q Q
Further, on the base of hypothesis (H2)(iv), we can affirm that if ¢ € (0,1), then

(@ (tu), u) > /Q[t”(m)‘llvltlp(z) + (@)t 1O V|1 (@)t V[ O] da
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+/tp(x)fl|u‘p(r) dx,t”*l/ f(z,uv)udx
Q Q

> 1 [0y (V1) + ppey (u)] — -t /Q fz,w)ude.

Taking into account that p™ < r* due to hypothesis (H1), from the previous in-
equality we deduce that

(¢ (tu),u) >0 for ¢t € (0,1) small enough. (4.4)
Next, we point out that for ¢ > 1, we have that

WEO) _ [ |tV 4 EE wupior L2090 4

trt-1 —p(z) rt—q(z) r(z)

1 f(z,tu) +
[ p(z) _ ’ T
Jr/QtTJr_p(w) |u|P'*) da /Qt”—1|u|r+—2uu| dx.

Also, according to hypothesis (H2)(ii), we know that

f(x7 tu) T‘+

—————u|" dex — +o00 ast— +oo.
/Q |[tu|rt—2 tu| | * *

Keeping this in mind along with the fact that p(z) < q(z) < r(z) <r* forallz € Q

due to hypothesis (H1), if we pass to the limit as ¢t — 400 in the above equality, we

derive that
/
t
lim CAGDRD) (+u),u> = —o0,
t—+oo trT-—1

that is, we have that
(¢ (tu),u) <0 for t > 0 large enough. (4.5)

Thus, recalling that w is fixed and ¢'(tu) is a continuous function of ¢ > 0, the inter-
mediate value theorem, in accordance with (4.4) and (4.5), permits us to conclude
that there exists ¢, > 0 such that

(¢ (tyu),u) = 0.

From here, we easily derive that

(¢ (tyu), tyu) =0
which means that t,u € N.
Now, we must only show that such ¢, is unique. With this purpose, we stress
that if ¢ > 0 is such that (¢’ (tu),u) = 0, then we have that

/ [1|V |P(@) 4 L)| ul?®) 4 L)W (@) 4

tr+ p(z tr+ q(z) tr+ r(z)

1 flx, tu) +
p(z) _ Sk detau YL =
+ pre—r |ul P tu|u| dz = 0.
As hypothesis (H2)(iv) holds, we know that the function
f(z,s)
|5|7‘+—1

is strictly increasing in (—o0,0) and (0,+o00) for a.a. = € . Taking this into
account along with the fact that p(z) < g(z) < r(z) < r* for all z € Q, we can
affirm that the first member of the above equality is a strictly decreasing function
of t. Therefore, there can be at most a single value of ¢ for which the previous



SIGN-CHANGING SOLUTION FOR MULTI-PHASE PROBLEMS 9

equation holds. This means that there exists a unique ¢, > 0 such that t,u € N,
and hence the claim is proved. O

Proposition 4.2. Let hypotheses (H1), (H2), and (H3) be satisfied. Then, for any
u €N and for all t > 0 with t # 1, we have ¢(tu) < ¢(u).

Proof. Let u € N be fixed. We recall that according to hypotheses (H2)(i),(ii), we
know that for any ¢ > 0 there exists a constant ¢, > 0 such that

€ +
F(x,s) > F|S|T — e

for a.a. z € Q and for all s € R. Based on this, for ¢ > 1, we can write that

et
. / 12(2) | Vu]"®
r Q

P € ot ot
+— [ |uP® dz — —t" Ju|" — e ) dx
P Ja o\t

ta"
< [ [Vl @) Tl o] da
P Ja

e
ot < = / (1967 4 oy ()| uf#®)] d +
Q

1
it [_/m(x)wur(w) dxf%/ | dx] + e |9
T Ja T Ja

Now, we remark that as u is fixed, we also have that

[ (197 4 @ vad® 4 )] .

/uz(m)|Vu|T(m) dz and /|u|r+ dz
Q Q

are fixed. Therefore, as € > 0 is arbitrary, we can choose ¢ big enough so that

1 : € +
— @) qr — —
L /ng(:v)|Vu|”‘ dz r+/9|u‘r dx} < 0.

