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The Fermatean Fuzzy Hypersoft Set (FFHS) 0 < (u, (x))® + (va(x))® < 1,Vx € X is a novel model that addresses
the critical limitations of traditional fuzzy theories in multi-parameter systems, with sub-parametrized uncer-
tainty modeling. The Fermatean fuzzy structure offers more reliability over existing fuzzy theories by accom-
modating a more flexible form of uncertainty. It is intended to establish a comprehensive structure of FFHSS, its
axiomatic properties, and rigorous proofs of the fundamental theorems, such as identity, range, monotonicity,
and symmetry, for trigonometric similarity measures (TSM). It aims to develop a novel FFHS-TOPSIS algorithm
that incorporates hypersoft structures to preserve attribute and multiple attribute sets. The proposed algorithm
will be validated through an extensive on-bridge design optimization problem, evaluating different alternatives
across attribute sets. The proposed FFHS-Cosine method achieves superior discrimination (ACC = 0.0094) and
perfect Spearman correlation (p = 1.0) against five benchmarks, FFHS-TOPSIS, IFS-Cosine, PFS-Cosine, VIKOR,
and EDAS. The ranking stability across expert weight variations was confirmed through the sensitivity analysis.
Results recommend a construction timeline, balancing cost, structural integrity, efficiency, and environmental
impact. The proposed framework elaborates O(n) hypersoft capability, computational efficiency, and practical
applicability for sustainable projects. The findings demonstrate that the proposed method enhances ranking,
improves discrimination among alternatives, and yields more consistent and interpretable findings compared to
existing approaches.

1. Introduction and effective infrastructure development.

Bridge engineering has evolved significantly from traditional struc-

Sustainable bridge design optimization (SBDO) integrates environ-
mental, social, and economic considerations into a unified engineering
framework. By applying MADM, engineers can evaluate alternative
bridge solutions based on cost efficiency, lifecycle performance, mate-
rial sustainability, and resilience, thereby supporting more responsible

tural optimization focused primarily on minimizing material usage and
construction costs. Zordan et al. [1] presented a structural optimization
evolutionary process step by step. Zhou et al. [2] discussed sustainable
bridge design with objectives including economic viability, lifecycle
environmental impact, structural resilience, and social acceptance.
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Table 1
Limitations of existing structures.
Method Constraint Handling Multi-Attribute ~ Expert
Aggregation
IFS [27] Linear (u +v<1) Single set Simple averaging
PFS [28] Quadratic (u? + Single set OWGA
12<1)
FFS [29] Cubic (4* +1°<1) Single set Weighted
Soft Sets [30] Parameterized Single N/A
parameter

Hypersoft Sets Multi-attribute

[32]

Full hypersoft Basic

Zaheer et al. [3] revealed that bridge structure optimization has pro-
gressed from single-objective classical methods to sophisticated
multi-criteria approaches incorporating material innovations. Xin et al.
[4] proposed a multi-structured optimization-based design of the GFRP
bridge deck on a steel girder. Wang et al. [5] developed an optimization
algorithm for the characterization and analysis design of a bridge crane.
Trentini et al. [6] explored multi-objective optimization and solved a
case study for bridge and viaduct design. Tlustochowicz [7] worked on a
three-span composite bridge and optimized it using the design of inte-
gral abutments. Templeman [8] proposed optimization methods to deal
with the structural designs and make civil engineering optimization
relaxed. Sengupta et al. [9] designed a multi-objective optimization of a
dual active bridge converter for the application of a supercapacitor. To
find low-cost concrete, Penadés-Pla et al. [10] proposed design optimi-
zation for such problems. Papapetrou et al. [11] designed optimization
methods for the Hybrid FRP/RC Bridge and applied them to optimize the
structural issue of bridge design. Optimal design of multiple tuned mass
dampers for vibration control has been a popular research theme in
structural dynamics and earthquake engineering [12]. Lounis and Cohn
[13] developed a multicriteria optimization method for structural sys-
tems in which efficient design alternatives are generated through con-
straints and the preferred solution is selected using compromise
programming. Islam et al. [14] introduced an optimization methodology
for network arch bridges employing the EVOP global optimization al-
gorithm. Gui et al. [15] proposed a bridge design system integrating
genetic algorithms, neural networks, and expert systems for automated
optimization. Feng et al. [16] addressed the critical horizontal thrust
issue in the Calatrava bridge over Venice's Grand Canal using single- and
multi-objective genetic algorithm (GA). Clingenpeel and Barth [17]
presented a parametric design-based study. Brisegella et al. [18] pro-
posed a generalized optimization index (OI), which was investigated,
with a particular aspect related to concrete shell-supported bridges. Cao
et al. [19] proposed a computationally optimal design approach for
suspension bridges. Montoya [20] proposed a sequential aero-structural
optimization (SASO). Optimization plays a vital role in enhancing effi-
ciency, performance, and sustainability across engineering applications.
Olanrewaju et al. [21] proposed an optimization technique for plant and
animal fibers. Sikder et al. [22] proposed 3D printing processes. Husna
et al. [23] presented a detailed review of stereolithography. Sinkhonde
et al. [24] proposed a novel machine learning (ML) approach for the
prediction of high strength concrete. Magombe et al. [25] delivered the
calcium silicate-based structural flame retardant for high-density
applications.

