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Abstract. We explore a Dirichlet problem driven by a multi-phase operator

with three variable exponents. Here, under very general assumptions on the
exponents and the nonlinearity, using variational tools and the Nehari method,

we are able to produce a sign-changing solution for such problem.

1. Introduction. Let Ω ⊆ RN with N ≥ 2 be a bounded domain whose boundary
is Lipschitz. Also, let m ∈ C(Ω) such that m(x) > 1 for all x ∈ Ω. Then, we take

m− = min
x∈Ω

m(x) and m+ = max
x∈Ω

m(x).

Next, we denote by p, q, r and µ1, µ2 functions satisfying the following assumptions:

(H1) p, q, r ∈ C(Ω) are such that

1 < p− ≤ p(x) < N,

p(x) < q(x) < r(x) ≤ r+ < (p∗)− ≤ p∗(x) :=
Np(x)

N − p(x)

for all x ∈ Ω;
µ1(·), µ2(·) ∈ L∞(Ω) \ {0} are such that

µ1(·), µ2(·) ≥ 0

for all x ∈ Ω.

Thus, we focus on the Dirichlet problem

−divA(u) = −|u|p(x)−2u+ f(x, u) in Ω,

u = 0 on ∂Ω,
(1.1)

driven by the operator divA that is the multi-phase operator with variable expo-
nents defined by

divA(u) := div
[(
|∇u|p(x)−2 + µ1(x)|∇u|q(x)−2 + µ2(x)|∇u|r(x)−2

)
∇u

]
(1.2)

for any function u belonging to an appropriate Musielak-Orlicz Sobolev space

W 1,T
0 (Ω), which will be introduced in Section 2. We point out that such an opera-

tor is a proper generalization of the double-phase operator with variable exponents.
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Further, differently from the double-phase case, we have to consider two potential
changes of phase rather than only one. For this reason, the operator introduced in
(1.2) is of relevant interest in mathematical models of physics phenomena. Also, we
recall that functionals of type

u 7→
∫
Ω

(
|∇u|p(x) + µ1(x)|∇u|q(x) + µ2(x)|∇u|r(x)

)
dx,

where p, q are constant and µ2 = 0, were considered by Marcellini [13] and Zhikov
[22] in the context of homogenization and elasticity, by Zhikov [23, 24] and Papageor-
giou-Rădulescu-Repovš [15] in the study of duality theory and of the Lavrentiev gap
phenomenon, and by Marcellini [12, 13] in the study of problems of the calculus of
variations.

Now, the aim of our paper is in showing that, under very general assumptions on
the exponents and the nonlinearity f (see hypotheses (H1), (H2), and (H3)), prob-

lem (1.1) admits at least one sign-changing solution in W 1,T
0 (Ω) (see Theorem 4.6).

In order to establish our existence result, we make use of variational tools and of
the Nehari method which permits us to produce sign-changing solutions via critical
point theory. Precisely, here we consider the Nehari manifold N corresponding to
the functional ϕ associated to problem (1.1) (see (4.2) and Section 4). We stress
that N contains all the nontrivial weak solutions of problem (1.1), and it is much

smaller thanW 1,T
0 (Ω). For this reason, ϕ|N can have nice properties which fail to be

true globally. Thus, following the basic idea used in [11] and then in [3, 9], we first
derive several properties which characterize ϕ|N (see Propositions 4.2 - 4.5). Next,
starting from such properties and using the quantitative deformation lemma (see
Lemma 2.4), we are able to produce a sign-changing solution for problem (1.1) in

W 1,T
0 (Ω). We point out that when µ2 = 0, problem (1.1) reduces to a double-phase

problem. Consequently, our main result establishes the existence of a sign-changing
solution for the double-phase case as well.

As we already said, the Nehari method is a very handy and powerful tool which
permits to determine solutions via critical point theory. For this reason, there
are several works concerning existence results obtained applying such method. We
cite for example the papers of Alves-Hamidi [1] for quasilinear problems, Crespo-
Blanco-Winkert [3] for superlinear double phase problems with variable exponents,
Gasiński-Winkert [9] for a double phase problem with nonlinear boundary condition
and constant exponents, Liu-Dai [11] for double phase problem with constant ex-
ponents, Papageorgiou-Repovš-Vetro [16] for singular double phase problems, and
Wu [21] for concave-convex elliptic problems in RN . Now, problems driven by a
multi-phase operator as defined in (1.2) were studied in [2, 4, 6, 17, 18, 19]. In par-
ticular, a multi-phase obstacle problem with a multivalued reaction term depending
on the gradient of the solution was considered in [2]. Existence and uniqueness re-
sults for Dirichlet problems with a nonlinearity which has gradient dependence were
established in [4]. The existence of positive and negative weak solutions for multi-
phase problems with a parametric concave term in the reaction was studied in [6].
A multi-phase problem with nonlinearity that satisfies general structure conditions
was analyzed in [17], where the existence of extremal constant sign solutions was
proved. A Kirchhoff-type multi-phase problem with a reaction term which is de-
fined only locally was considered in [18]. Instead, a whole sequence of nontrivial

weak solutions to a multi-phase problem which diverges in W 1,T
0 (Ω) was produced

in [19]. We emphasize that the mentioned results above concerning multi-phase



SIGN-CHANGING SOLUTION FOR MULTI-PHASE PROBLEMS 3

problems do not establish the existence of sign-changing solutions. This is the first
work which moves in such direction.

2. Preliminaries. In the analysis of problem (1.1), we will make use of the variable
exponent Sobolev spaces and of the Musielak-Orlicz Sobolev spaces. For this reason,
we here collect some basic facts about them. For a more detailed overview on these
topics we refer to the books of Harjulehto-Hästö [10] and Musielak [14].

Let Ω ⊆ RN with N ≥ 2 be a bounded domain whose boundary is Lipschitz.
Given m ∈ C(Ω) such that m(x) > 1 for all x ∈ Ω, we here write Lm(·)(Ω) to denote
the variable exponent Lebesgue space, that is,

Lm(·)(Ω) =
{
u ∈ M(Ω) : ρm(·)(u) < +∞

}
where M(Ω) stands for the set of all measurable functions u : Ω → R and the
modular ρm(·) is defined by

ρm(·)(u) :=

∫
Ω

|u|m(x) dx.

As usual, on Lm(·)(Ω), we consider the Luxemburg norm, that is, we put

∥u∥m(·) := inf
{
α > 0 : ρm(·)

(u

α

)
≤ 1

}
for all u ∈ Lm(·)(Ω). With this norm, Lm(·)(Ω) becomes a separable, uniformly

convex, and hence reflexive Banach space, whose dual space is given by Lm′(·)(Ω),
with m′(·) the conjugate variable exponent to m(·), that is,

1

m(x)
+

1

m′(x)
= 1 for all x ∈ Ω.