According to such choice of €, we get that
p(tu) < Ct7 —Ct™" +c. |9

for some C,C > 0. Now, taking into account that hypothesis (H1) guarantees that
gT <rTt, we can affirm that

o(tu) <0 for ¢t > 0 large enough. (4.6)

Next, we point out that hypotheses (H2)(i), (iii) assure that for any € > 0, there
exist C. > 0 such that

€
F(z,s) < —|s|P@ + C.|s|/®)
(@.5) € S=5[s) 4 Cl

for a.a. x € Q and all s > 0. Thus, using the previous inequality, we see that for
0 <t < 1, it holds that

+ +

o(tu zﬂ Vul|P®) dz + ﬁ wi(z)|Vu () 4
pt Jo qat Ja

o+ +

t P
@) Qg 4+ p(z) q
+ o [ @IV @ s+ S [ jup) s
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7—6/|u|pz)dx—0 —/\u|lm)dx

Now, we recall that, as I(x) < p* due to hypothesis (H2)(i), the embedding
W' (9) < L'O(@)

is continuous, see Proposition 2.3. Therefore, let ¢; be the best positive constant
such that

lull; < eflul for all u e Wy T (Q). (4.7)
Using (3.1) and (4.7) along with Propositions 2.1, 2.2, and 2.3, we derive that

P
o(tu) Z(p'*‘ — 5co> / |VulP@® dz + —/ p ()| V|7 da

+ F/Quz(xwur“(x) dz — C- ?/Q u]®) dz

([t "
> min { (p* — FE co> - }pT(Vu)

l_

- Ce *max{(ezHUIl) (edflul)™ 3, (4.8)
Thus, if we choose € > 0 such that
v trr
p—Jr — pTE co > -

‘o p (et et
that is, € < et from (4.8) we get that
+ —
tr . - + tl - +
¢(tu) = — min{[Jul|” , [[ul|" } - C: f_max{(ezIIUH)l (eallul)™ )

>ct — ot

for some C,C > 0 (we stress that u is fixed, and then [ju| is fixed as well. Also,
we recall that C,C are arbitrary constants that may change from line to line). As
rT <1~ due to hypothesis (H2)(i), we have that

¢(tu) >0 for t > 0 small enough. (4.9)

Taking into account that u is fixed and ¢(tu) is a continuous function of ¢t > 0,
on the basis of inequalities (4.6) and (4.9), we can affirm that ¢(tu) has a local
maximizer. Now, we recall that v € N, and then (¢'(u),u) = 0. Also, according to
Proposition 4.1, we know that ¢, = 1 is the unique ¢ > 0 such that (¢’ (tu), tu) = 0.
This in particular guarantees that ¢(tu) as a function of ¢ has a unique critical
point, which is ¢, = 1. Consequently, ¢, = 1 is a global maximizer of ¢(tu), which
means that

o(tu) < Pp(u) forall t >0 with ¢t # 1
and thus the proof is complete. O

Proposition 4.3. Let hypotheses (H1), (H2), and (H3) be satisfied. Then, ¢ |z is
coercive.
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Proof. In order to establish the claim, we consider a sequence {u, }nen C N such
that ||u,| — 400 as n — +o0o0. Then, we set y, = Ty for all n € N. As the

sequence {yn nen is bounded, we know that it admits a subsequence, still denoted
by yn, such that

Yn =y in Wol’T(Q) and y, —y in LPO)(Q). (4.10)

Now, our aim is to show that y = 0. To this end, we suppose by way of contradiction
that y # 0. According to (3.1), we can write that

1 1
O(tn) < - pr(Vatn) + — / i P e — / F(a,up) da
p p Q Q

1
< ;—CO pT(Vun)—/F(x,un)dx.

B Q

From here, using Proposition 2.2, we derive that for ||u,|| > 1 it results that

1+c o+
$tn) < O fun " — / F(o, uy) da.
p Q

Then, dividing by [u, |, we in addition get that
o(ur) < 1+ ¢ _/ F(z,up)
Q

||UnHr+ TP |un|r+

This, in accordance with hypothesis (H2)(ii), as {yn}nen is bounded and y # 0,
gives

+
lyn|" dx.

a7

—00 as n — +00.
Taking into account that from the proof of Proposition 4.2 we know that ¢(u,) >0

for all n € N, we have a contradiction. Hence, it must be y = 0.
Now, we remark that according to Proposition 4.2, we have

P(un) > ¢(tyn)

for all ¢ > 0 with ¢ # ||u,||. Keeping this in mind and using Proposition 2.2, we see
that for ¢t > 1, the following inequality holds

1 1
n) > — tyn) + — tnp(””)d—/and
¢(U)fT+pT(Vy)+p+/Q|y| = (x,tyn) do
1 _
>— ||ty |I” —/F(x,tyn)d:v
r Q

P

(we stress that ||y,|| = 1 and ¢ > 1, thus we have that |[ty,| > 1). Now, from
(4.10), according to the fact that y = 0, we have that

/F(m,tyn)dx—>0 as n — +0o.
Q

For this reason, we can affirm that there exists nyg € N such that

. —
¢(Un) Z 27_"_ for all n > no.
r
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Taking into account that ¢ > 1 is arbitrary and the subsequence principle yields the
result for the whole sequence, this assures that

o(u,) = 400 as n— +oo
and therefore the claim holds. O

We recall that we are interested in producing a sign-changing solution for problem
(1.1). With this in mind, we introduce the subset of W,'7 (Q) defined as

No := {u € W37 (Q) such that ut, —u~ € N'}.
Now, we can give the following additional properties of the functional ¢.