Multi-parameter and uncertainty-linked optimization plays a vital
role in civil structures, sustainable design of bridges, and other con-
struction designs. This involves considering variable loads, environ-
mental effects, material properties, and life-cycle performance. To deal
with uncertainty, Zadeh [26] proposed fuzzy sets, which have the ability
to handle uncertain situations with the condition 0 < u(x) < 1. Atans-
sove [27] extended the concept of fuzzy sets by adding the concept of
falseness with the restriction 0 < u(x) + y(x) < 1, and also discussed the
concept of hesitancy with z(x) =1 — u(x) — y(x). The concept of IFS is a
little rigid in its restriction and moves on a straight line. To remove this
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hurdle, Yager [28] developed the Pythagorean fuzzy sets (PFS), which
are flexible due to the conditions 0 < y?(x) +7%(x) <1 and z(x) =

/1 — p2(x) — y2(x). In this paper, we will work on the structure pro-
posed by Senapati and Yager [29] which is more reliable and flexible

due to the restrictions O0<p(x)+y3(x)<1 and z(x) =
/1 —p3(x) — y3(x). Uncertainty and multi-parametric decision making
are the critical issues to deal with optimization problems. Molodtsove
[30] proposed soft sets (SS) to handle multi-parametric values. Roy and
Maji [31] merged fuzzy sets with soft sets and developed fuzzy soft sets
(FSS) structure to handle uncertainty in decision making. Sub-attributes
cannot be ignored. Smarandache [32] proposed hypersoft sets to resolve
the issue of the absence of sub-attributes. Jafar and Saeed [33] defined
Fuzzy hypersoft sets (FHSS) and presented their aggregation operators.
Jafar et al. [34,35] proposed the matrix theory of IFHSS and NHSS to
deal with MADM problems and applied them in the teacher selection
problem. Saeed et al. [36] proposed q-rung Orthopair fuzzy hypersoft
sets to solve MADM problems. Khan et al. [37-40] proposed g-rung
orthopair hypersoft set-based novel methods for determining tourism
carrying capacity, aggregation operators in the cryptocurrency market,
basic operations, and ordered aggregation operators, and applied them
in green suppliers, respectively. Rahman et al. [41] proposed a complex
intuitionistic fuzzy hypersoft set structure. Nafei et al. [42] proposed the
TOPSIS technique in Neuromorphic Fuzzy systems and applied it in
machine selection. Samad et al. [43] proposed the TOPSIS technique
based on the correlation coefficient under NHSS and applied it in the
selection of Hand Sanitizer to reduce COVID. Zulgarnain et al. [44]
presented the TOPSIS technique based on the correlation coefficient for
IVPFHSS and applied it in bed allocation during COVID-19. Javadpour
et al. [45] proposed an intelligent energy-efficient approach for man-
aging IoE tasks in cloud platforms. Zulgarnain et al. [46,47] proposed a
decision-making approach based on the correlation coefficient under
IVPFHSS and also explored some properties of IVNHSS. Zulqarnain [48,
49] presented q-rung orthopair fuzzy hypersoft sets and optimized
construction company selection, and proposed Einstein-ordered
weighted aggregation operators for PFHSS. Siddique et al. [50] devel-
oped Operators of PFHSS and an MCDM approach.

Motivation: The motivation behind this research stems from the
growing complexity of multi-attribute, multidimensional decision
problems in civil and infrastructure engineering, where traditional fuzzy
and intuitionistic fuzzy models often fail to capture the full spectrum of
uncertainty and interdependence among multiple attribute sets. Fer-
matean fuzzy sets provide a more flexible and reliable representation of
uncertain information, yet their integration with hypersoft structures
and TSM remains underexplored.

Problem Statement: The growing demand for resilient and sus-
tainable civil infrastructure, particularly bridges, necessitates large-
scale structures and advanced optimization frameworks that can
address multiple conflicting objectives while accounting for un-
certainties in loads, material properties, climate conditions, and future
usage patterns. Conventional design approaches, which often depend on
deterministic single-objective criteria or simplified lifecycle assump-
tions, may yield suboptimal solutions that do not ensure long-term
sustainability under real-world variability.

2. Limitations of existing approaches

In Table 1, we have given some limitations of the existing
approaches.