We recall that given m1,m2 ∈ C(Ω), with 1 < m1(x) ≤ m2(x) for all x ∈ Ω, we
have the continuous embedding

Lm2(·)(Ω) ↪→ Lm1(·)(Ω).

Also, we point out that the norm ∥ · ∥m(·) and the modular ρm(·) are related by the
following relations.

Proposition 2.1. Let m ∈ C(Ω) be such that m(x) > 1 for all x ∈ Ω. Then, the
following hold:

(j) ∥u∥m(·) < 1 (resp. > 1,= 1) if and only if ρm(·)(u) < 1 (resp. > 1,= 1);

(jj) if ∥u∥m(·) < 1 then ∥u∥m+

m(·) ≤ ρm(·)(u) ≤ ∥u∥m−

m(·);

(jjj) if ∥u∥m(·) > 1 then ∥u∥m−

m(·) ≤ ρm(·)(u) ≤ ∥u∥m+

m(·);

(jv) ∥u∥m(·) → 0 if and only if ρm(·)(u) → 0;
(v) ∥u∥m(·) → +∞ if and only if ρm(·)(u) → +∞.

Next, we denote by W 1,m(·)(Ω) the variable exponent Sobolev space correspond-
ing to Lm(·)(Ω). Such space is defined by

W 1,m(·)(Ω) =
{
u ∈ Lm(·)(Ω) : |∇u| ∈ Lm(·)(Ω)

}
.

We equip it with the natural norm

∥u∥1,m(·) := ∥u∥m(·) + ∥∇u∥m(·),

for all u ∈ W 1,m(·)(Ω), where ∥∇u∥m(·) = ∥ |∇u| ∥m(·). Then, we use W
1,m(·)
0 (Ω)

in order to denote the completion of C∞
0 (Ω) in W 1,m(·)(Ω). We underline that



4 FRANCESCA VETRO

W 1,m(·)(Ω) and W
1,m(·)
0 (Ω) are uniformly convex, separable, and reflexive Banach

spaces.
Now, let T : Ω× [0,+∞) → [0,+∞) be the nonlinear function defined by

T (x, t) = tp(x) + µ1(x)t
q(x) + µ2(x)t

r(x)

for all x ∈ Ω and for all t ≥ 0, where the exponents and the functions µi are as
given in hypothesis (H1). We point out that T is a locally integrable, generalized
N -function satisfying the ∆2-condition (see Section 3 of [4]). Hence, we know that
the Musielak-Orlicz space LT (Ω) is given by

LT (Ω) = {u ∈ M(Ω) : ρT (u) < +∞}
furnished with the Luxemburg norm

∥u∥T := inf

{
β > 0 : ρT

(
u

β

)
≤ 1

}
for all u ∈ LT (Ω), where the modular ρT (·) is defined by

ρT (u) :=

∫
Ω

T (x, |u|) dx =

∫
Ω

(
|u|p(x) + µ1(x)|u|q(x) + µ2(x)|u|r(x)

)
dx.

From Proposition 3.2 of [4], we see that the modular ρT and the norm ∥ · ∥T are
related as follows.

Proposition 2.2. Let hypothesis (H1) be satisfied. Then, the following hold:

(j) ∥u∥T < 1 (resp. > 1,= 1) if and only if ρT (u) < 1 (resp. > 1,= 1);

(jj) if ∥u∥T < 1 then ∥u∥r+T ≤ ρT (u) ≤ ∥u∥p
−

T ;

(jjj) if ∥u∥T > 1 then ∥u∥p
−

T ≤ ρT (u) ≤ ∥u∥r+T ;
(jv) ∥u∥T → 0 if and only if ρT (u) → 0;
(v) ∥u∥T → +∞ if and only if ρT (u) → +∞.

The Musielak-Orlicz Sobolev space corresponding to LT (Ω) is

W 1,T (Ω) =
{
u ∈ LT (Ω) : |∇u| ∈ LT (Ω)

}
equipped with the norm

∥u∥1,T := ∥u∥T + ∥∇u∥T ,

for all u ∈ W 1,T (Ω), where ∥∇u∥T := ∥ |∇u| ∥T . We use W 1,T
0 (Ω) in order to

denote the completion of C∞
0 (Ω) in W 1,T (Ω). Now, according to Proposition 3.1 of

[4], we have that the spaces LT (Ω), W 1,T (Ω), and W 1,T
0 (Ω) are reflexive Banach

spaces. In addition, from Proposition 3.3 of [4], we see that the classical Sobolev
embedding results extend to them in the following way.

Proposition 2.3. Let hypothesis (H1) be satisfied. Then, the following hold:

(j) LT (Ω) ↪→ Lm(·)(Ω), W 1,T (Ω) ↪→ W 1,m(·)(Ω), W 1,T
0 (Ω) ↪→ W

1,m(·)
0 (Ω) are

continuous for all m ∈ C(Ω) with 1 ≤ m(x) ≤ p(x) for all x ∈ Ω;

(jj) W 1,T (Ω) ↪→ Lm(·)(Ω) and W 1,T
0 (Ω) ↪→ Lm(·)(Ω) are compact for all m ∈

C(Ω) with 1 ≤ m(x) < p∗(x) for all x ∈ Ω.

Also, we point out that it is possible to endow the space W 1,T
0 (Ω) with the

equivalent norm given by

∥u∥ := ∥∇u∥T for all u ∈ W 1,T
0 (Ω),

see Proposition 3.4 (ii) of [4].
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Finally, we remark that the nonlinear operator which sends

u ∈ W 1,T
0 (Ω) into

∫
Ω

A(u) · ∇(·) dx ∈ (W 1,T
0 (Ω))∗,

where A(u) is as given in (1.2), has several notable properties. In particular, Propo-
sition 4.5 of [4] guarantees that it is bounded (that is, it maps bounded sets into
bounded sets), continuous, strictly monotone, and in addition satisfies the (S+)-
property, that is,

un ⇀ u in W 1,T
0 (Ω) and lim sup

n→+∞

∫
Ω

A(u) · ∇(un − u) dx ≤ 0

imply un → u in W 1,T
0 (Ω).

We conclude this section recalling the quantitative deformation lemma which
will be a fundamental tool in order to produce the main result of this paper. The
following version of lemma may be found in Willem, see [20, Lemma 2.3].