Proposition 4.4. Let hypotheses (H1), (H2), and (H3) be satisfied. Then, we have
that

ulgji;[d)(u) >0 and ulenjff0 o(u) > 0.

Proof. We point out that with similar arguments to those in the proof of Proposition
4.2, we can see that for any u € Wol’T(Q), the inequality

11 1 _ .
o) zin { (L = Leao). 2 bminflulp” i}

— C max{elul)” (edlul) )

holds for € small enough and for some C' > 0. From here, we in particular deduce
that for u € Wy'7 (Q) with ||lu| < 1, it results that

$(u) > Cllul™ = Cllul”

for some C,C > 0 (we again recall that C' and C may change from line to line).
Now, as r™ < [~ due to hypothesis (H2)(i), choosing ¥ € (0,1) small enough, we
can further affirm that

d(u) >d>0 forallue Wo7 (Q) with [ul| = 0.
This clearly guarantees that

inf d(u) >d>0.
weWeT(Q), |lul|=9

Keeping this in mind, in accordance with Proposition 4.2, we derive that for all
u € N, the inequality

0
d(u) > qb(u) > inf d(u) >0
[ wewy T (Q), lull=0
holds, and, consequently, we conclude that

inf .
Jof (u) >0

Lastly, we recall that if u € Ny, then both 4+ and —u~ belong to . Hence, for all
u € Ny, we have that

(u) = ¢(u”) + ¢(—u”) 2 2 inf ¢(u) >0,
which implies

ulér}\f/0 é(u) > 0.

This proves the claim. O
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Proposition 4.5. Let hypotheses (H1), (H2), and (H3) be satisfied. Then, there
exists ug € Ny such that

d(ug) = inf @(u).

u€Ng

Proof. In order to establish the claim, we start with a sequence {u, }nen C Ny such
that

n—+oo

lim_(un) = inf §(u).

As u, € Ny for all n € N, we know that both u,} and —u,, belong to AN for all
n € N. Thus, according to Proposition 4.4, we can affirm that

d(uf) >0 and ¢(—u,) >0 forallneN.

Now, we recall that for all n € N it results that
Up = ub —u,
and hence it follows that

P(un) = ¢(uyy) + ¢(—u,)

for all n € N. All this, along with Proposition 4.3, permits us to conclude that both
the sequences {u,} },en and {—u,, }nen are bounded in A. Consequently, we can
suppose that

uf —ut in WOI’T(Q) and —wu, —u in WOI’T(Q)

and, as the embeddings W7 () — LPO)(Q) and W7 (Q) — L')(Q) are compact,
we have in addition that

wr = u™  in both LPO(Q) and L' (Q) (4.11)
and

—u; —u~  in both LPO)(Q) and L' (Q) (4.12)

for some ut > 0 and u~ < 0. Now, our aim is to show that u* # 0 and u~ # 0. To
this end, we point out that from u;” € NV for all n € N, we deduce that the equality

0= (¢'(uh), u) = pr(Vut) + /Q @ dr /Q flaubyutde  (413)

is verified for all n € N. Also, using hypothesis (H2)(i) along with Holder’s inequal-
ity, we can derive that

‘/ flz,ut)ul do
Q

< [ oo 1) fuf da
Q

< O lluf lpey + 1) ey gl

(for some C > 0)
< Cllug ey + lpacy ()] [l [lacy

(for some v > 0, according to Proposition (2.1))
< Cllufllocy + € gl

(for some C,C > 0).
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This along with (4.11) permits us to affirm that if w7 — 0 in both LP()(Q) and
L')(Q) as n — +oo (which means that u™ = 0), then we have that

’/f(x,u:)u:{dx
Q

Thus, according to (4.14) and (4.13), we see that if u™ = 0, then

—0 asn— +oo. (4.14)

pr(Vu) =0 asn— +oc.
Now, using Proposition 2.2 (jv), we have that
IVt =l >0 as n - +oc,
and hence we infer that
uf =0 in Wl’T(Q) as n — +o00.
This along with Proposition 4.4, as u}” € N, gives that
0<u1é1j{[¢>(u)_¢(un)—>d>( )=0 asn— +oo,

which is a contradiction. For this reason, we conclude that it must be u™ # 0. In
an analogous way, using (4.12) instead of (4.11), we can also derive that u~ # 0.