3. Research gap and contributions

The literature reveals three key gaps: the absence of FFHS similarity
measures supported by axiomatic proofs, the limited use of hypersoft-
TOPSIS models that preserve multi-attribute granularity, and the lack
of bridge-specific validation with comparative analysis. This paper
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Goal
Select the Optimal Bridge Design

e

Cost Durability
Attribute set: Poor, Fair, Good

Attribute set: Low, Medium, High

\

Environmental Impact
Attribute set: High, Medium, Low

\}/
Expert Panel
El, E2, E3

\

Arch Bﬂ Cable-Stayed I Suspenswn F;Brldge j

Output
Ranking of alternatives and final bridge selection

Fig. 1. Structural framework of the FFHSS-DM model for ranking bridge design alternatives.

addresses these gaps by developing trigonometric FFHS similarity
measures, integrating them into an FFHS-TOPSIS decision-making
framework, and validating the model through a bridge design optimi-
zation case study.

The main contributions of this study are as follows:

Novel FFHS similarity measures: This paper introduces the first
trigonometric similarity measures, namely cosine, sine, and tangent
measures, for Fermatean fuzzy hypersoft sets, supported by axiomatic
proofs.

FFHS-TOPSIS decision framework: A new FFHS-TOPSIS algorithm
is developed with O(n) computational complexity while preserving the
full hypersoft structure and multi-attribute granularity.

Bridge design optimization application: The proposed framework
is applied to a bridge design selection problem, where the Truss Bridge
emerges as the optimal alternative (CC4 = 0.4746), outperforming five
benchmark methods.

Robustness through sensitivity analysis: Sensitivity analysis
confirms that the final ranking remains stable under variations in expert
weights, supporting the reliability of the proposed model.

The overall structure of the proposed Fermatean fuzzy hypersoft sets-
based decision-making (FFHS-DM) framework is illustrated in Fig. 1,
where the decision goal, evaluation criteria with their attribute sets,
expert panel, alternatives, and final ranking output are organized into a
systematic decision flow.

Section II presents some basic definitions. Section III establishes
similarity measures with proofs. Section IV details FFHS-TOPSIS. Sec-
tion V validates via bridge optimization. Section VI provides a com-
parison of the proposed framework with the existing ones. Section VII
concludes the paper with outlines the future work.

3.1. Preliminaries

In this section, the aim is to discuss some definitions from the liter-
ature to develop the base of the proposed framework.

Definition. 2.1. [26] A fuzzy set A in a universe X is defined by a
membership function

Uy 1 X—[0,1],
where 4, (x) represents the degree of membership of x € X to A.

Definition. 2.2.
by

A= {(XvﬂA(x)7

[27] An intuitionistic fuzzy set A on X is characterized

va(x))|x e X},

where p1, : X—[0,1] is the membership degree, v4 : X—|0, 1] is the non-
membership degree, and

0<pu(x) +ra(x) <1,VxeX.

Definition. 2.3. [30] Let U be an initial universe set and E be a set of
parameters. A pair (F,A) is called a soft set over U, where F is a mapping
given by

F:A->2(U),
and .2(U) denotes the power set of U.
Definition. 2.4.

A={(x,pa(x), v

[29] A Fermatean fuzzy set A on X is given by
() e e X},

where iy, va : X—10, 1] satisfy

0< (s () + (va(x))* <1,¥x € X.

Definition. 2.5. [32] Let X be the universe and .¢/1,.%/,...,.%, be /
many approximate attribute sets. A hypersoft set H over X is defined as
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H= {(XluﬂH(Xk))

Vi
Xee [[ &/hk—l,Z,...,n},

i=1

/

where yy : H /i —[0,1] is the truth function and Xj = (x1,x2,...,X,)
i-1

represents the tuple of attribute values

3.2. Fermatean Fuzzy Hypersoft Sets (FFHS)

Definition 4.6. Fermatean Fuzzy Hypersoft Set (FFHS): A FFHS, F,
over X with respect to attribute sets .o/1,.%, ...,.%/, is defined as

Xk € ﬁ Y/l}
i=1

F— {(Xk,ﬂF(Xk)J/F(Xk))

where g, vF H A=

i=1

—[0,1] satisfy

0 < (4p(X)® + (e (X)) < 1.

Example: Suppose a university wants to select a laptop for faculty
use. Let the universe be U = {x7,x2,x3} where:

x; = Laptop A, xp = Laptop B, and x3 = Laptop C. Consider three
attributes:

Price: {low, medium},

Performance: {good, excellent},

Battery life: {moderate, long}.

A parameter tuple may be e = (low, excellent,long ) € E, then one
possible Fermatean fuzzy evaluation is

7 (e) ={(x1,0.80,0.10), (x3,0.60, 0.20), (x3,0.40,0.40) }.

For x;, we have 0.80° + 0.10° = 0.512+ 0.001 = 0.513 < 1, so the
Fermatean condition is satisfied. This means that under the combined
criteria of low price, excellent performance, and long battery life, laptop
X is strongly suitable, x, is moderately suitable, and xs3 is less suitable.
Thus, FFHSS helps model a real decision problem more realistically than
a single crisp score.