Lemma 2.4 (Quantitative deformation lemma). Let X be a Banach space and
ϕ ∈ C1(X,R). Also, let S be a nonempty subset of X, a0 ∈ R, and δ, ϵ > 0 such
that

for all u ∈ ϕ−1([a0 − 2ϵ, a0 + 2ϵ]) ∩ S2δ it results ∥ϕ′(u)∥∗ ≥ 8ϵ

δ

where

S2δ = {u ∈ X : d(u, S) := inf
v∈S

∥u− v∥ < 2δ}.

Then, there exists η ∈ C([0, 1]×X,X) satisfying the following conditions:

(j) η(t, u) = u if t = 0 or u /∈ ϕ−1([a0 − 2ϵ, a0 + 2ϵ]) ∩ S2δ;
(jj) ϕ(η(1, u)) ≤ a0 − ϵ for all u ∈ ϕ−1((−∞, a0 + ϵ]) ∩ S;
(jjj) η(t, ·) is a homeomorphism of X for all t ∈ [0, 1];
(jv) ∥η(t, u)− u∥ ≤ δ for all u ∈ X and t ∈ [0, 1];
(v) ϕ(η(·, u)) is decreasing for all u ∈ X;
(vj) ϕ(η(t, u)) < a0 for all u ∈ ϕ−1((−∞, a0])∩Sδ and t ∈ (0, 1], being Sδ = {u ∈

X : infv∈S ∥u− v∥ < δ}.

Lastly, we fix some notation. For any s ∈ R, we set s± = max{±s, 0}, which
means s = s+ − s−. Thus, for any function u : Ω → R, we write u±(·) = [u(·)]±.
Also, given a Banach space X with dual space X∗, we use ⟨·, ·⟩ in order to denote
the duality pairing between X and X∗. With the goal to streamline the notation, in
the next sections we will use C and C̃ in order to denote positive constants, which
may change from line to line, but do not depend on the crucial quantities.

3. Hypotheses. In this section, we formulate our assumptions on the reaction
term f . Also, we give an additional monotonicity condition on p ∈ C(Ω) which is
needed in order to establish the main result of the paper. We start by the hypotheses
on the nonlinearity f .

(H2) f : Ω×R → R is a Carathéodory function satisfying the following conditions:
(i) there exist l ∈ C(Ω), with r+ < l(x) ≤ l+ < (p∗)−, and b0 > 0 such

that

|f(x, s)| ≤ b0 (1 + |s|l(x)−1)

for a.a. x ∈ Ω and for all s ∈ R;
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(ii)

lim
s→±∞

f(x, s)

|s|r+−2s
= +∞ uniformly for a.a. x ∈ Ω;

(iii)

lim
s→0

f(x, s)

|s|p(x)−2s
= 0 uniformly for a.a. x ∈ Ω;

(iv)

f(x, ts) s < tr
+−1f(x, s) s

for a.a. x ∈ Ω, for all t ∈ (0, 1) and for all s ∈ R \ {0}.

Remark 3.1. We point out that from the continuity of f(x, ·) along with hypothesis
(H2)(iii), it follows that

f(x, 0) = 0 for a.a. x ∈ Ω.

Example 3.2. Let θ ∈ (r+, l−). Then, the function f : Ω× R → R defined by

f(x, s) = 3 |s|θ−2s for a.a. x ∈ Ω and all s ∈ R \ {0}

satisfies all the assumptions in (H2).

Next, we claim that the following additional monotonicity condition on p ∈ C(Ω)
holds.

(H3) There exists ζ0 ∈ RN \ {0} such that for all x ∈ Ω, the function px : Ωx → R
defined by

px(z) = p(x+ z ζ0)

is monotone, where we put

Ωx := {z ∈ R : x+ zζ0 ∈ Ω}.
We give an example of a function which verifies such condition.

Example 3.3. Let

RN
+ := {(x1, x2, · · · , xn) ∈ RN : xi > 0 for all i = 1, · · · , n}

and Ω be a bounded domain of RN contained in RN
+ . Also, let ζ0 = (0, 1, 0, · · · , 0).

Then, the function p ∈ C(Ω) defined by

p((x1, x2, · · · , xn)) := 5 + x2 for all (x1, x2, · · · , xn) ∈ Ω

satisfies hypothesis (H3).

We underline that from Theorem 3.3 of [7], we know that hypothesis (H3) guar-
antees that

inf
u∈W

1,p(·)
0 (Ω)\{0}

∫
Ω
|∇u|p(x) dx∫

Ω
|u|p(x) dx

> 0.

According to this, we have that there exists c0 > 0 such that∫
Ω

|u|p(x) dx ≤ c0

∫
Ω

|∇u|p(x) dx (3.1)

for all u ∈ W
1,p(·)
0 (Ω).
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4. Existence result. In this section, we present and prove our main result. Pre-
cisely, we show that, under very general assumptions on the exponents and the

nonlinearity, problem (1.1) admits at least one sign-changing solution in W 1,T
0 (Ω).

We underline that when we speak about a solution, we mean a weak solution. Thus,

we say that u ∈ W 1,T
0 (Ω) is a solution of problem (1.1) if∫

Ω

A(u) · ∇w dx+

∫
Ω

|u|p(x)−2uw dx =

∫
Ω

f(x, u)w dx (4.1)

is satisfied for all w ∈ W 1,T
0 (Ω). Now, let ϕ : W 1,T

0 (Ω) → R be the functional
defined by

ϕ(u) =

∫
Ω

[
1

p(x)
|∇u|p(x) + µ1(x)

q(x)
|∇u|q(x) + µ2(x)

r(x)
|∇u|r(x)

]
dx

+

∫
Ω

1

p(x)
|u|p(x) dx−

∫
Ω

F (x, u) dx (4.2)

for all u ∈ W 1,T
0 (Ω), where F (x, s) :=

∫ s

0
f(x, t) dt. We note that ϕ is a C1-

functional with derivative given by

⟨ϕ′(u), w⟩ =
∫
Ω

A(u) · ∇w dx+

∫
Ω

|u|p(x)−2uw dx−
∫
Ω

f(x, u)w dx (4.3)

for all u,w ∈ W 1,T
0 (Ω). Consequently, according to (4.1), we have that the critical

points of ϕ are solutions of problem (1.1).
In order to establish the existence of a sign-changing solution for problem (1.1),

here we make use of variational tools and of so-called Nehari manifolds. We recall
that the Nehari manifold corresponding to the functional ϕ is given by

N :=
{
u ∈ W 1,T

0 (Ω) \ {0} such that ⟨ϕ′(u), u⟩ = 0
}
.