Now, we stress that according to Proposition 4.1, there exist t,+,t,- > 0 such
that

tyrut €N and t,-u” € N.
As both u™ and ™ are different from zero, we know that
tyrut >0 and t,-u” <O0.

Then, setting up = t,+ut +t,-u~, we have that u = t,+u* and —uy = t,-u~,
and hence it follows that ug € Ny. At this point, we note that the functional ¢ is
sequentially weakly lower semicontinuous. With this in mind and using Proposition
4.2, we can write that

inf ¢(u) = lim_o(u,)

weNy n—+oo
= lim [p(u)) + d(—uy,)]

> lminf[o(t,rul) + d(—t,-u,, )]
)

> ¢( uﬂru+ +¢(t - )
= ¢(uo)
> inf o(u)

ueNo

which gives

¢(uo) = inf P(u).

ueNy
So, the claim holds. O

Finally, we are in a position to state our main result. We stress that in order to
do this, we follow the basic idea used in [11], and then in [3, 9].

Theorem 4.6. Let hypotheses (H1), (H2), and (H3) be satisfied. Then, problem
(1.1) has at least one sign-changing solution in WOI’T(Q).
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Proof. First, we point out that according to Proposition 4.5, there exists ug € Ny
such that
¢(uo) = inf d(u).

Our goal is then to show that wg is a critical point of ¢. In fact, from (4.1) and
(4.3) and the definitions of A" and Nj, we derive that if ug € N is a critical point
of ¢, then it is a nontrivial solution of problem (1.1) with both ug and u; different
from zero. Consequently, we have that ug is a sign-changing solution of problem
(1.1), and therefore the claim holds.

In order to prove that ug € Np is a critical point of ¢ and then that ¢'(ug) = 0,
we make use of Lemma 2.4. First, we recall that as ug € Ny, we have that both
ua' and v, belong to A. Hence, according to Proposition 4.2, we know that the
inequality

P(sug — tug ) = d(sug) + ¢(—tug)
$(ug) + d(—uy)
= ¢(uo) (4.15)

holds for all s,¢ > 0 such that at least one between s and t is different from 1. At
this point, we argue by way of contradiction and suppose that ¢'(ug) # 0. This
permits us to affirm that there exist d, v > 0 such that

A

|l (w)]|+« > v for all u € Wol’T(Q) with |lu — ug|| < 36. (4.16)

Now, let § be as given in (4.16) and £ € (0,1) be such that
|sug —tuy —uol| <& forall s,t € (1—&1+€). (4.17)
Thus, we set D:= (1 —-§,1+&) x (1 =&,14+&). According to (4.15), we have that

M = (;g&eugD B(sud —tuy ) < ¢(ug) = uienj\f/0 o(u).

Then, setting

ag := inf ¢(u) and emin{

apg — M 1/75
ue./\fo ’

4 8
from (4.16) we see that
¢ (w)]l« > v > % for all u € Wg'7 () with [u — ugl|| < 36.

Hence, if we choose
S:={ueWrT(Q): |lu—u <6},

we have that all the assumptions in Lemma 2.4 are satisfied. Consequently, ac-
cording to Lemma 2.4, we can affirm there exists n € C([0, 1] x Wol’T(Q), WolT(Q))
satisfying the following conditions:

(1) n(L,u) =uif u ¢ ¢~ ([ap — 2¢, a0 + 2¢])) N {u € Wol’T(Q) s lw — wol| < 36}
(47) o(n(1,u)) <ag—e forall u € Wol’T(Q) with [|[u —uo|| < 6§ and ¢(u) < ag +¢€;
(G73) In(1,u) = ul| <6 for all u € W' (Q).
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In particular, from property (jj) of n, as (4.15) and (4.17) hold, we derive that

1, sul —tuy)) < ag. 4.18
(gg)exéchb(n( sug — tug ) < ao (4.18)

Also, we stress that, according to the definition of € we have that

-M
¢(su37tua)§M<aofa0

< ap—2¢ forall (s,t) € dD.