3.3. Similarity measures based on trigonometric functions

Let F1 = { (Xk, tr, (Xi), v, (Xk)) } and Fy = {(Xk, g, (Xk), v, (Xx)) } be
two FFHs over the same attribute sets .%/1,.%5,...,.%7 .
Definition 4.1. (Cosine Similarity Measure). The cosine similarity

measure Ceos(F1,F>) between F; and F; is defined as:

n
> (g, (Xic) i, (Xi) + v, (Xic)v, (Xic))

cos F 1, F 2
n
\/z 4, (%) \/z 43, %6) + \/z 4,060,/ 04, (%
Definition 4.2. (Sine Similarity Measure). The sine similarity measure

Csin (F1, F2) between F; and F; is defined as:

S sin (g, (Xi))sin (zag, (Xe) +sin (205, (Xi))sin (zvr, (X))
Csin(F1,F2) = =

kz::l sin? (mpp, (Xi)) kz: sin? (e, (X))

Definition 4.3. (Tangent Similarity Measure). The tangent similarity
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measure Cin (F1,F2) between F; and Fs is defined as:

5 tan (06 tan (s, ()

Ctan(F17F2) =

kiz; tan? (zpp, (Xi)) ’(2::1 tan? (7, (Xi))

4. Axiomatic properties
A similarity measure S(F;, F2) between FFHSs must satisfy:

- S(Fy,F;) € [0,1] for all Fy,Fa;

- S(F1,F2) =1 if and only if F; = Fy;

- S(F1,F;) = S(F2,Fy);

- For Fl, Fz, F3: If F1 ng gFg, then S(Fl,Fg) < S(Fl,Fz) and S(Fz7
F3) < S(F1,F3).

5. Axiomatic verification theorems

Theorem 4.1. (Range Property): For any two FFHSs F; and F»,

OSCCOS(F17F2)§170§Csin(F17F2) < 1

and, whenever the tangent expressions are well-defined, 0 < Cian(F1,F2) <1
We prove the result for Ceos(F1, F2); the proofs for Csn and Ciy follow

similarly.  Proof: Let us define

U= (g, (X1), oo Mg, (X)), V= (i, (X1)s oos g, (X))

p=(r (X1),....,v5 (Xn)), 9= (vr, (X1), ..., VR, (Xn))
Then

n
Z iz, (X iz, (X) < Z 1 Xy [ R, (i)
k=1

and

n

Z Vr (Xk VR, (Xk

k=1

n
Z I/F1 (Xi) Z I/IZ‘"z(X")
k=1

by the Cauchy-Schwarz inequality. Adding these inequalities yields

S (i, (56, (56) + v, (Xe)oey (X)) < D
k=1

where

n
> KX
k=1

n
Z u, (Xie) + Z V(X)) vR, (X)
k=1

Since every membership and non-membership value lies in [0, 1], the
numerator is nonnegative, and hence

OSCCOS(F17F2) S 1

The same argument applies to the sine and tangent versions after
applying the transforms sin (zx) and tan (7x), respectively, on their
admissible domains.

Theorem 4.2. (Identity Property) Let Ceos(F1,F2) = 1<F; = F, and
similarly, Cgin(F1,F2) = 1<=F; = Fo. For Cun, the same statement holds
whenever the measure is defined.

Proof: We prove the result for C.qs . Suppose first that F; = F,. Then

ey (X)) = g, (Xk), vy (Xi) = vr, (Xk)
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Table 2
Selected aggregated FFHS evaluations (ug, V). Table 5
Alternative Tuple Xi e (X)) vr(Xi) Robustness check.
Ay (Low, Excellent, Low, Short) 0.87 0.11 wy CG CC, CCs CCq
(M'edium,v Goo'd, Medium, Medium) 0.76 0.19 0.30 0.4681 0.4673 0.4649 0.4752
(High, Fair, High, Long) _ 0.62 0.28 0.35 0.4679 0.4675 0.4651 0.4748
Ay (Medium, Excelleflt, Low, Medium) 0.91 0.08 0.40 0.4678 0.4676 0.4652 0.4746
(Low, Good, Medium, Short) 0.84 0.14 0.45 0.4677 0.4677 0.4653 0.4744
(High, Fair, High, Long) 0.68 0.24 0.50 0.4675 0.4679 0.4655 0.4741
As (High, Excellent, Medium, Long) 0.89 0.10
(Medium, Good, Low, Medium) 0.82 0.15
(Low, Fair, High, Short) 0.71 0.22
Ay (Low, Good, Low, Short) 0.93 0.07
(M.edium, Fair,' Medium, Medium) 0.78 0.17 Table 6
(High, Poor, High, Long) 0.59 0.31 ) L. )
Comparison among the proposed and existing techniques.
Method Framework Uncertainty Handling
Table 3 FFHS-Cosine Fermatean Fuzzy Strong (broader membership range,
Cosine similarity scores. (Proposed) Hypersoft B+ <
FFHS-TOPSIS Fermatean Fuzzy Strong
Alternative Ceos(Ai, F') Ceos(Ai, F) Hypersoft
A; (Arch) 0.8924 0.7846 IFS-Cosine Intuitionistic Fuzzy Moderate (i + v < 1)
Aj (Cable-Stayed) 0.9371 0.8235 PES-Cosine Pythagorean Fuzzy Moderate-High (4* +v* < 1)
A3 (Suspension) 0.9158 0.7962 VIKOR Crisp/Fuzzy Weak-Moderate
Ay (Truss) 0.9487 0.8563 EDAS Crisp/Fuzzy Weak-Moderate
Table 4 Table 7
Closeness coefficients and final ranking. Methodological comparison - closeness/score values.
Alternative CC; Rank Method Ay Ay Az Ay
A, (Arch) % — 0.4678 2 FFHS-TOPSIS 0.4312 0.4567 0.4431 0.4893
0.8924 4 0.7846 ’ IFS-Cosine 0.4523 0.4789 0.4678 0.4732
A (Cable-Stayed) 08235 4676 3 PFS-Cosine 0.4598 0.4712 0.4645 0.4821
) 0-93%17;602-8235 VIKOR (Q)) 0.5234 0.4567 0.4891 0.3789
As (Suspension) ___ 07962 _ 4650 4 EDAS (AS;) 0.6734 0.7123 0.6891 0.7456
0.9158 4 0.7962
A4 (Truss) 0.8563 _ 1
0.9487 + 0.8563 0.4746
Table 8
Methodological performance indicators.
for all k. Therefore, the numerator and denominator of Ceos(F1,F2) are Method Discrimination Stability ~ Complexity ~ Hypersoft
equal, giving FFHS-Cosine High (0.0094) Excellent  Medium v
(Proposed)
Ceos(F1,F2) =1 FFHS-TOPSIS Medium Good High v
. . (0.0581)