From here, we see that if u ̸= 0 is a critical point of ϕ, then u ∈ N . As the critical
points of ϕ are the solutions of problem (1.1) due to (4.1) and (4.3), we can affirm
that N contains all the nontrivial solutions of problem (1.1). Now, we stress that

N is much smaller than W 1,T
0 (Ω), and for this reason ϕ|N can have nice properties

which fail to be true globally.
Next, we derive some such properties. Later, we will use them in order to produce

our existence result.

Proposition 4.1. Let hypotheses (H1) and (H2) be satisfied. Then, for any u ∈
W 1,T

0 (Ω) \ {0}, there exists a unique tu > 0 such that tuu ∈ N .

Proof. Let u ∈ W 1,T
0 (Ω)\{0} be fixed. In order to establish the claim, as a first step

we show that there exists tu > 0 such that ⟨ϕ′(tuu), tuu⟩ = 0. Clearly, according to
the definition of Nehari manifold, this assures that tuu ∈ N .

Now, for t > 0 we have that

⟨ϕ′(tu), u⟩ =
∫
Ω

[tp(x)−1|∇u|p(x) + µ1(x)t
q(x)−1|∇u|q(x) + µ2(x)t

r(x)−1|∇u|r(x)] dx

+

∫
Ω

tp(x)−1|u|p(x) dx−
∫
Ω

f(x, tu)udx.

Further, on the base of hypothesis (H2)(iv), we can affirm that if t ∈ (0, 1), then

⟨ϕ′(tu), u⟩ ≥
∫
Ω

[tp(x)−1|∇u|p(x) + µ1(x)t
q(x)−1|∇u|q(x) + µ2(x)t

r(x)−1|∇u|r(x)] dx
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+

∫
Ω

tp(x)−1|u|p(x) dx− tr
+−1

∫
Ω

f(x, u)udx

≥ tp
+−1

[
ρp(·)(∇u) + ρp(·)(u)

]
− tr

+−1

∫
Ω

f(x, u)udx.

Taking into account that p+ < r+ due to hypothesis (H1), from the previous in-
equality we deduce that

⟨ϕ′(tu), u⟩ > 0 for t ∈ (0, 1) small enough. (4.4)

Next, we point out that for t > 1, we have that

⟨ϕ′(tu), u⟩
tr+−1

=

∫
Ω

[
1

tr+−p(x)
|∇u|p(x) + µ1(x)

tr+−q(x)
|∇u|q(x) + µ2(x)

tr+−r(x)
|∇u|r(x)

]
dx

+

∫
Ω

1

tr+−p(x)
|u|p(x) dx−

∫
Ω

f(x, tu)

tr+−1|u|r+−2u
|u|r

+

dx.

Also, according to hypothesis (H2)(ii), we know that∫
Ω

f(x, tu)

|tu|r+−2 tu
|u|r

+

dx → +∞ as t → +∞.

Keeping this in mind along with the fact that p(x) < q(x) < r(x) ≤ r+ for all x ∈ Ω
due to hypothesis (H1), if we pass to the limit as t → +∞ in the above equality, we
derive that

lim
t→+∞

⟨ϕ′(tu), u⟩
tr+−1

= −∞,

that is, we have that

⟨ϕ′(tu), u⟩ < 0 for t > 0 large enough. (4.5)

Thus, recalling that u is fixed and ϕ′(tu) is a continuous function of t > 0, the inter-
mediate value theorem, in accordance with (4.4) and (4.5), permits us to conclude
that there exists tu > 0 such that

⟨ϕ′(tuu), u⟩ = 0.

From here, we easily derive that

⟨ϕ′(tuu), tuu⟩ = 0

which means that tuu ∈ N .
Now, we must only show that such tu is unique. With this purpose, we stress

that if t > 0 is such that ⟨ϕ′(tu), u⟩ = 0, then we have that∫
Ω

[
1

tr+−p(x)
|∇u|p(x) + µ1(x)

tr+−q(x)
|∇u|q(x) + µ2(x)

tr+−r(x)
|∇u|r(x)+

+
1

tr+−p(x)
|u|p(x) − f(x, tu)

|tu|r+−2 tu
|u|r

+

]
dx = 0.

As hypothesis (H2)(iv) holds, we know that the function

f(x, s)

|s|r+−1

is strictly increasing in (−∞, 0) and (0,+∞) for a.a. x ∈ Ω. Taking this into
account along with the fact that p(x) < q(x) < r(x) ≤ r+ for all x ∈ Ω, we can
affirm that the first member of the above equality is a strictly decreasing function
of t. Therefore, there can be at most a single value of t for which the previous
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equation holds. This means that there exists a unique tu > 0 such that tuu ∈ N ,
and hence the claim is proved.

Proposition 4.2. Let hypotheses (H1), (H2), and (H3) be satisfied. Then, for any
u ∈ N and for all t > 0 with t ̸= 1, we have ϕ(tu) < ϕ(u).

Proof. Let u ∈ N be fixed. We recall that according to hypotheses (H2)(i),(ii), we
know that for any ε > 0 there exists a constant cε > 0 such that

F (x, s) ≥ ε

r+
|s|r

+

− cε

for a.a. x ∈ Ω and for all s ∈ R. Based on this, for t > 1, we can write that

ϕ(tu) ≤ tq
+

p−

∫
Ω

[
|∇u|p(x) + µ1(x)|∇u|q(x)

]
dx+

tr
+

r−

∫
Ω

µ2(x)|∇u|r(x) dx

+
tp

+

p−

∫
Ω

|u|p(x) dx−
∫
Ω

( ε

r+
tr

+

|u|r
+

− cϵ

)
dx

≤ tq
+

p−

∫
Ω

[
|∇u|p(x) + µ1(x)|∇u|q(x) + |u|p(x)

]
dx

+ tr
+

[
1

r−

∫
Ω

µ2(x)|∇u|r(x) dx− ε

r+

∫
Ω

|u|r
+

dx

]
+ cε |Ω|.

Now, we remark that as u is fixed, we also have that∫
Ω

[
|∇u|p(x) + µ1(x)|∇u|q(x) + |u|p(x)

]
dx,∫

Ω

µ2(x)|∇u|r(x) dx and

∫
Ω

|u|r
+

dx

are fixed. Therefore, as ε > 0 is arbitrary, we can choose ε big enough so that[
1

r−

∫
Ω

µ2(x)|∇u|r(x) dx− ε

r+

∫
Ω

|u|r
+

dx

]
< 0.