This along with ()’ permits us to affirm that
n(1, suf —tuy ) = sug —tuy for all (s,t) € dD. (4.19)
Now, we consider the mapping h: Ry x Ry — I/VO1 7_(Q) defined by
h(s,t) = n(1, sud — tug)
and let Hy, H; : Ry x R; — R x R be the continuous functions given by
Ho(s,t) = ((¢/(sug ), ug ), (¢ (—tug ), —uq )

and

.8 = (1000 (50 ¥ (5.0 6 (5,0, =0 (5.0) ).
respectively. We stress that, according to (4.19), we have that
h(s,t) = sud —tuy for all (s,t) € 9D
which produces
Hy=H; ondD.
Also, from Proposition 4.1 and its proof, we see that
(¢ (sud),uf) >0 forall0<s<1,
(¢ (sug),ug) <0 foralls>1
and analogously
(¢ (—tug ), —ug) >0 forall0<t<1,
(¢ (—tug ), —ug ) <0 forall ¢t > 1.

Hence, it follows that the Brouwer degree over D of the function Hj at the value
0, denoted by deg(Hy, D,0), is equal to 1. Now, as Hy = H; on 0D, from the
dependence on the boundary values of the Brouwer degree (see [5]), we derive that

deg (H07Da0) = deg (HlaDvo)'

This, according to the existence property of the Brouwer degree (see [8, Theorem
4.11]), guarantees that

H,y(s,t) = (0,0) for some (s,t) € D.
Now, taking into account that uf # 0 and ug # 0, from property (jjj) we derive

that for 6 > 0 small enough it results that h'(s,t) # 0 as well as h™(s,t) # 0.
Thus, with a view to the definition of H;, we are able to affirm that

h(s,t) = n(1,sud —tuy) € Ny for some (s,t) € D.

Clearly, this is in contradiction with (4.18). Therefore, we conclude that ug is a
critical point of ¢, and hence the claim follows. O
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Remark 4.7. Assume that hypotheses (H1), (H2), and (H3) are verified. Thus,
let ug be a sign-changing solution for problem (1.1) as given in Theorem 4.6. We
recall that this means that wug is a critical point of ¢ belonging to Ny such that
@d(up) = infyen;, ¢(u). Also, we suppose that

f(z,s)s—rTF(x,s) >0

for all s € R and for a.a. z € 2. Then, we can affirm that uy has only two maximal
regions (that is, there are only two disjoint open subsets of ) where it does not
change sign. We can see this reasoning by way of contradiction. Thus, we suppose
there are three disjoint open subsets of €2, namely Q1,Q5, and 3, on which ug has
fixed sign. Now, for ¢ = 1,2, 3 we consider the functions

i up(x) if € €,
up(z) = .
0 if € Q\Q
and we suppose (it is not restrictive to do this) that
ugla, >0, udla, <0 and ujlo, > 0. (4.20)
From (4.20), according to the fact that ug is a critical point of ¢ and uy = (u$ +

ud) +ug, taking into account that (u$ +ug) and u3 have disjoint supports, we derive
that

0= (¢ (u0), ug) = (¢ ((ug + up) + ug), ug) = (¢' (ug), ug),
which means that

uy € N.
We point out that (4.20) in addition guarantees that (uf +u3)™ = u} and (uf +
u3)” = —u3. Therefore, again using (4.20) along with the fact that wug is a critical

point of ¢, we are able to see that

(
( ), (ug +ug) ) + (¢ (ug, (ug +ug)™)
(up + uf)), (ug +ug) ™)
( ) (g + ug)t),
and similarly
(& (0 + )7, (b + ud)™) = 0.
The previous equalities assure that both (ud +u2)* and —(ud + u)~ belong to N,
and consequently we have that

(U(l) + U%) S NO.

Now, with in mind that (u} +u3) € Ny and u3 € N, in accordance with the fact
that f(x,s)s —rTF(z,s) > 0 for all s € R and for a.a. z € Q, we can write that

H(uo) = Bluo) — — (6 (), )
= 6 + ) + B(ud) — (6 () )

1 1
> 6+ 08) + (V) + () = [ Ploud)da
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1 - 1
- 2oV + o] + 5 [ fedu s
1 1
— ofup +1) + (= ) o)
—1—/9 [;_f(x, ud)uy — F(wm%)] dzx

. 11
> inf o(u) + <p+ - 7,+> Pp() (U5)-

We note that, as p* < r* due to hypothesis (H1) and ug # 0, we have that

1 1

This permits us to conclude that

1 1
oun) = inf o) + (1 = =) pucy () > inf, 8(0) = 6w

that is, we arrive at a contradiction. Consequently, we can affirm that the disjoint
open subsets of 2 on which ug has a fixed sign are only two, and therefore the claim
holds.
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