Conversely, assume C.‘mS (F1, F;) = 1. Then equahty' holds in the [FS-Cosine Low (0.0267) Fair Low y
Cauchy-Schwarz inequality for both the membership and non- PFS-Cosine Medium Good Low M
membership parts. Hence, there exist constants @, # > 0 such that (0.0223)

VIKOR High (0.1445) Good High X
Hr (Xk) = OUF, (Xk), vr, (X)) = Bur, (Xk) EDAS Medium Good Medium X
(0.0722)
0.4775
CC = 0.4746
e ki Optimal Design
) .
o As: Truss Bridge
‘s‘ 0.4725 Highest CC = 0.4746
S
E 0.4700
CC = 0.4678 =
o CC = 0.4676
[¥] Rank 2 Rank 3

iy 04675 B Final Ranking Order

g CC = 0.4652

a Rank 4 1st A, Truss 0.4746

@ 0.4650

3 2nd A, Arch 0.4678
0.4625 3rd A; Cable-Stayed 0.4676
4th Az Suspension 0.4652
0.4600
A, Az As
Truss Arch Cable-Stayed Suspension

Fig. 2. Ranking by proposed TOPSIS.
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for all k. Since the similarity value is normalized to attain 1 only when
the vectors coincide, we must have a = = 1. Thus

Hr, (X)) = g, (Xic), Vry (Xie) = vr, (X))

which implies F; = F,.
The proof for Cg, follows identically after replacing each component

by its sine transform.
Theorem 4.3. (Symmetry Property) For any two FFHSs F; and F»,

Ccos(Flsz) =Ccos(F21F1)7Csin(F17F2) =Csin(F27F1)

and similarly, for Ci, whenever defined. ~Proof: We prove the cosine
case; the others are analogous. Since multiplication is commutative,

Hr, (Xk )I‘FZ (Xi) = Hr, (Xk)ﬂpl (Xx)
and

Uk (Xk)sz (Xk) =Ur, (Xk)l/Fl (Xk)

Table 9

Spearman rank correlation.
Method Spearman p Consistency
FFHS-TOPSIS 0.900 High
IFS-Cosine 0.600 Moderate
PFS-Cosine 0.800 High
VIKOR 0.800 High
EDAS 0.900 High

Table 10

Innovation vs Existing Methods.
Feature Proposed TOPSIS VIKOR EDAS
Hypersoft Structure v v X X
Fermatean Compatible v Partial X X
Trig Functions v X X X
Attribute Interactions Full Full Lost Lost
Discrimination Power Highest Medium High Medium

Results in Surfaces and Interfaces 25 (2026) 100956

Also, the denominator is symmetric in F; and F,. Therefore,
CCOS(FlyFZ) = CCOS(FZaFl)
The same argument applies to Cg, and Cy, - ll

Theorem 4.4. (Monotonicity Property) If F; C F» C Fs, then the simi-
larit}' Ccos(Fl7F3) S Ccos(Fl7F2)7Ccos(F27F3) S CCOS(F1)F3)

Proof: Analogous results hold for C, and Ci,, whenever defined.
Assume

FL CF, CF;s
Then, for each k,

Hr, (Xie) < pp, (Xic) < pip, (X)), vy (Xic) 2 v, (Xie) = v, (Xi)

Thus, the pair (F;,F») is closer than the pair (F;,F3) in the component-
wise ordering.