According to such choice of ε, we get that

ϕ(tu) ≤ Ctq
+

− C̃tr
+

+ cε |Ω|

for some C, C̃ > 0. Now, taking into account that hypothesis (H1) guarantees that
q+ < r+, we can affirm that

ϕ(tu) < 0 for t > 0 large enough. (4.6)

Next, we point out that hypotheses (H2)(i), (iii) assure that for any ε > 0, there
exist Cε > 0 such that

F (x, s) ≤ ε

p(x)
|s|p(x) + Cε|s|l(x)

for a.a. x ∈ Ω and all s > 0. Thus, using the previous inequality, we see that for
0 < t < 1, it holds that

ϕ(tu) ≥ tp
+

p+

∫
Ω

|∇u|p(x) dx+
tq

+

q+

∫
Ω

µ1(x)|∇u|q(x) dx

+
tr

+

r+

∫
Ω

µ2(x)|∇u|r(x) dx+
tp

+

p+

∫
Ω

|u|p(x) dx
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− tp
−

p−
ε

∫
Ω

|u|p(x) dx− Cε
tl

−

l−

∫
Ω

|u|l(x) dx.

Now, we recall that, as l(x) < p∗ due to hypothesis (H2)(i), the embedding

W 1,T
0 (Ω) ↪→ Ll(·)(Ω)

is continuous, see Proposition 2.3. Therefore, let el be the best positive constant
such that

∥u∥l ≤ el∥u∥ for all u ∈ W 1,T
0 (Ω). (4.7)

Using (3.1) and (4.7) along with Propositions 2.1, 2.2, and 2.3, we derive that

ϕ(tu) ≥
(
tp

+

p+
− tp

−

p−
εc0

)∫
Ω

|∇u|p(x) dx+
tq

+

q+

∫
Ω

µ1(x)|∇u|q(x) dx

+
tr

+

r+

∫
Ω

µ2(x)|∇u|r(x) dx− Cε
tl

−

l−

∫
Ω

|u|l(x) dx

≥min

{(
tp

+

p+
− tp

−

p−
ε c0

)
,
tr

+

r+

}
ρT (∇u)

− Cε
tl

−

l−
max{(el∥u∥)l

−
, (el∥u∥)l

+

}. (4.8)

Thus, if we choose ε > 0 such that

tp
+

p+
− tp

−

p−
ε c0 >

tr
+

r+

that is, ε < p−(r+tp
+
−p+tr

+
)

tp−c0p+r+
, from (4.8) we get that

ϕ(tu) ≥ tr
+

r+
min{∥u∥p

−
, ∥u∥r

+

} − Cε
tl

−

l−
max{(el∥u∥)l

−
, (el∥u∥)l

+

}

≥ C tr
+

− C̃ tl
−

for some C, C̃ > 0 (we stress that u is fixed, and then ∥u∥ is fixed as well. Also,

we recall that C, C̃ are arbitrary constants that may change from line to line). As
r+ < l− due to hypothesis (H2)(i), we have that

ϕ(tu) > 0 for t > 0 small enough. (4.9)

Taking into account that u is fixed and ϕ(tu) is a continuous function of t ≥ 0,
on the basis of inequalities (4.6) and (4.9), we can affirm that ϕ(tu) has a local
maximizer. Now, we recall that u ∈ N , and then ⟨ϕ′(u), u⟩ = 0. Also, according to
Proposition 4.1, we know that tu = 1 is the unique t > 0 such that ⟨ϕ′(tu), tu⟩ = 0.
This in particular guarantees that ϕ(tu) as a function of t has a unique critical
point, which is tu = 1. Consequently, tu = 1 is a global maximizer of ϕ(tu), which
means that

ϕ(tu) < ϕ(u) for all t > 0 with t ̸= 1

and thus the proof is complete.

Proposition 4.3. Let hypotheses (H1), (H2), and (H3) be satisfied. Then, ϕ |N is
coercive.
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Proof. In order to establish the claim, we consider a sequence {un}n∈N ⊂ N such
that ∥un∥ → +∞ as n → +∞. Then, we set yn = un

∥un∥ for all n ∈ N. As the

sequence {yn}n∈N is bounded, we know that it admits a subsequence, still denoted
by yn, such that

yn ⇀ y in W 1,T
0 (Ω) and yn → y in Lp(·)(Ω). (4.10)

Now, our aim is to show that y = 0. To this end, we suppose by way of contradiction
that y ̸= 0. According to (3.1), we can write that

ϕ(un) ≤
1

p−
ρT (∇un) +

1

p−

∫
Ω

|un|p(x) dx−
∫
Ω

F (x, un) dx

≤ 1 + c0
p−

ρT (∇un)−
∫
Ω

F (x, un) dx.

From here, using Proposition 2.2, we derive that for ∥un∥ > 1 it results that

ϕ(un) ≤
1 + c0
p−

∥un∥r
+

−
∫
Ω

F (x, un) dx.

Then, dividing by ∥un∥r
+

, we in addition get that

ϕ(un)

∥un∥r+
≤ 1 + c0

p−
−

∫
Ω

F (x, un)

|un|r+
|yn|r

+

dx.

This, in accordance with hypothesis (H2)(ii), as {yn}n∈N is bounded and y ̸= 0,
gives

ϕ(un)

∥un∥r+
→ −∞ as n → +∞.

Taking into account that from the proof of Proposition 4.2 we know that ϕ(un) > 0
for all n ∈ N, we have a contradiction. Hence, it must be y = 0.

Now, we remark that according to Proposition 4.2, we have

ϕ(un) > ϕ(tyn)

for all t > 0 with t ̸= ∥un∥. Keeping this in mind and using Proposition 2.2, we see
that for t > 1, the following inequality holds

ϕ(un) ≥
1

r+
ρT (∇tyn) +

1

p+

∫
Ω

|tyn|p(x) dx−
∫
Ω

F (x, tyn) dx

≥ 1

r+
∥tyn∥p

−
−

∫
Ω

F (x, tyn) dx

=
tp

−

r+
−
∫
Ω

F (x, tyn) dx

(we stress that ∥yn∥ = 1 and t > 1, thus we have that ∥tyn∥ > 1). Now, from
(4.10), according to the fact that y = 0, we have that∫

Ω

F (x, tyn) dx → 0 as n → +∞.

For this reason, we can affirm that there exists n0 ∈ N such that

ϕ(un) ≥
tp

−

2r+
for all n > n0.
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Taking into account that t > 1 is arbitrary and the subsequence principle yields the
result for the whole sequence, this assures that

ϕ(un) → +∞ as n → +∞
and therefore the claim holds.

We recall that we are interested in producing a sign-changing solution for problem

(1.1). With this in mind, we introduce the subset of W 1,T
0 (Ω) defined as

N0 :=
{
u ∈ W 1,T

0 (Ω) such that u+,−u− ∈ N
}
.

Now, we can give the following additional properties of the functional ϕ.

Proposition 4.4. Let hypotheses (H1), (H2), and (H3) be satisfied. Then, we have
that

inf
u∈N

ϕ(u) > 0 and inf
u∈N0

ϕ(u) > 0.

Proof. We point out that with similar arguments to those in the proof of Proposition

4.2, we can see that for any u ∈ W 1,T
0 (Ω), the inequality

ϕ(u) ≥min

{(
1

p+
− 1

p−
ε c0

)
,
1

r+

}
min{∥u∥p

−
, ∥u∥r

+

}

− C

l−
max{(el∥u∥)l

−
, (el∥u∥)l

+

}

holds for ε small enough and for some C > 0. From here, we in particular deduce

that for u ∈ W 1,T
0 (Ω) with ∥u∥ < 1, it results that

ϕ(u) ≥ C∥u∥r
+

− C̃∥u∥l
−

for some C, C̃ > 0 (we again recall that C and C̃ may change from line to line).
Now, as r+ < l− due to hypothesis (H2)(i), choosing ϑ ∈ (0, 1) small enough, we
can further affirm that

ϕ(u) > d > 0 for all u ∈ W 1,T
0 (Ω) with ∥u∥ = ϑ.

This clearly guarantees that

inf
u∈W 1,T

0 (Ω), ∥u∥=ϑ
ϕ(u) ≥ d > 0.

Keeping this in mind, in accordance with Proposition 4.2, we derive that for all
u ∈ N , the inequality

ϕ(u) ≥ ϕ

(
ϑ

∥u∥
u

)
≥ inf

u∈W 1,T
0 (Ω), ∥u∥=ϑ

ϕ(u) > 0

holds, and, consequently, we conclude that

inf
u∈N

ϕ(u) > 0.

Lastly, we recall that if u ∈ N0, then both u+ and −u− belong to N . Hence, for all
u ∈ N0, we have that

ϕ(u) = ϕ(u+) + ϕ(−u−) ≥ 2 inf
u∈N

ϕ(u) > 0,

which implies

inf
u∈N0

ϕ(u) > 0.

This proves the claim.
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Proposition 4.5. Let hypotheses (H1), (H2), and (H3) be satisfied. Then, there
exists u0 ∈ N0 such that

ϕ(u0) = inf
u∈N0

ϕ(u).

Proof. In order to establish the claim, we start with a sequence {un}n∈N ⊂ N0 such
that

lim
n→+∞

ϕ(un) = inf
u∈N0

ϕ(u).

As un ∈ N0 for all n ∈ N, we know that both u+
n and −u−

n belong to N for all
n ∈ N. Thus, according to Proposition 4.4, we can affirm that

ϕ(u+
n ) > 0 and ϕ(−u−

n ) > 0 for all n ∈ N.

Now, we recall that for all n ∈ N it results that

un = u+
n − u−

n

and hence it follows that

ϕ(un) = ϕ(u+
n ) + ϕ(−u−

n )

for all n ∈ N. All this, along with Proposition 4.3, permits us to conclude that both
the sequences {u+

n }n∈N and {−u−
n }n∈N are bounded in N . Consequently, we can

suppose that

u+
n ⇀ u+ in W 1,T

0 (Ω) and − u−
n ⇀ u− in W 1,T

0 (Ω)

and, as the embeddingsW 1,T
0 (Ω) ↪→ Lp(·)(Ω) andW 1,T

0 (Ω) ↪→ Ll(·)(Ω) are compact,
we have in addition that

u+
n → u+ in both Lp(·)(Ω) and Ll(·)(Ω) (4.11)

and

−u−
n → u− in both Lp(·)(Ω) and Ll(·)(Ω) (4.12)

for some u+ ≥ 0 and u− ≤ 0. Now, our aim is to show that u+ ̸= 0 and u− ̸= 0. To
this end, we point out that from u+

n ∈ N for all n ∈ N, we deduce that the equality

0 = ⟨ϕ′(u+
n ), u

+
n ⟩ = ρT (∇u+

n ) +

∫
Ω

|u+
n |p(x) dx−

∫
Ω

f(x, u+
n )u

+
n dx (4.13)

is verified for all n ∈ N. Also, using hypothesis (H2)(i) along with Hölder’s inequal-
ity, we can derive that∣∣∣∣ ∫

Ω

f(x, u+
n )u

+
n dx

∣∣∣∣ ≤ ∫
Ω

b0 (1 + |u+
n |l(x)−1) |u+

n | dx

≤ C ∥u+
n ∥p(·) + ∥(u+

n )
l(·)−1∥l′(·) ∥u+

n ∥l(·)
(for some C > 0)

≤ C ∥u+
n ∥p(·) + [ρl(·)(u

+
n )]

γ ∥u+
n ∥l(·)

(for some γ > 0, according to Proposition (2.1))

≤ C ∥u+
n ∥p(·) + C̃ ∥u+

n ∥l(·)
(for some C, C̃ > 0).



14 FRANCESCA VETRO

This along with (4.11) permits us to affirm that if u+
n → 0 in both Lp(·)(Ω) and

Ll(·)(Ω) as n → +∞ (which means that u+ = 0), then we have that∣∣∣∣ ∫
Ω

f(x, u+
n )u

+
n dx

∣∣∣∣ → 0 as n → +∞. (4.14)

Thus, according to (4.14) and (4.13), we see that if u+ = 0, then

ρT (∇u+
n ) → 0 as n → +∞.

Now, using Proposition 2.2 (jv), we have that

∥∇u+
n ∥T := ∥u+

n ∥ → 0 as n → +∞,

and hence we infer that

u+
n → 0 in W 1,T

0 (Ω) as n → +∞.

This along with Proposition 4.4, as u+
n ∈ N , gives that

0 < inf
u∈N

ϕ(u) ≤ ϕ(u+
n ) → ϕ(0) = 0 as n → +∞,

which is a contradiction. For this reason, we conclude that it must be u+ ̸= 0. In
an analogous way, using (4.12) instead of (4.11), we can also derive that u− ̸= 0.

Now, we stress that according to Proposition 4.1, there exist tu+ , tu− > 0 such
that

tu+u+ ∈ N and tu−u− ∈ N .

As both u+ and u− are different from zero, we know that

tu+u+ > 0 and tu−u− < 0.