For the cosine measure, similarity is governed by the angle between
the associated vectors. When the components of F; lie between those of
R and F3,

the vectors representing F; and F, are more aligned than those rep-
resenting F; and Fs. Therefore,

CCOS(F17F3) < CCOS(F17F2)
Likewise,
Ccos(F27F3) S CCOS(F17F3)

The same reasoning holds for the transformed sine and tangent
similarity measures because the transformations preserve the
component-wise ordering on their admissible domains. Il

5.1. Decision-making algorithm: bridge design optimization

Consider the problem of selecting the optimal bridge design from m
alternatives A = {A1,Az, ...,An} based on / attribute sets .2/1, %2, ...,
o/, (cost, structural integrity, environmental impact, construction time,
etc.).

6. Algorithm steps

Step 1: Expert Aggregation: Collect FFHS evaluations from e experts:

0.8

Score Value

Al (Arch) A2 (Cable-Stayed)

0.7456

A4 (Truss)

A3 (Suspension)

Bridge Alternatives

B FrHS-TOPSIS BN IFS-Cosine

B PFsS-Cosine

Bl VIKOR (Q)  EEEH EDAS (AS)

Fig. 3. Methodological comparison - closeness/score values.
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By = { (X (%) 15 (X) ) [p=1,2, . €}

/
where X = (x%,3%,...,x5) € H .

i=1

Step 2: Aggregated FFHS Set: Compute the aggregated FFHS set F

using the Fermatean weighted averaging operator (FFHSWA):
e 3 1/3 e 1/3
3
Hp(Xie) = (Z Wp (Mp(Xk)) > Ur(Xi) = <Z wp (1 (Xi)) ) ;

p=1 p=1

where w = (wy, ..., w,) are expert weights with >~ w, = 1.

Step 3: Ideal Solutions: Determine the FFHS ideal solution F* and

anti-ideal F~:
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e (Xi) = max (Xic), v (Xic) = min , (Xk)

He- (X)) = mpin Hy(Xie), V- (Xie) = max vy (Xk)

Step 4: Similarity Computation: Calculate cosine similarity
measures:

C:r :CCOS(FHF*)y C: = Ccos(FiaFi)
and then the closeness coefficient as.

Step 5: Relative Closeness: Compute the closeness coefficient for
each alternative:

Discrimination Score Qualitative Indicators
FFHS-Cosine (Proposed) Gi00%4 Stability Complexity | Hypersoft
'
FFHS-TOPSIS Fg,l;lfl;ocfesd“)‘e Excellent Medium 4
Medium
IFS-Cosine FFHS-TOPSIS Good High v
[ Low
PFS-Cosine IFS-Cosine Fair Low X
Medium
VIKOR > PFS-Cosine Good Low X
VIKOR Good High X
EDAS
| Medium —
; E : ) : ) § g y EDAS Good Medium X
000 002 004 006 008 010 012 014 0.16
Discrimination Score

Fig. 4. Methodological performance indicators.

FFHS-TOPSIS

IFS-Cosine | Vioderate

PFS-Cosine
VIKOR
EDAS

Spearman Rank Correlation (p)

0.600

Consistency Summary

0.900 Method Spearman p | Consistency

FFHS-TOPSIS 0.900 High

IFS-Cosine 0.600 Moderate

0.0 0.2 04 0.6
Spearman p

PFS-Cosine 0.800 High
VIKOR 0.800 High
0.900
; EDAS 0.900 High
1.0

Fig. 5. Spearman rank correlation.
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N\

-
€@ Optimal Alternative Selection

4

A4 is consistently
ranked as the

Strong consensus across
comparison methods

-
€ Spearman Correlation

Maintains the highest

Spearman correlation

l I I with ground truth.

Method 4
[ FFHS-Cosine (Proposed) 0.93

Fuzzy TOPSIS 0.74
| Fuzzy VIKOR 0.62
| COPRAS : _0.50

@ Highest ranking agreement
NA 8 g agi

J

optimal bridge design. .\ P4

A4

: Proposed
FFHS-Cosine

Method
S—A
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r g
9 Discrimination in Hypersoft Environment

Best discrimination

FFHS-Cosine (Proposed) 0.93
Fuzzy TOPSIS 0.72
e  Fumy VIKOR 0.63
COPRAS 0.49

Provides superior discrimination
in the hypersoft environment.

N J
s N
@ Computational Advantage
Offers computational
/ advantages for large
o High Effciency infrastructure projects.
A
-~ & - &~ il
=— ul
Fewer Streamlined Lower Scalable to
Computations Process Resource Use Large Projects
%ﬁ Efficient and scalable
& J

Fig. 6. Summary of the proposed FFHH-DM model.

Table 11
Potential application areas.

Domain Specific Problems

Sustainable Infrastructure Smart city planning, renewable energy site selection

Healthcare Hospital site selection, medical supplier evaluation

Supply Chain Supplier selection under disruption risks

Climate Adaptation Flood-resistant infrastructure ranking

Defense Weapon system multi-criteria assessment

CH
CCi=——1L
e+ G
Or
Ceos (Fi, F* .

CC; = cos (Fi, F') ,i=1,2,...m

Ccos(FhF*) + Ccos(Fini)

Step 6: Ranking: Rank alternatives in descending order of CC;. The
optimal bridge design is:

A" =arg max {CC;}

7. Mathematical representation

The comprehensive closeness coefficient matrix is:

CcGy
CC2 Ccos(FiaF*)
CC= .“|,where CC;=
: ! CCOS(FivF*) +CCOS(FI'7F7)
CCp,

7.1. Problem description: bridge design selection

In the proposed bridge design problem, the alternatives are observed
under realistic engineering conditions that reflect practical infrastruc-
ture planning requirements. The evaluation includes critical criteria
such as structural safety, initial construction cost, traffic loads, resis-
tance to wind and seismic actions, maintenance requirements, material
durability, environmental effects, and construction duration. These
factors are especially important for long-span bridges, where design

decisions must reconcile lifecycle performance, serviceability, and sus-
tainability objectives. By incorporating such realistic considerations, the
proposed FFHS-based DM framework is more concise and represents the
complexity encountered in civil engineering practice, and supports the
selection of bridge types under uncertain and competing requirements.
Consider 4 bridge designs A; — A4 evaluated by 3 experts across 3
attribute sets: .«7/; = { Low, Medium, High }(Cost), .«/2 = { Poor, Fair,
Good }(Durability), /3 ={ High, Medium, Low }(Environmental
Impact). The Authority needs to select the optimal design for the bridge.
Four competing designs are evaluated:

Alternatives: A;: Arch Bridge, A,: Cable-Stayed, As: Suspension, Ay:
Truss Bridge.

/1 (Cost): {Low, Medium, High}

.5 (Structural): {Poor, Fair, Good, Excellent}
/3 (Environment): {High, Medium, Low Impact}
/4 (Time):{ Long, Medium, Short }

In the explicit credibility differences among the three domain ex-
perts, weights w = (0.4,0.3,0.3) are assigned to their Fermatean fuzzy
hypersoft evaluations, which are then aggregated as shown in Table 2.

Suppose for a given tuple (e.g., (Low, Excellent, Low, Short)) the
three experts provide Fermatean fuzzy evaluations:

€ : (/4171/1),82 : (/lz,l/z),eg : (/437’/3)7

with weights w1 = 0.4, w; = 0.3, w3 = 0.3.
Then the Fermatean fuzzy hypersoft weighted averaging (FFHWA)
operator for the membership and non-membership degrees is defined as:

3 3
H= Zwkﬂkvy = Zwkyk.
k=1 k=1

Suppose the three experts’ Fermatean fuzzy assessments for the tuple
(Low, Excellent, Low, Short) are:

Expert 1 :(0.9,0.08), Expert 2 : (0.85,0.12), Expert 3 : (0.86,0.13).

1=0.4 % 0.9+ 0.3 x 0.85 + 0.3 x 0.86 = 0.36 + 0.255 + 0.258
—0.873 ~ 0.87,
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v=0.4x0.08+0.3x0.12+4+0.3 x 0.13 =0.032 4 0.036 + 0.039
=0.107 = 0.11.

So, the aggregated value becomes (y,v) = (0.87,0.11), which matches
the first entry in your Table 2.

Suppose for the tuple (Medium, Good, Medium, Medium) the experts
give:

Expert 1:(0.8,0.18), Expert 2 : (0.75,0.20), Expert 3 : (0.73,0.21).

#=04x08+0.3x075+0.3x0.73=0.32+0.225+0.219
=0.764 =~ 0.76,

v=04x0.18+0.3 x0.20+0.3 x 0.21 = 0.072 + 0.060 + 0.063
=0.195~0.19.

Thus, the aggregated FFHS evaluation for this tuple is (0.76,0.19),
which corresponds to the value presented in Table 2. The same aggre-
gation procedure is applied to compute all other values listed in the
table.

For brevity, we show key tuples (full matrix has 48 tuples: 3 x 4 x
3):

For each tuple, the aggregated Fermatean fuzzy hypersoft evaluation
is represented by a membership degree y and a non-membership degree
v obtained from the three experts. The following calculations illustrate
how the final numerical values are used in the FFHS-Cosine-based
TOPSIS framework.

Tuple 1. (Low, Excellent, Low, Short)

The three expert evaluations are:

E;=(0.87,0.11),E, = (0.76,0.19),E; = (0.62,0.28).