Then, setting u0 = tu+u+ + tu−u−, we have that u+
0 = tu+u+ and −u−

0 = tu−u−,
and hence it follows that u0 ∈ N0. At this point, we note that the functional ϕ is
sequentially weakly lower semicontinuous. With this in mind and using Proposition
4.2, we can write that

inf
u∈N0

ϕ(u) = lim
n→+∞

ϕ(un)

= lim
n→+∞

[ϕ(u+
n ) + ϕ(−u−

n )]

≥ lim inf
n→+∞

[ϕ(tu+u+
n ) + ϕ(−tu−u−

n )]

≥ ϕ(tu+u+) + ϕ(tu−u−)

= ϕ(u0)

≥ inf
u∈N0

ϕ(u)

which gives

ϕ(u0) = inf
u∈N0

ϕ(u).

So, the claim holds.

Finally, we are in a position to state our main result. We stress that in order to
do this, we follow the basic idea used in [11], and then in [3, 9].

Theorem 4.6. Let hypotheses (H1), (H2), and (H3) be satisfied. Then, problem

(1.1) has at least one sign-changing solution in W 1,T
0 (Ω).



SIGN-CHANGING SOLUTION FOR MULTI-PHASE PROBLEMS 15

Proof. First, we point out that according to Proposition 4.5, there exists u0 ∈ N0

such that

ϕ(u0) = inf
u∈N0

ϕ(u).

Our goal is then to show that u0 is a critical point of ϕ. In fact, from (4.1) and
(4.3) and the definitions of N and N0, we derive that if u0 ∈ N0 is a critical point
of ϕ, then it is a nontrivial solution of problem (1.1) with both u+

0 and u−
0 different

from zero. Consequently, we have that u0 is a sign-changing solution of problem
(1.1), and therefore the claim holds.

In order to prove that u0 ∈ N0 is a critical point of ϕ and then that ϕ′(u0) = 0,
we make use of Lemma 2.4. First, we recall that as u0 ∈ N0, we have that both
u+
0 and u−

0 belong to N . Hence, according to Proposition 4.2, we know that the
inequality

ϕ(su+
0 − tu−

0 ) = ϕ(su+
0 ) + ϕ(−tu−

0 )

< ϕ(u+
0 ) + ϕ(−u−

0 )

= ϕ(u0) (4.15)

holds for all s, t > 0 such that at least one between s and t is different from 1. At
this point, we argue by way of contradiction and suppose that ϕ′(u0) ̸= 0. This
permits us to affirm that there exist δ, ν > 0 such that

∥ϕ′(u)∥∗ ≥ ν for all u ∈ W 1,T
0 (Ω) with ∥u− u0∥ ≤ 3δ. (4.16)

Now, let δ be as given in (4.16) and ξ ∈ (0, 1) be such that

∥su+
0 − tu−

0 − u0∥ < δ for all s, t ∈ (1− ξ, 1 + ξ). (4.17)

Thus, we set D := (1− ξ, 1 + ξ)× (1− ξ, 1 + ξ). According to (4.15), we have that

M := max
(s,t)∈∂D

ϕ(su+
0 − tu−

0 ) < ϕ(u0) = inf
u∈N0

ϕ(u).

Then, setting

a0 := inf
u∈N0

ϕ(u) and ϵ = min

{
a0 −M

4
,
νδ

8

}
,

from (4.16) we see that

∥ϕ′(u)∥∗ ≥ ν ≥ 8ϵ

δ
for all u ∈ W 1,T

0 (Ω) with ∥u− u0∥ ≤ 3δ.

Hence, if we choose

S := {u ∈ W 1,T
0 (Ω) : ∥u− u0∥ < δ},

we have that all the assumptions in Lemma 2.4 are satisfied. Consequently, ac-

cording to Lemma 2.4, we can affirm there exists η ∈ C([0, 1]×W 1,T
0 (Ω),W 1,T

0 (Ω))
satisfying the following conditions:

(j)′ η(1, u) = u if u /∈ ϕ−1([a0 − 2ϵ, a0 + 2ϵ]) ∩ {u ∈ W 1,T
0 (Ω) : ∥u− u0∥ < 3 δ};

(jj)′ ϕ(η(1, u)) ≤ a0− ϵ for all u ∈ W 1,T
0 (Ω) with ∥u−u0∥ ≤ δ and ϕ(u) < a0+ ϵ;

(jjj)′ ∥η(1, u)− u∥ ≤ δ for all u ∈ W 1,T
0 (Ω).
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In particular, from property (jj)′ of η, as (4.15) and (4.17) hold, we derive that

max
(s,t)∈D

ϕ(η(1, su+
0 − tu−

0 )) < a0. (4.18)

Also, we stress that, according to the definition of ϵ we have that

ϕ(su+
0 − tu−

0 ) ≤ M < a0 −
a0 −M

2
< a0 − 2ϵ for all (s, t) ∈ ∂D.

This along with (j)′ permits us to affirm that

η(1, su+
0 − tu−

0 ) = su+
0 − tu−

0 for all (s, t) ∈ ∂D. (4.19)

Now, we consider the mapping h : R+ × R+ → W 1,T
0 (Ω) defined by

h(s, t) = η(1, su+
0 − tu−

0 )

and let H0, H1 : R+ × R+ → R× R be the continuous functions given by

H0(s, t) = (⟨ϕ′(su+
0 ), u

+
0 ⟩, ⟨ϕ′(−tu−

0 ),−u−
0 ⟩)

and

H1(s, t) =

(
1

s
⟨ϕ′(h+(s, t)), h+(s, t)⟩, 1

t
⟨ϕ′(−h−(s, t)),−h−(s, t)⟩

)
,

respectively. We stress that, according to (4.19), we have that

h(s, t) = su+
0 − tu−

0 for all (s, t) ∈ ∂D

which produces

H0 = H1 on ∂D.

Also, from Proposition 4.1 and its proof, we see that

⟨ϕ′(su+
0 ), u

+
0 ⟩ > 0 for all 0 < s < 1,

⟨ϕ′(su+
0 ), u

+
0 ⟩ < 0 for all s > 1

and analogously

⟨ϕ′(−tu−
0 ),−u−

0 ⟩ > 0 for all 0 < t < 1,

⟨ϕ′(−tu−
0 ),−u−

0 ⟩ < 0 for all t > 1.

Hence, it follows that the Brouwer degree over D of the function H0 at the value
0, denoted by deg (H0, D, 0), is equal to 1. Now, as H0 = H1 on ∂D, from the
dependence on the boundary values of the Brouwer degree (see [5]), we derive that

deg (H0, D, 0) = deg (H1, D, 0).

This, according to the existence property of the Brouwer degree (see [8, Theorem
4.11]), guarantees that

H1(s, t) = (0, 0) for some (s, t) ∈ D.

Now, taking into account that u+
0 ̸= 0 and u−

0 ̸= 0, from property (jjj)′ we derive
that for δ > 0 small enough it results that h+(s, t) ̸= 0 as well as h−(s, t) ̸= 0.
Thus, with a view to the definition of H1, we are able to affirm that

h(s, t) = η(1, su+
0 − tu−

0 ) ∈ N0 for some (s, t) ∈ D.

Clearly, this is in contradiction with (4.18). Therefore, we conclude that u0 is a
critical point of ϕ, and hence the claim follows.
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Remark 4.7. Assume that hypotheses (H1), (H2), and (H3) are verified. Thus,
let u0 be a sign-changing solution for problem (1.1) as given in Theorem 4.6. We
recall that this means that u0 is a critical point of ϕ belonging to N0 such that
ϕ(u0) = infu∈N0

ϕ(u). Also, we suppose that

f(x, s)s− r+F (x, s) ≥ 0

for all s ∈ R and for a.a. x ∈ Ω. Then, we can affirm that u0 has only two maximal
regions (that is, there are only two disjoint open subsets of Ω) where it does not
change sign. We can see this reasoning by way of contradiction. Thus, we suppose
there are three disjoint open subsets of Ω, namely Ω1,Ω2, and Ω3, on which u0 has
fixed sign. Now, for i = 1, 2, 3 we consider the functions

ui
0(x) =

{
u0(x) if x ∈ Ωi,

0 if x ∈ Ω \ Ωi

and we suppose (it is not restrictive to do this) that

u1
0 |Ω1 > 0, u2

0 |Ω2 < 0 and u3
0 |Ω3 > 0. (4.20)

From (4.20), according to the fact that u0 is a critical point of ϕ and u0 = (u1
0 +

u2
0)+u3

0, taking into account that (u1
0+u2

0) and u3
0 have disjoint supports, we derive

that

0 = ⟨ϕ′(u0), u
3
0⟩ = ⟨ϕ′((u1

0 + u2
0) + u3

0), u
3
0⟩ = ⟨ϕ′(u3

0), u
3
0⟩,

which means that

u3
0 ∈ N .

We point out that (4.20) in addition guarantees that (u1
0 + u2

0)
+ = u1

0 and (u1
0 +

u2
0)

− = −u2
0. Therefore, again using (4.20) along with the fact that u0 is a critical

point of ϕ, we are able to see that

0 = ⟨ϕ′(u0), (u
1
0 + u2

0)
+⟩

= ⟨ϕ′((u1
0 + u2

0) + u3
0), (u

1
0 + u2

0)
+⟩

= ⟨ϕ′((u1
0 + u2

0)), (u
1
0 + u2

0)
+⟩+ ⟨ϕ′(u3

0, (u
1
0 + u2

0)
+⟩

= ⟨ϕ′((u1
0 + u2

0)), (u
1
0 + u2

0)
+⟩

= ⟨ϕ′((u1
0 + u2

0)
+), (u1

0 + u2
0)

+⟩,
and similarly

⟨ϕ′((u1
0 + u2

0)
−), (u1

0 + u2
0)

−⟩ = 0.

The previous equalities assure that both (u1
0 + u2

0)
+ and −(u1

0 + u2
0)

− belong to N ,
and consequently we have that

(u1
0 + u2

0) ∈ N0.

Now, with in mind that (u1
0 + u2

0) ∈ N0 and u3
0 ∈ N , in accordance with the fact

that f(x, s)s− r+F (x, s) ≥ 0 for all s ∈ R and for a.a. x ∈ Ω, we can write that

ϕ(u0) = ϕ(u0)−
1

r+
⟨ϕ′(u3

0), u
3
0⟩

= ϕ(u1
0 + u2

0) + ϕ(u3
0)−

1

r+
⟨ϕ′(u3

0), u
3
0⟩

≥ ϕ(u1
0 + u2

0) +
1

r+
ρT (∇u3

0) +
1

p+
ρp(·)(u

3
0)−

∫
Ω

F (x, u3
0) dx
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− 1

r+
[
ρT (∇u3

0) + ρp(·)(u
3
0)
]
+

1

r+

∫
Ω

f(x, u3
0)u

3
0 dx

= ϕ(u1
0 + u2

0) +

(
1

p+
− 1

r+

)
ρp(·)(u

3
0)

+

∫
Ω

[
1

r+
f(x, u3

0)u
3
0 − F (x, u3

0)

]
dx

≥ inf
u∈N0

ϕ(u) +

(
1

p+
− 1

r+

)
ρp(·)(u

3
0).

We note that, as p+ < r+ due to hypothesis (H1) and u3
0 ̸= 0, we have that(

1

p+
− 1

r+

)
ρp(·)(u

3
0) > 0.

This permits us to conclude that

ϕ(u0) ≥ inf
u∈N0

ϕ(u) +

(
1

p+
− 1

r+

)
ρp(·)(u

3
0) > inf

u∈N0

ϕ(u) = ϕ(u0),

that is, we arrive at a contradiction. Consequently, we can affirm that the disjoint
open subsets of Ω on which u0 has a fixed sign are only two, and therefore the claim
holds.

Data availability statement. Data sharing not applicable to this article as no
datasets were generated or analysed during the current study.

Conflict of interests. The author read and approved the final manuscript. There
is no conflict of interests.

Funding. The author declares that no funds, grants, or other support were received
during the preparation of this manuscript.

REFERENCES

[1] C. O. Alves and A. El Hamidi, Nehari manifold and existence of positive solutions to a class
of quasilinear problems, Nonlinear Anal., 60 (2005), 611-624.

[2] J. Chen, F. Vetro and S. Zeng, Existence of solutions for multi-phase obstacle problems with

variable exponents, in press on Rocky Mountain J. Math.
[3] A. Crespo-Blanco and P. Winkert, Nehari manifold approach for superlinear double phase

problems with variable exponent, Ann. Mat. Pura Appl., 203 (2024), 605-634.
[4] G. Dai and F. Vetro, Regularity and uniqueness to multi-phase problem with variable expo-

nent, 2024. arXiv:2407.14123.

[5] G. Dinca and J. Mawhin, Brouwer Degree, Birkhäuser Basel, 2021.
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[9] L. Gasiński and P. Winkert, Sign changing solution for a double phase problem with nonlinear

boundary condition via the Nehari manifold, J. Differential Equations, 274 (2021), 1037-1066.
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