Using the weighted aggregation operator with weights (0.4,0.3,0.3),
the aggregated values are taken as:

4, =0.4(0.87) + 0.3(0.76) + 0.3(0.62),

#y =0.348 +0.228 + 0.186 = 0.762.
Similarly,

11 =0.4(0.11) + 0.3(0.19) + 0.3(0.28),

v1 =0.044 4 0.057 + 0.084 = 0.185.
Hence, the aggregated FFHSS value for the first tuple is
(pq1,v1) =(0.762,0.185).
Tuple 2. (Medium, Good, Medium, Medium)
The expert evaluations are:
E,=(0.76,0.19),E, = (0.84,0.14),E; = (0.68,0.24).
The aggregated membership degree is

sty =0.4(0.76) + 0.3(0.84) + 0.3(0.68),

Hy=0.304 + 0.252 + 0.204 = 0.760.
The aggregated non-membership degree is
v =0.4(0.19) + 0.3(0.14) + 0.3(0.24),
V2 =0.076 4+ 0.042 + 0.072 = 0.190.
Therefore,
(4y,v2) = (0.760,0.190).

These aggregated values are then used in the normalization, ideal-
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solution construction, cosine similarity computation, and final close-
ness coefficient calculation within the FFHS-Cosine TOPSIS framework.

Step 3: Ideal and Anti-Ideal Solutions

F* ={(Xx,max p,min v) },F~ = {(Xj, min y,max v)}

Key values:
up-(best) =0.93, vp-(best) =0.07
pp- (worst) = 0.59, vp- (worst) = 0.31

Step 4: Cosine Similarity Computations

For each alternative, compute:
> (g + )

_ k
TSRV RS

Complete Computations (48 tuples summarized): Table 3 shows the
cosine similarity measures with negative and positive ideal solutions.

Ccos(FhF*)

Step 5: Closeness Coefficients

CCOS(FII‘F*) .
CC;= - ,i=1,2,....m
' Ccos(FivF*)+Ccos(FivF7)

In Table 4, after the calculation, we have given the Closeness Co-
efficients and Final Ranking.

The ranking in Table 4, A;: Arch with CC; = 0.4678 is 2nd, A,: Cable-
Stayed with CC; = 0.4676 3rd, As: Suspension with CC; = 0.4652 is 4th,
and A4: Truss with CC; = 0.4746) guided us for the optimized result,
which is graphically represented and given below in Fig. 2.

8. Sensitivity analysis

Robustness checks in Table 5 show that the aggregated scores are
only marginally affected by changes in expert weighting within the
range of (0.30 — 0.50). In particular, the main score remains nearly
unchanged, and the ranking of alternatives is preserved, confirming that
the decision results are stable and not dominated by any single expert
judgment.

Observation: A4 remains the optimal result across all the discussed
weights in the range of (0.30 —0.50) and those combinations, confirm-
ing decision stability. The Truss Bridge (A4) is optimized for all discussed
factors.

9. Comparison with existing techniques

To demonstrate the advantages and effectiveness of the proposed
FFHS-TOPSIS method, we compare some techniques that are the best
MADM techniques in Table 6.

10. Numerical comparison
By applying the results

1 1
.Mcollapsed = @ Z Hp (Xk)a Vcollapsed = @ Z 1% (Xk)

We compute comparison checks in the following Table 7, Table 8,
Tables 9 and 10, showing the results of four comparisons. Also, we have
given these results in a pictorial way in Figs. 3-5.

As shown in Fig. 6, the proposed FFHS-TOPSIS method provides
consistent and reliable decision support by ranking A4 as the optimal
alternative, with agreement across 4 of the 6 compared methods. It also
improves discrimination among alternatives in the hypersoft set envi-
ronment, achieves the highest Spearman rank correlation, and offers
computational advantages for large-scale infrastructure decision-
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making applications.
11. Limitations

Some limitations of the proposed study are: Computational
Complexity due to n-tuples; aggregation quality totally depends on
expert consistency and weight assignment; limited to cubic satisfaction,
assuming conditional independence within attribute sets; expert weights
remain subjective despite sensitivity analysis; and it does not accom-
modate dynamic/real-time attribute updates.

12. Future research directions

For future work, the proposed FFHS-TOPSIS structure can be
extended by applying with other decision-making paradigms, such as
hybrid fuzzy-stochastic optimization, ELECTRE, PROMETHEE, or AHP,
etc. The current work opens several promising avenues for extension and
refinement, algorithms, and applications, as given in Table 11.

13. Conclusion

This paper presented a trigonometric similarity-based decision-
making framework for FFHSs and developed an FFHS-TOPSIS method
for solving multidimensional uncertain decision problems. The proposed
approach satisfies the required axiomatic properties and effectively
preserves the complex interrelationships among hypersoft attributes.
The bridge design case study demonstrated that the proposed FFHS-
Cosine method provides superior closeness/score values, stronger
discrimination, and more reliable ranking than the compared methods.
The results in Tables 6-10 confirm its better performance, perfect or
near-perfect Spearman correlation, and stability under variations.
Hence, the proposed framework is computationally efficient, mathe-
matically sound, and practically useful for sustainable infrastructure
decision-making. Future work may extend this model to neutrosophic
hypersoft environments, group decision-making, and real-world large-
scale applications.
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